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Introduction 


This manual is to help people teaching from my book Classical Mechanics. ‘This Introduction 
begins with a brief outline of the manual itself, followed by a discussion of some of the choices 
that I had to make in writing the book and that you will have to make using it. 


Outline of the Manual 


This manual contains sixteen chapters corresponding exactly to the sixteen chapters of the 
book. Each chapter of the manual consists of a brief overview of the corresponding chapter 
of the book, followed by a complete set of solutions to all the problems at the end of that 
chapter. 

At the start of each overview, I give the number of lectures it took me to cover the chapter 
in class. Obviously this is only a rough guide, but I hope it will be helpful in planning your 
course. Then, I explain any unusual aspects of the chapter. For example, in the introduction 
to the chapter on Hamiltonian mechanics, I explain why I put this chapter of the book so late 
(Chapter 13), rather than immediately after the chapter on Lagrangian mechanics (Chapter 
7), and emphasize that you can if you wish (and if your students are well prepared) move 
straight to Chapter 13 as soon as you’ve finished Chapter 7. 

One of the hardest choices that any author of a textbook faces is deciding what topics 
can be omitted. As soon as you decide that topic X could be omitted, you immediately find 
several colleagues who say that topic X is essential and that without topic X the book could 
certainly not be used in their department. The result is that all textbooks (including this 
one) are longer than their authors would like and contain more material than could possibly 
be covered in a standard course. Thus, choices have to be made, and an important function of 
the brief overviews in this manual is to offer a little help with these choices. Certain sections 
of the book are flagged with an asterisk as “omittable” and I try here to explain the sense in 
which this is the case — usually that the material is not needed to understand anything later 
in the book. Occasionally, the material of a section that is designated “omittable” is needed 
in one or two later sections; when this is the case, I always mention it at the relevant point 
of the manual. Again, some of the earlier chapters could be skipped, or treated as quick 
reviews, by students who are well prepared, and I try to offer guidance on these possibilities. 

In teaching the course for which this book was designed (our junior mechanics course), 
I realized that our students missed the demonstration experiments that are such a feature 
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of many freshman physics courses. I realized that there are, in fact, quite a lot of such 
experiments that are appropriate at the present level. When I took these into class they 
were usually a big hit. Therefore, from time to time in this manual, I offer a few suggestions 
of such experiments, mainly in the hope that this will remind you to think of some yourself. 


To conclude the chapter overviews, I mention any of the end-of-chapter problems that 
seem particularly interesting or which give further coverage to material in the text. 


The solutions to the problems need little comment. They are fairly complete, with 
diagrams when appropriate, and include at least nearly as much explanation as one would 
give the students. The only exception is that to save space I sometimes omit a few steps in 
long but straightforward calculations; for example, I often skip the details of an integration, 
mentioning just the method needed to do it (change of variables, integration by parts, etc.). 
I follow no hard and fast rule about significant figures, but try to give as many digits as seem 
consistent with the nature of the problem. Sometimes, when an answer is needed for a later 
calculation, I keep an extra digit or two. The pictures were all drawn using Mathematica 
and should therefore be mathematically accurate. On the other hand, I never did learn to 
control the fonts as the pictures moved from Mathematica to Latex, and I apologize that 
the fonts in the pictures are not consistent with those in the text; in particular, there is no 
distinction in the pictures between ordinary and boldface type. 


Choices 


As I have said, there is more material in the book than could possibly be taught in a one- 
semester course, and you are going to have to make choices. The choices you make will 
depend in part on the state of preparation of your students. The book was written to serve 
a course in “intermediate mechanics” — meaning a course that comes after the mechanics 
of “freshman physics” and before a graduate course on the subject, usually in the junior or 
senior year at an American university. Unfortunately, this still leaves a fairly wide range 
of levels of preparation. At Colorado, our freshman physics is taught from a text such 
as the classics by Halliday, Resnick, and Walker or Sears and Zemansky. Thus students 
begin our intermediate mechanics with a moderate aquaintance with Newton’s laws and the 
concepts of energy and momentum. They certainly know how to handle a projectile moving 
in the vacuum, but they almost certainly don’t know what to do if air resistance is important. 
Similarly, they have certainly studied simple harmonic motion, but they probably can’t selve 
for the motion of a driven damped oscillator. The opening chapters of my book were written 
with this sort of preparation in mind. However, some departments offer a more advanced 
introductory mechanics, using a text such as the excellent Introduction to Mechanics by 
Kleppner and Kolenkow. If your students have taken a course like this, then your first choice 
will be how much of the first five chapters of my book really need to be covered and by what 
means. Before we take this up, let me review the structure of my book. 
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The book is divided into two main parts: 


Part I Essentials Chapters 1-11 
Part II Further Topics Chapters 12-16 


The division between the two parts is certainly not about importance; the topics of Part II 
are Just as important as those of Part I. Rather, the chapters of Part I were designed to be 
read in sequence, while those of Part II are mutually independent and can be read in any 
order. ‘To read any chapter of Part II, a student should know much of the material of Part 
I, but it is not necessary to know about any of the other chapters of Part IT. 

If your students have taken only the traditional introductory mechanics (in the style of 
Halliday and Resnick, for example), you will probably need to start with Chapter 1 of my 
book and, in one-semester, you might cover all of Part I plus perhaps one chosen chapter 
of Part II. If your students have been exposed to a more advanced introductory mechanics, 
you could go quickly through Chapters 1—5, or assign them as reading, or even skip them 
entirely; you should then have time for two or three of the chapters of Part I]. When I taught 
the course, I felt it was necessary to go fairly carefully through the early chapters, so I didn’t 
cover any of Part II in class. Instead, each student was required to read and write a report 
on one of the chapters of Part II as a term project. (These projects proved quite enjoyable. 
Students listed their preferences for a chapter and then a lottery decided who got his or her 
first choice. They then had a month or so to write a two or three page report and do ten of 
the end-of-chapter problems. ) 

The chapters of Part I are fairly standard fare for a book of this type. Chapters 1-5 
all treat Newtonian mechanics. Much of this should be review for many of your students, 
but some will probably be new. (For example, the material on air resistance in Chapter 
2 and on damped and driven oscillators in Chapter 5.) Chapter 6 is a very short chapter 
on the calculus of variations, to allow me to use Hamilton’s principle in the derivation of 
Lagrange’s equations from Newon’s in Chapter 7. I regard Lagrangian mechanics as the 
single most important thing for our students to learn, and from then on I make liberal use 
of both Newtonian and Lagrangian ideas in treating the several standard topics (central 
force problems, noninertial frames, rotational motion, and coupled oscillators) that round 
out Part I. 

One difficult decision was where to introduce Hamiltonian mechanics. Some colleagues 
argued that it is at least as important as Lagrangian mechanics and should be introduced 
soon after (perhaps in Chapter 8). However, I feel strongly that Lagrange’s approach is 
already a huge intellectual leap for our students, and one that they should have time to 
assimilate before they take the next leap to Hamilton’s. In the end, I put Hamiltonain 
mechanics as Chapter 13 among the “further topics” of Part II. However, I was careful to 
write it so that you could jump straight to Chapter 13 after Chapter 7 if you or they wish. 

Besides Hamiltonain mechanics (Chapter 13), the-other chapters of Part IT are chaos (12), 
collision theory (14), special relativity (15), and continuum mechanics (16). The chapter 
on chaos (12) focuses narrowly on the driven damped pendulum, because this system is 
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sufficiently uncomplicated that the students can really grasp what is going on. The chapter 
on collision theory is a little unusual, in that many texts at this level relegate collision theory 
to a couple of sections at the end of the chapter on the two-body problem. My feeling was 
that the subject is difficult and important enough that, if it is going to be included at all, 
it deserves a chapter to itself. Relativity (15) is included for the benefit of the minority of 
departments that teach relativity in their classical mechanics course. This chapter is a long 
one because it begins at the beginning and takes the subject through four-dimensional space- 
time, tensors, and even a little electrodynamics. Finally, several colleagues in geophysics 
urged me to include a chapter on contiuum mechanics, and that is the subject of Chapter 
16, which is a very brief introduction, covering one-dimensional waves, stress and strain 
tensors, and waves in solids and inviscid fluids. The important thing to remember about 
Part II is that it is there for you to pick and choose from. No chapter depends on any other. 

One of the great things about mechanics at this level is that it is a splendid opportunity for 
our students to hone their facility with mathematics — vectors, coordinate systems, vector 
calculus, hyperbolic functions, differential equations, Fourier series, matrices, eigenvalue 
problems, and a host more. I am certainly not suggesting that we teach these topics,} 
but we can say enough to reinforce the students’ understanding of them and we can insist 
that our students do exercises using them. My hope would be that they come away from a 
lecture or homework set saying “Now I really see the point of such and such a mathematical 
technique.” ‘This is the attitude that I have tried to foster. 

As with all branches of physics, few students will learn much without doing lots of 
homework problems. I have included many problems at the end of every chapter (more than 
740 in all), and it is crucial that you assign several regularly. I assigned 5 or 6 problems 
regularly once a week, making sure that several were of the simple, “one star,” variety, but 
at least one of which was “three star.” I also included at least one computer problem every 
week. These computer problems are not specific to any particular system; on the contrary, 
they are all phrased in a neutral way and can be (and have been) done using several different 
systems. Several can be done using a spreadsheet, such as Excel; all could be done using a 
programming language such as C; but I had in mind that most would be done using one of 
the sophisciated systems such as Mathematica, Maple, or Matlab. At Colorado our students 
have easy access to Mathematica, and, at the start of semester, I gave a couple of voluntary 
sessions to introduce the students to this system, and the first two homework assignments 
had some simple exercises to give the students practice using it. 

I had a great time teaching this class, and the best I can hope for you is that you will 
enjoy it as much as I did. I would be most grateful to hear of any comments and criticisms, 
large or small. 

John R. Taylor 

Physics Department 

University of Colorado at Boulder 
John. Taylor@Colorado.edu 


‘The one exception is the calculus of variations, which seems not to be taught in most lower division 
math courses, and the sole purpose of Chapter 6 is to teach this subject. 


Chapter 1 


Newton’s Laws of Motion 


I covered this chapter in 3.5 fifty-minute lectures. 


I wrote this chapter on the assumption that most of it would be review for most of our 
students. Thus, some of the professors using the preliminary version of the book were able 
to skip this chapter entirely or assign it to be read outside class. Nevertheless, I found that 
most of my students needed to go through the chapter fairly carefully. Several ideas, such 
as the concept of an inertial frame, were still quite hazy in the minds of most students, and 
others, such as the proof that Newton’s third law is equivalent to conservation of momentum 
and the expression (1.47) for acceleration in polar coordinates, were new to many. 

Another important role for Chapter 1 is to establish the notations used in the book. 
I have found that many students are distressingly conservative in the matter of notation. 
Many students brought up on the unit vectors 1, j,k, are surprisingly unwilling to accept any 
alternatives. Thus, I have tried to push for a little openness to the many other notations 
that they are bound to meet as they continue in physics. In particular, I have opted mostly 
for X, ¥, and Z in simple situations, and e,, e2, and e3 when the going gets tougher and there 
is more need to use summations, such as a = )~y_, aie. 

Without belaboring the point too much, I tried to give fairly rigorous definitions of mass 
and force, and then to discuss the three laws of Newton. Section 1.6 shows how beautifully 
simple Newton’s second law is in Cartesian coordinates, and 1.7 how distressingly more 
complicated it is in polar coordinates. 

In Chapter 1 an unusually high proportion of the end-of-chapter problems are devoted to 
refreshing the students’ memories about the relevant mathematics. For example, Problems 
1.1 through 1.25 can all be seen as a refresher course in vector algebra, and Problems 1.47 
and 1.48 introduce cylindrical coordinates. 


Solutions to Problems for Chapter 1 
lle btc=2+H4+%, Sb+2c=7K+5H+2%, be=1, bxc=KR-F-%. 
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12x b+c=(4,4,4), 5b-—2c=(-1,6,13), bec=10, bxc=(-4,8, —4)., 


1.3 x Let P be the point with position vector r = (z,y,z). Let Q be the projection of P 
onto the xy plane at (x,y,0), and let R be the projection of Q onto the x axis at (zx,0,0). 
Applied to the right triangle ORQ, Pythagoras’ theorem tells us that 


(OQ)’ = 2° +y’, 
and from the right triangle OQP we find 


r= (OQ)? +22 =2% +77 + 2’, 


as required. 


1.4 x Since b-c = bccos{9, it follows that 


? = arccos (=) = arccos (SS) = Die 
7 bc J/21-/21 ats 


1.5 x Let P be the corner at (1,1,1) and Q the corner below P at (1,1,0). Then OP is a 
body diagonal and OQ is a face diagonal, so the angle between OP and OQ is the required 
angle #. Thus 


OP. Og = 1 OP | OG | cos 6 = /3/2cos 6 


= (15151):(1,,1,0) 2 
Equating these two, we find cos @ = ,/2/3 and hence 6 = arccos ,/2/3 = 0.615 rad or 35.3° . 


1.6 * b:c=1-—s?, which is zero if and only if s = +1. 
The vectors b and c make equal angles, a, above 

and below (or below and above) the zx axis. The angle 
between them can be 90° only if a = 45°. 


1.7% If we choose our x axis in the direction of r, then r = (r, 0,0), whereas s = (Sz, Sy, 82). 
As usual s, = scos0, where @ is the angle between s and the x axis; with our choice of axes, 
this means that 6 is the angle between s and r. Thus, according to definition (1.7) 


r-s [definition (1.7)] = Ss 7,8; =18_, +0+0=rscosé =r:s [definition (1.6)| 


CHAPTER 1. NEWTON’S LAWS OF MOTION 3 


1.8% (a) Starting from the definition (1.7), we see that 


r-(u+v)= So ri(ui +u;) = So (riui + 7r;v;) = So riui + So rivi =ru+r-v 


where the second equality follows from the distributive property of ordinary numbers. The 
third equality is just a rearrangement of the six terms of the sum, and the last is just the 
definition (1.7) of the two scalar products. 

(b) Starting again from (1.7), we find 


d _d ds; dr; ds ar 
praca s) = 7 S ris; = Ss” (ne + a) ae + a 


1.9 x Consider the three vectors a, b, andc = a+b 
defined in the figure. The angle ¢ is the angle 
between a and b, and the angle @ of the triangle 
is 0 = 7 — d. By the given identity, 
c? =(at+b)* =a?4+0?+42a-b 
= a’ + b* + 2abcos ¢ = a? + b? — 2abcos 8, 
since 0 = 7 — ¢ and hence cos ¢ = — cos. 


1.10 x ‘The particle’s polar angle is ¢ = wt, so r = Reos(wt) and y = Rsin(wt) or 
r= x Reos(wt) + ¥ Rsin(wt). 
Differentiating, we find that r = —XwRsin(wt) + ~wRcos(wt) and then 
= —Xw’* Rceos(wt) — Fw*Rsin(wt) = —w*r = —w* RE. 


That is, the acceleration is antiparallel to the radius vector and has magnitude a = w*R = 
v*/R, the well known centripetal acceleration. 


1.11 x The particle’s coordinates are x(t) = bcos(wt), y(t) = csin(wt), and z(t) = 0. It 
remains in the plane z = 0 at all times, and, since 

a 2 . 2 

i ca “a = 008 (wt) + sin*(wt) = 1 

it moves in an ellipse with semimajor and semiminor axes b and c in the zy plane. It is easy 
to see that it moves counterclockwise and returns to its starting point in a period T = 27/w. 


1.12 x Note first that the z coordinate increases at the constant rate v,. Next consider the 
projection of r onto the xy plane, namely, the point (x, y) = (bcoswt, sinwt). By inspection 
this satisfies x?/b? + y?/c? = 1, the equation of an ellipse centered on the origin. It is easy 
to see that (x,y) moves around this ellipse in a counter-clockwise direction and returns to 
its starting point in a time T = 2a7/w. Meanwhile, z is increasing steadily, so the point r is 
moving up the surface of an elliptical cylinder centered on the z axis. 
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1.13 x If 0 is the angle between b and the unit vector 
u, then u-b = bcos@ is the component of b in the 
direction of u. Similarly, ju x b| = bsin@ is the com- 
ponent of b perpendicular to u. Thus the result 

b* = (u-b)? + (u x b)? is simply a statement of 
Pythagoras’ theorem. 


bcos @ 


1.14% |a+b|* = (a+b)? = a?+b?+2a-b = a? +b? + 2abcosé < a? +b? + 2ab = (a+b). 


The three vectors a,b and a+ b form the three sides of a triangle, and the inequality says 
that the length of any one side is less than the sum of the other two sides. 


1.15 * With the proposed choice of axes, r = (r,0,0) and s = (sz, sy,0) where s, = ssin0. 
(To be definite we can choose the y axis so that s lies in the upper half of the zy plane, so 
that s, > 0.) Now 

r Xs = (r,0,0) X (Sz, Sy,0) = (0,0, rsy) = (rssin@)z. 


This says that r x s is perpendicular to both of r and s, has magnitude rssin@, and has 
direction given by the right-hand rule. 


1.16 xx (a) Using definition (1.7) 
rr= Sorin = 7” + y* a =r? 


where the last equality is just the three-dimensional version of Pythagoras’ theorem. It 
immediately follows that r = ./r-r. 

(b) Using the result of part (a) and the distributive property of the scalar product 
[Problem 1.8(a)}, 


Ir+s|/? =(r+s)-(rt+s)=rer+2r-s+s-s=1r* + 2r-s + oc 


which we can rewrite as 
rs=i(|r+s|?—1r?—s’). 


Each of the three terms on the right is the square of the length of a vector and is there- 
fore independent of our choice of axes. This means that the whole right side is similarly 
independent, and so therefore is the left side, r-s. 
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1.17 xx (a) Let us start with the x component of r x (u+v). From the definition (1.9), 
we see that | 


Ir X (U+ V)]x = Ty(Uz +02) —T2(Uy+¥y) = (ryt, —P ety) + (rye —T2Vy) = (v X ue t(r X V)g. 


Since the y and z components follow in the same way, we conclude that r x (u+v) = 
rxu+rxv. 


(b) Starting again from (1.9), we find for the z component 


ieee) ee » o82 _ 4», ay a ary _ ars _ ee 
1 lice aia aa a a a a a ad 


This is the x component of the desired identity. Since the y and z components follow in 
exactly the same way, our proof is complete. 


1.18 xx (a) |a x b| = absiny = bh, where h = asin is the height of the triangle ABC. 
Therefore ja x b| = 2(area of triangle), which is the required first result. The other two 
follow in the same way. 

(b) By part (a), |c x al = |b x e| or casin@ = bcsina, whence a/sina = b/sin BG, as 
required. The third expression follows in the same way. 


d d d ; 
1.19 xx —[a-(v xr)] = av x r) Fa:a(v xr)=a(vxr)t+a(vxr+vx tf). 
The final term a-(v x f) is zero because r = v and v xX v = 0. The second to last term is 
a:(a xr) = 0, because a x r is perpendicular to a, so their scalar product is zero. This leaves 


us with the requested identity. 


1.20 xx Let two of the sides of the triangle bb a= B-—A 


A 
and b = C — A as shown. Then, according to Problem 1.18 eA 


2(area) = ja x b| = |(B— A) x (C— A)| 
= |(B x C)-(Bx A)-(A x C)+ (Ax A) 
((B x C)+(C x A)+(A x B)| 


O 


1.21 xx The base of the parallelepiped is a parallelogram with sides b and c. By Problem 
1.18, the area of this base is |b x c|. The vector b x c is normal to the base, so if @ is the 
angle between a and this normal, 

|a-(b x c)| = alb x c| |cos 6| = (area of base) |a cos 9]. 


Now, |acos 6] is the height of the parallelepiped. Therefore |a-(b x c)| is just “(area of base) 
x height,” which is the volume, as claimed. 
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1.22 xx (a) According to definition (1.6), a-b = abcos(a — ), but according to (1.7) 


a:b = azb,z + ayby = ab(cos a cos Z + sin asin (3). 
Comparing these two expressions we get the desired result. 
(b) According to the right-hand-rule definition, a x b = —absin(a — 3)%. (The minus 
Sign is easy to check; for example, if a > (G, then the right-hand rule puts a x b in the 
negative z direction.) On the other hand, the definition (1.9) gives the z component as 


(a x b), = a,by — ayb, = ab(cos asin B — sinacos f). 
Comparing these two expressions we again get the desired result. 


1.23 xx The picture shows the plane of b and v. Because c = b x v, c is perpendicular to 
this plane, as indicated. Therefore b x c lies in the plane and is perpendicular to b. This 
means that v can be expressed in terms of the two mutually perpendicular vectors b and bxc: 


v=ab+fbxc bxc ? y 
If we form the dot product of this equation ad 
with b we find that b-v = ab-b. Therefore 2 
a =b-v/b* = A/b*. Similarly, if we form the Ce Oxy 


cross product of the same equation with b, we find that bx v = Gbx(bxc). Sinceebxv=c 
and (as you can easily check) b x (b x c) = —b’c, this last implies that 6 = —1/b*, and we 
conclude that v = (Ab — b x c)/0*. 


1.24 x Integrating the equation df/f = dt, we find that In f =t+k, or f = Ae’, with one 


arbitrary constant, A = e*. 


1.25 x Integrating the equation df/f = —3dt, we find that Inf = —3t+k, or f = Ae, 
with one arbitrary constant, A = e’. 


1.26 xx (a) Since the puck is frictionless, the net force on it is zero, and, as seen from 
frame S the puck heads due north with constant speed v., so x = 0 and y = Uot, where Uo 
is the speed with which I kicked the puck. 

(b) We must now find how to translate the coordinates (x,y) of any point P, as seen 
in frame S, to the coordinates (z’,y’) of the same point P as seen in S’. At time ¢, the 
origin of S’ is at (ut,0) (as seen in S), where v is the speed of S’ relative to S. Therefore 
(x,y) = (vt, 0) + (2',y’); whence x’ = x — vt and y’ = y. This is for any point (z,y). If we 
substitute the coordinates of the puck from part (a), we find 


go=—vt and y = Uol. 
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As seen from frame S’, the puck moves in a straight line toward the north-west quadrant 
with velocity (—v, v.). Since the velocity is constant, this motion is consistent with Newton’s 
first law and frame S’ is apparently inertial. 


(c) At time ¢, the origin of frame S” is at the point (Sat?,0) as seen in S. Therefore, 
the coordinates of any point (z,y) as seen in S are x” = x — Sat? and y” = y as seen in S”. 
Substituting the coordinates of the puck from part (a), we find 


ec” =—tat? andy! = ut. 


Therefore, as seen from S”, the puck moves toward the NW quadrant in a parabola, with v” 
steadily increasing (in the negative direction). Since the velocity is not constant, Newton’s 
first law is not valid, and S” is not an inertial frame. 


1.27 xx Since the puck is frictionless, the net force on it is zero, and, as seen from the 
ground, it travels in a straight line through the center O, as shown in the left picture. It 
starts from the point A at t = 0, travels “due west” with constant speed v,, and falls onto 
the ground at point C after a time T = 2R/v, (where R is the radius of the turntable). 
Now imagine an observer sitting on the turntable near A. As seen from the ground, he is 
traveling north with speed wR. Therefore, as seen by the observer, the puck’s initial velocity 
has a sideways (southerly) component wR, in addition to the westerly component v,; that 
is, the puck moves initially west and south, as shown in the right picture. (The magnitude 
of the southerly component depends on the table’s rate of rotation w.) As the puck moves 
in to a smaller radius r, the sideways component wr gets less, so the puck’s path curves to 
the right. Continuing to curve, its passes through O and eventually reaches the edge of the 
turntable at point B. The left picture shows the point B of the table at time t = 0. The 
position of B is determined by the following consideration: In the time T = 2R/v, for the 
puck to cross the table, point B of the 
table must move around to point C’ where 
we know the puck falls to the ground. 
Thus the angle BOC is equal to wT’. The C 
faster the table rotates, the larger the angle 
BOC and the more sharply the puck’s seen from ground seen from turntable 
path (as seen from the table) is curved. 


B B 


A A 


1.28 x When we write out Equations (1.25) and (1.26) for the three particles, we get three 


equations: 
p; = (net force on particle 1) = Fy. + Fi3 + FY 


P2 = (net force on particle 2) = Fo, + Fo3 + Ret 
pb; = (net force on particle 3) = F3; + Fs. + F3". 


Adding these three equations, we find for P =p, +po+Dbz, 
P = (Fy. + Fig + For + Fos + Fai + Fao) + FO* + FS" + FS". (i) 
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This corresponds to Equation (1.27). The first six terms on the right can be rearranged to 
give 
Fig + Fig + Foy + Fo3 + Fi + Fo = (Fis + Fai) + (Fis + Fs) + (Fo3 + F32) = 0 
since each of the three pairs on the right is zero by Newton’s third law. Thus Equation (i) 
for P reduces to 
P = FE zs ES aie | a = Frext 
which is the required Equation (1.29). 


1.29 x When we write out Equations (1.25) and (1.26) for the four particles, we get four 
equations: 

pi = (net force on particle 1) = Fy. + Fy3 + Fu, + FO 

P2 = (net force on particle 2) = Fa; + Fo3 + Fo, + FS 

p3 = (net force on particle 3) = F3; + Fz2 + F3, + FS* 

Pp. = (net force on particle 4) = Fa, + Fag + Fug + FP". 


Adding these four equations, we find for P = p; + pp + p3 + pu, 


P = (Fi + Fis + Fy4) + (Foi + Fo3 + Foa) + (F'31 + Fa + F 3a) + (Far + Faz + Fas) (ii) 
ee (eS if Ft ats | af Ei). 

This corresponds to Equation (1.27). The twelve terms on the first line of the right side can 
be rearranged to give 


(Fis + Foi) + (Fig + F31) + (Pus + Far) + (Fos + Fs) + (Poa + Fao) + (F 34 + Fag) = 0 


since each of the six pairs is zero by Newton’s third law. Thus Equation (ii) for P reduces 
to 
Pp oe | ‘i ES oe ES te eo _ prext 


which is the required Equation (1.29). 


1.30 * Since mass 2 is at rest, the initial total momentum is just Pj, = m,v. The final 
total momentum is Pg, = (m1 + m2)v’. Equating these two and solving for v’, we find that 
v' = vm,/(m, + m2). 


1.31 x We have to prove for any pair of particles (call them 1 and 2) that Fyz2 = —Fa1. 

To do this, suppose that all forces on 1 and 2, except Fj. and F2;, have been switched off. 
For example, we could move all bodies with which 1 and 2 interact to a great distance. If 
the law of conservation of momentum holds, then p; + p>, is consant, which implies that 
Pi + po = 0. Since all other forces have been switched off, the only force on particle 1 is 
F,. and the only force on 2 is Fo;. Therefore this last equation implies that Fy. + Fo, = 0, 
which is the required result. (There is a subtle point here: We have assumed that switching 
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off the external forces did not change the internal forces F,. and F;. One could imagine a 
world where the presence or absence of external forces affected the internal forces. However, 
this seems not to be the case in our world.) 


1.32 xx The fields produced by q2 at the position of q; are as given in the problem. Thus 
the electric and magnetic forces on q, are 


Ll qiqe ; bo 9192 
FF: — gq, E(r,) = fie and F™S —qv,x Blr =< = x x 8). 
12 = HE(ri) Ane, 82 12 qvV1 (r1) An 8 Vi X (V2 x 8) 
The ratio of these is 


mag 
12 
e} 


U1 V2 


U{U 

= Mo€oV1 V2 SIN asin G = —— * sina sin 8 << —— 
Cc? 

where a and # are the angles involved in the cross products and I have used the fact that 

Molo = 1/c?. 


1.33 «xx According to the Biot-Savart law, the total force on loop 1 due to loop 2 is 


P= nng f x (dra xs) _ Pop 7 § f dest — bf Sars, | 
Ar sf An 33 33 


Here the two integrals run around the two loops, and in writing the second equality I have 
used the “BAC = CAB” rule, that A x (B x C) = B(A-C) — C(A-B). In the first integral 
on the right, dr;-s/s*? = —d(1/s), so when we integrate around loop 1, this gives zero, and 


we are left with 
Fio = = ehh p § at dey: dr. 
Ir) — Fol 


Evidently, Fy = —F 5. 


1.34 xxx Let us introduce the notation 2, for the angular momentum of the particle a, 
that is, 2, =Yro X Po. Our first task is to find the time derivative of &, (just as in the case 
of linear momentum our first task was to find p,). This is 
ba = (Fa X Pa) = ta X Pa + Fa X Pa 

where I have used the product rule to differentiate the cross product. The first term on the 
right is zero, since py = M,f,q and the cross product of two parallel vectors is zero. In the 
second term, we can use Newton’s second law to replace pg with F,, the net force on particle 
a, to give . 

L,='%o XFg=Ty, (iii) 
where I have introduced I, to denote r, x F,, the net torque on particle a. The total angular 
momentum is L = 5° @,. By summing Equation (iii) over all particles we see immediately 
that 
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L=) T.=TP. (iv) 


That is, the rate of change of L is the total torque on the system. Unfortunately, this 
isn’t yet enough, since we need to separate the effects of the internal and external forces in 
accordance with Equation (1.19). This gives 


| Be es ee >>> G x Fog) + Sta xr. 
a a Bxa a 
Here the final sum is just the net external torque ['®*. In the double sum, we can pair off 
terms, grouping each Fyg with Fg = —Fag, to give 


P=) 0S (ta —x4g) x Fag + T™. 
a B>a 
Now, the vector (ry — rg) points from particle 6 to particle a. (This is illustrated in Figure 
3.7.) Thus, provided the internal forces Fag are central, these two vectors are collinear, and 
their cross product is zero, so that the whole double sum is zero. Therefore, Tf = I’ and, 
according to Equation (iv), L = It. In particular, if there are no external forces, L is 
constant. 


1.35 x In the absence of air resistance, the net force on the ball is F = mg, and with the 
given choice of axes, g = (0,0,—g). Thus Newton’s second law, F = mi, implies that ¢ = g, 
or . ‘ 
x= 0, y=0, and z=-—4g. 

The initial velocity has components Up, = Vo COSA, Vey = 0, and Upz = Vosin#, and we can 
choose the initial position to be the origin. The first of the above equations can be integrated 
once to give £ = Uo,, and again to give x(t) = Uogt. In the same way, the y equation gives 
y(t) = 0, and the z equation gives z(t) = Uozt — 5 gt?. The ball returns to the ground when 
z(t) = 0 which gives t = 2u,,/g. Substituting this time into the expression for x(t) gives the 
range, range = 2 9,Uoz/9. 


1.36 « (a) During the flight the only force on the bundle is its weight, and Newton’s second 
law reads mr = F = mg, or r = g. If we choose the origin at sea level directly below the 
plane at the moment of launch and measure z in the direction of flight and y vertically up, 
then the solution is z = uot, y= h — Sgt”, and z = 0. 

(b) The time for the bundle to drop to sea level (y = 0) is t = ,/2h/g and the horizontal 


distance traveled in this time is 2 = upt = Up1/2h/g. With the given numbers this is about 
220 m. 


(c) If the drop is delayed by a time At, the bundle will overshoot by a distance Ax = v, At, 
so At = Az/v, = 0.2 sec. 
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1.37 * (a) The two forces on the puck are its weight mg and the normal force N of 
the incline. If we choose axes with s measured up the slope, y along the outward normal, 
and z horizontally across the slope, then N = (0, N,0) and g = (—gsin0@,gcos6,0). Thus 
Newton’s second law reads 


Mi = —mgsiné 
mr=N+mg_ or my = N —mgcos@ 
mz = 0 


Since Z = 0 initially, it remains so and hence z = 0 for all t. The normal force adjusts itself 
so that y = 0, and y = 0 for all ¢. Finally, ¢ = —gsin0, which can be integrated twice to 
give r = uot — Sgt? sin 0. 

(b) Solving for the times when z = 0, we find that t = 0 (at launch) or t = 2u,/(gsin@) 
(the answer of interest). 


1.38 x ‘The two forces on the puck are its weight mg and the normal force N of the incline. 
With the suggested choice of axes, N = (0,0,N) and g = (0,—gsin0,—gcosé@). Thus 


Newton’s second law reads ; 
mr = 0 


mr=N-+mg_ or my = —mgsin@d 
mz = N —mgcosé 
By integrating the y equation twice, we find that y = v),t — sgt? sin@. Thus the time 
to return to the line y = 0 is t = 2u,,/(gsin@) and the distance from O at that time is 
L = Vort = WWoxVoy/(g sin 0). 


1.39 xx c=vuotcosd—sgt?sing, y= votsiné — 5gt*cos¢, z=0. When the ball returns 
to the plane, y is 0, which implies that tf = 2u, sin@/(gcos¢). Substituting this time into x 
and using a couple of trig identities yields the claimed answer for the range Ff. To find the 
maximum range, differentiate R with respect to @ and set the derivative equal to zero. This 
gives 0 = (1 — 2¢)/4, and substitution into R (plus another trig identity) yields the claimed 
value of Rmax- 


1.40 xxx (a) c= (uv, cosA)t, y = (uv. sin6)t — Sgt”, and z =0 
(b) r? = 22 +y? = 49°t4 — (v,.gsin Ot? + ut, so d(r?)/dt = g*t? — 3(vogsin@)t? + 2u7t. 
When ¢ is sufficiently small, r certainly increases with time. It’s derivative vanishes if and 


only if 
t= (3sind + V9sin*# — 8). 
g 
If 6 is small, the argument of the square root is negative, and r always increases. As 0 


increases, the first value of 6 for which the derivative does vanish is given by sin? = ,/8/9; 
that is, Qmax = 70.5°. Thus for 0 < @ < Onax, 7 always increases. For OQmax < @ < 90°, r 
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increases initially, but then decreases for a while. (This last is particularly clear for the case 
that 6 = 90°.) 


1.41 x The r and ¢ components of Newton’s second law are F,, = m(7 — rg?) and Fy = 

m(r¢ “F Qi). Since r = R is constant * = # = 0, and since ¢ = w is constant ¢ = 0. Finally 
the only force is the inward tension of the string, so F, = —T. Thus the r equation becomes 
-T = —mRu*, so T = mw’R, which is just the familiar “centripetal force” mv?/R, since 
w=v/R. 


1.42 * Elementary trigonometry applied to the triangle of Fig.1.10 shows that z = rcos@ 
and y = rsing, and by Pythagoras’ theorem r = ,/z?+y?. Clearly tand = y/z, so 
it is tempting to say that @ = arctan(y/z). Unfortunately this isn’t quite satisfactory. 
The difficulty is that the two distinct vectors r and —r have the same ratio y/zx [since 
(—y)/(—2) = y/a] but their polar angles should differ by 7. The simple-minded claim that 
@ = arctan(y/z) can’t distinguish these two cases. One way out is to define a function 
arctan(z,y) which puts the angle in the right quadrant. For example, if arctan is defined to 
lie between —7/2 and 7/2, then we could define 


arctan(y/z) if c > 0 
_ J n/2 ifx=Oand y >0 
arctan(x, y) = —r/2 ifx=Oandy <0 


arctan(y/z) +7 ifa <0 


If we define ¢ = arctan(z, y), then every nonzero vector has a well defined polar angle ¢, any 
two vectors in different directions have different polar angles in the range —7/2 < ¢ < 37/2, 
and (most important) ¢ is always in the correct quadrant. 


1.43 * (a) From Figure 1.11(b), you can see that the x and y components of f are cos ¢ 
and sin @. (Remember that |f| = 1.) Therefore, f = Xcos¢+ ¥sin ¢. Similarly, the x and y 
components of d are — sin @ and cos ¢, so that b= = —xsing+ y¥cos@¢. 


(b) Differentiating these two results with respect to t and using the chain rule, we find 
(Remember that % and ¥ are constant.) 


fe = = ¢(-%sind+fcos¢)=¢@ and “4 = ¢(—Xcos ¢ — F sind) = —?. 


1.44 If d= Asin(wt) + Bcos(wt), then 
¢ = wAcos(wt)-wBsin(wt) and ¢=—w’Asin(wt) — w*Bcos(wt) = —w¢ 
and ¢ does indeed satisfy ¢ = —w?¢. 
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1.45 xx Since the magnitude of v(t) is the same as ,/v(t)-v(t), the magnitude is constant 
if and only if v(t)-v(¢) is. Since 


d ‘ 
lv (t)-v(t)] = 2v(t)-¥(¢), 


this implies that the magnitude of v(¢) is constant if and only if v(t)-v(t) = 0; that is, v(t) 
is orthogonal to v(t) 


1.46 xx (a) As seen in the inertial frame S the puck moves in a straight line with ¢ = 0 
and r= R— vt 

(b) As seen in S’, r’ =r = R—v ot and ¢' = ¢—wt = —ut. This path is sketched in the 
answer to Problem 1.27. Initially, the puck moves inward with speed v, but also downward 
with speed wf. It curves to its right, passing through the center and continuing to curve to 
the right until it slides off the turntable. 


1.47 xx (a) p=/2?+y?, d= arctan(y/z) (chosen 
to lie in the right quadrant), and z is the same as in 
Cartesians. The coordinate p is the perpendicular 
distance from P to the z axis. If we use r for the 
coordinate p, then r is not the same thing as |r| and 
f is not the unit vector in the direction of r [see 

part (b)). 

(b) The unit vector 6 points in the direction of 
increasing p (with ¢ and z fixed), that is, directly 
away from the z axis; @ is tangent to a horizontal 
circle through P centered on the z axis (counter- 
clockwise, seen from above); Z is parallel to the z axis. 


r= pp+ 22. 
(c) Differentiating this equation we find (Remember that Z is constant.) 
Te ee ee oh: 5. on 
t= pp + p— + 2Z = pp + pop + 22 


since dé/dt = $¢ [see (1.42)]. Differentiating again, we find similarly that 
# = (fi — pd”)F + (0p + 26d) + 2. 


1.48 xx The unit vectors f and @ are the same as in two dimensions (except that what 
was called r is now called p), 


p=xXcosd+Fsind and d= —Xsing@+ ¥cos ¢d 


and z is the same as in Cartesians. Differentiating with respect to t, we find that 
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Pes 


{p= —~i¢dsind+Fdcosp=odq@ and 6 = —kdcosd —F§ dsind = —b6 


and, of course, dz/dt = 0. 


a. 


t 


1.49 xx ‘There are two forces on the puck, the net normal force of the two cylinders and 
the force of gravity. So F = Np — mgz. Since the puck is confined between the cylinders, 
p = f, a constant. The three components of F = ma are: 

F,=m(p— pd?) or N=—mp¢* 

F,=m(p¢+26¢) or O0=mR¢ 

Ff, = mz or —mg=mz. 
The p equation tells us the magnitude and direction (inward) of the normal force. The ¢ 
equation tells us that ¢ is constant. (This is actually conservation of angular momentum.) 
Thus d = w, a constant, and hence ¢ = ¢, + wt. The puck moves around the cylinder at a 
constant rate w. The z equation tells us that z = up, — gt and hence that z = z+Uozt — ; gt?. 
That is, the vertical motion is precisely that of a body in free fall. The resulting path is a 
helix of downward increasing pitch. 


1.50 «xx In the picture, the solid curve is a numerical solution of the differential equation, 
found with Mathematica’s NDSolve. The dashed curve is the small-oscillation approximation 
(1.57) with the same initial conditions (¢ = 20° and ¢ = 0). Given that 20° is certainly 
not a very small angle, the small-angle approximation does remarkably well, though you can 
just see that the approximate solution oscillates a little too fast; as one would expect. (For 
larger amplitudes, the true period is a little longer.) 


¢ (deg) 


1.51 xxx In the picture, the solid curve is a numerical solution of the differential equation, 
found with Mathematica’s NDSolve. The dashed curve is the small-oscillation approximation 
(1.57) with the same initial condition (¢, = 7/2). Considering how large the initial angle is, 
the small-angle approximation does remarkably well. The only obvious discrepancy is that 
the approximation oscillates somewhat too fast, as one would expect. (For large amplitudes, 
the true period is a little longer.) After two complete cycles, the approximate solution is 
nearly half a cycle ahead. Also, if you look closely you can maybe see that the actual motion 
is not perfectly sinusoidal at the extremes — the crests are a little wider and flatter. 
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—7/2 


Chapter 2. 


Projectiles and Charged Particles 


I covered this chapter in 3.5 fifty-minute lectures. 


The topics of Chapter 2 are two relatively straightforward applications of Newton’s laws 
of motion — the motion of projectiles subject to air resistance and of a charged particle in a 
magnetic field. Both of these are interesting topics that your students may not have studied 
in detail before. In particular, while air resistance is often mentioned in most freshman 
physics courses, it is usually mentioned only to be neglected. The inclusion of air resistance 
gives us a chance to discuss the solution of several non-trivial differential equations and (in 
the case of quadratic resistance) is our first chance to confront differential equations that 
can only be solved numerically. (My policy with respect to numerical solution of differential 
equations is to endorse no specific software, but rather to urge the use of whatever software 
— Mathematica, Maple, Matlab — is available. Some of the simpler problems can be done 
with a spreadsheet such as Excel, as can many of the harder problems if you can help 
your students with the numerical methods needed.) The motion of a charged particle in a 
magnetic field is another interesting problem and it gives me the opportunity to introduce 
the use of complex numbers in solving real problems. 

These two topics are a natural context to introduce several other mathematical techniques 
besides differential equations and complex numbers. For example, in Section 2.3 Taylor’s 
series emerges as a natural way to account for weak air resistance and Section 2.4 introduces 
the hyperbolic functions sinh, cosh, and tanh (of which most of my students claimed complete 
ignorance). As usual, the end-of-chapter problems offer several opportunities for the students 
to get up to speed on any math that they need help with. For instance, Problems 2.33 and 
2.34 provide a crash course in the hyperbolic functions, and Problems 2.495 through 2.51 
should refresh memories about complex numbers. There are several problems requiring the 
use of a computer to find orbits and ranges of projectiles subject to air resistance. 


Solutions to Problems for Chapter 2 


2.1% According to (2.7), fquaa/ fin = vDy/G, so this equals 1 when v = 1/(Dy/GB), which 
is roughly 1 cm/s if D = 7 cm. Since baseballs generally travel much faster than 1 cm/s, it 


16 
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is usually a very good approximation to ignore fin. For a beachball with D = 70 cm, the 
corresponding speed is about 1 mm/s. 


2.2 x According to Stokes’s law fin = (8a77D)v, which has precisely the form fi, = bu if 
we define 6 = GD and 6 = 3mn = 3n(1.7 x 107° N-s/m?) = 1.6 x 1074 N-s/m?. 


2.3 x* (a) From (2.84) and (2.82), fquaa/fin = (KoAv*)/(3mnDv). With « = 1/4 and 
A =7D*/4, this becomes eDv/(48n) or R/48, with R given by (2.83). 

(b) With the given numbers, R = 1.1 x 107? and it is very safe to neglect the quadratic 
drag. 


2.4xx (a) Ina short time dt the projectile moves a distance vdt, and the front sweeps out 
a cylinder of volume Avdt. Therefore the mass of fluid encountered is oAvdt, and the rate 
at which mass is swept up is oAv. 

(b) If a mass gAvdt is accelerated from 0 to v in time dt, the rate of change of its mo- 
mentum is oAv’. This is, therefore, the forward force on the fluid and, hence, the backward 
force on the projectile. 

(c) Since A x D*, it follows that fquaa = KgAv? = cv*, where c = KeA «x D*. For a 
sphere in air, K = 1/4, A = 7D?/4, and 9 = 1.29 kg/m?, so fouaa = (KoTD?/4)v? = cv’, 
where c = yD? and 

y = Kom /4 = § x (1.29 kg/m’) x 1/4 = 0.25 N-s?/m’. 


2.5 x With vy > Vter, the drag force is greater than the 

weight, and the net force is upward. Thus the projectile 

slows down, with v, approaching Uter as t + oo. This 

is clear from Eq.(2.30), as shown in the plot. Vier 


2.6 * (a) If we insert the Taylor series for e~‘/” into (2.33), we get 


ae 
y(t) = Yer [L— e-/7] = Uber - (a-24+55---)] 


The first two terms on the right cancel, and, if t is sufficiently small, we can neglect terms 
in ¢? and higher. This leaves us with 
Uy(t) © Vtert/T = gt 


where to get the second equality I replaced vier by g7 as in (2.34). 
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(b) Putting v,. = 0 into (2.35) and then inserting the Taylor series for the exponential, 


we find: t 42 
y(t) oa Utert — UterT [1 hae eT = Vtert — UterT 1-j1--—- oa ee . 
rT 27? 
On the right side, the second and third terms cancel, as do the first and fourth. If we neglect 
all terms beyond 7’, this leaves us with y(t) © vtert?/(27) = Sgt, since Vter = QT. 


2.7 x With F = F(v), Newton’s second law, F = mdv/dt, can be rewritten as dt = 
m du/F(v), which can be integrated to give the advertised result. If F = F,, a constant, the 
integral gives t = (m/F,)(v — vo) or v = Up + at, where a = F,/m. This is the well known 
kinematic formula for v when a is constant. 


% du’ 2m rn 2m [1 1 
2.8% t= se eee te ees ea 
| mf —cy'3/2 C [lv Ie. C (= =) 


or, solving for v, v = Uo/(1 + ct,/o /2m)*. Clearly, v = 0 only when t — oo. 


2.9 x If we integrate the given equation, with the velocity running from v,, to v, and time 


from 0 to t, we find mIn|(vy — vter)/(Yyo — Uter)| = —bt, or, solving for vy, 
Vy = Vter + (Uys a teen 


which is exactly (2.30), since m/b = T. 


2.10 x* (a) The characteristic time is T = m/b = m/(3anD) = 1.4 x 10~* s. The buoyant 
force on the ball bearing is F, = 0,Vg, where og, is the density of glycerin and V is the 
volume of the ball bearing. This can be rewritten as Fi, = (0,/0s)mg, where @, is the density 
of steel and m is the mass of the ball bearing. This upward force must be added (with a 
minus sign) to the right side of the equation of motion (2.25). Therefore the terminal speed 
changes from Vier = mg/b to 
mg—- fp _ mg(1— 0g/0s) _ 
Uter = b = ; ake 


The time to reach 95% of vier is 37 = 4.3 x 1074 s. [As you can easily check, the buoyant 
force changes the terminal speed but not the exponent —t/7 in Eq.(2.33).| 


1 1 2 
favad _ KOgAv? — 40e(g7D*)v _ ogDu _ 5 x 107%. 


Tg(1— 0,/0;) = 1.2 mm/s. 


(P) hiin 377 Dv 377 D — A8n 
so it was an excellent approximation to neglect fquaa- 
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2.11 xx (a) Since we are now measuring y upward, the answers can be found from (2.30) 
and (2.35) by replacing vyer with —Vter: 
Vy(t) = —Vter + (Vo + Vter)e/7 and =—s- y(t) = —Utert + (Vo + Vter)T(1 — ent), 


(b) Setting v, = 0 and solving for ¢, we find typ = 7 In(1+ v_/Yer). Sustituting this time 
into y(t) we find ymax = [Vo — Vter (1 + Vo/Vter)|T- 

(c) In the vacuum jer = 00. Letting vpep — OO iN Ymax and using the suggested approxi- 
mation for the log term, we find 


2 2 
cer cil OP tare OF = — 7 Vo e — vo 
Umax Oo er Vier 9 Vier 29 


since the first two terms in the middle expression cancel each other and ver = gT. 


2.12 xx By the chain rule, 
_ dv _ dvdz dv __ 1d(v") 


oe ee ie Oe pe 


This lets us rewrite the second law, mv = F’,, as 


which can be integrated to give 


as claimed. If F' is constant, this reduces to the well-known kinematic result v*—v? = 2a Ac, 
where a = F'/m is the constant acceleration and Ar = x — 2p. 


2.13 «* With F = —kz and vu, = 0, Eq.(2.85) becomes 
y= -— | edr’ =w*(22—2*) or v= —wi/a2 - 2? (i) 
MJ. 


where I have introduced the shorthand w* = k/m. [The second result is the square root 
of the first. Getting the right sign for the square root takes a little thought. Initially the 
velocity is clearly negative, and this is the phase of the motion I shall consider. After a 
while, the sign of v changes and the minus sign in (i) must be changed to a plus. Quite 
surprisingly, the final result is the same either way.| 

Writing v = dx/dt in (i), rearranging, and integrating, we find that 


wt = -| dz'/,/x2 — x? = arccos(z/to) or x= 2,cos(uwt), 


which is simple harmonic motion. (To do the integral, I used the substitutions ¢/z, = u and 
then u = cos 6.) 
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2.14 xxx (a) With F = —Fe’/", the second law (mdv/dt = F) separates to become 
me~’/Vdy = —F,dt. This is easily integrated (from time 0 to t or uv, to v) and the result 


solved to give oe 
=—-Vin( “+e |. 
U V In (= +e ) 


(b) This is zero when the argument of the log is 1, so that t = (1 — e~*°/”)mV/F. 
(c) Using the result that f In(z)dz = xIn(z) — 2, we can evaluate the integral z = [ v dt 


to give 

ct) = ve — | (Bet y ev) in (Fee germ) 4 Merve 
aa F, |\mV mV V 

and, substituting the time from part (b), 


tame = OO fre" (14+ )), 


2.15 x Since the only force is the projectile’s weight mg, Newton’s second law implies that 
r = g and its two components can be integrated twice to give the well-known results x = Uzot 
and y = Uyot — $gt? (if we take zo = yp = 0). At landing, y = 0, which gives the time of flight 
as t = 2u,./g. The range is just the value of x at this time, namely © = Ugot = 2Uz0Vyo/9- 


2.16 x As usual, x = (v,cos6)t and y = (v,sinO)t — gt”. The time to reach the plane 
of the wall (x = d) is t = d/(v,cos@) and the ball’s height at that time is y = dtané — 
59d’ /(v. cos 0)*. Notice that this height decreases monotonically as v, decreases. Thus there 
is indeed a minimum speed v,(min) for which the ball clears the wall. Putting y = h and 
solving for v, we find that 

gd? 
2(dtan 0 — h) cos?6 - 


If tan@ < h/d, the argument of the square root is negative and there is no real v,(min); 
physically, the ball’s initial velocity is aimed below the top of the wall, so the ball cannot 
possibly clear the wall whatever its speed. With the given numbers, v,.(min) = 26.4 m/s or 
roughly 50 mi/hr. | 


Vo(min) = 


2.17 * From the first of Equations (2.36) we find that 1 — e~*/™ = x(t)/(vzoT) and hence 
t = —Tln(1 — x/v,z07T). Substituting these into the second of (2.36), we find 


Uno Ar User L 
= 2 f+ eT In {1 — 
Lee Bs 


Uzo 


which is (2.37). 
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2.18 x (a) If f(z) =In(z), then, as you can easily check, f(1) = 0, f’(1) =1, f”’(1) = -1, 
f"(1) = 2, and f(1) = (—1)""}(n — 1}, so 
2 3 4 
nfl +4)=6-F4+ 5-54 
(b) If f(x) = cos(x), then f(0) = 1, f’(0) = —sin(0O) = 0, f”’(0) = —cos(0) = —1, 
f’"(0) = sin(0) = 0, and so on. Thus 


6? 6" 
Con) el ae ge 
6° 6° 62 53 
(c) Similarly, sin(6)=6- +a +e. and (je =1454+ 5 +54. 


2.19 x (a) In the absence of air resistance, we know that © = vz ot and y = Vyot — sgt’. If 
we solve the first of these to give t = z/vz_ and then substitute into the second, we find 


which is the equation of a parabola. 


(b) As air resistance is switched off, 7 — oo, and the second term inside the log term of 
(2.37) becomes small. Thus we can use the Taylor series (2.40) for the log, 


(1-5) --%-i(S) 
Inj l— = ——— — - ee, 
VsoT Ut 2 NU pF 


in (2.37). For 7 sufficiently large, we can neglect all remaining terms in this series and (2.37) 


becomes 
_, Vyo + Uter L 1 2? 
et | | 
Wik U2 2 UAE 


The second and third terms on the right cancel, and, if we replace U%jer by gr, the two 
remaining terms give precisely the answer to part (a). 


2.20 xx The figure shows the trajectory for four 
different values of drag, given by 7 = 0.3, 

1.0, 3.0 and oo (the last meaning no 

resistance at all) all for the same time 

interval, O <¢< 3. 
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2.21 xxx The problem is axially symmetric about the z axis, so we can focus on any one 
direction ¢. To be definite, let’s take ¢ = 0. If the gun is fired at an angle 6 above the 
horizontal, then its trajectory is 


z=vptsind—igt? and p= vuotcosé. 


Solving the second equation for ¢ and substituting into the first, we get the equation of the 
trajectory: 
gp" 


2 
2U. 


This is the solid curve in the figure. For any distance p from the gun, the highest the shell 
CaN £0, Zmax, is found by differentiating z with respect to @ and finding where 0z/00 = 0. 
This gives tan@ = v2/gp. (You can easily check that 07z/06* < 0, so this is a maximum of 
z.) Substituting into the expression for z, we find 


z= ptand — sec” 0. 


This is the highest the shell can reach at the distance p. The locus of Zax is the dashed 
parabola shown. By changing the angle @ we can get 
the shell to pass through any point lower than Zax; 
therefore, all points below the dashed curve are = — Zmax(P) 
accessible to the gun. When the parabola is rotated \ 0 
about the z axis we get a paraboloid of revolution. 
Its vertex is at z = v2/2g (well known as the 
maximum height of a projectile launched vertically 
up) and its radius in the plane z = 0 is p= v2/g 
(well known to be the maximum horizontal range of a gun with muzzle speed v,). 


2.22 xxx (a) The range in vacuum is R = 2vzoUz0/g = v2 sin(20)/g. This is maximum at 
6=7/4 and Rmax = v2/g, or Rmax = 1 in the units suggested. 
(b) Solving (2.39) for R with 0 = 0.75, you should find R = 0.50, about half the value 
in a vacuum. 
(c) 6 | 0.4 0.5 0.6 0.7 0.8 
R| 0.463 0.499 0.514 0.508 0.487 


(d) 0.58 0.59 0.60 0.61 0.62 0.63 0.64 
R| 0.51244 0.51313 0.51362 0.513893 0.51404 0.513897 0.51372 


The maximum range occurs at 6 = 0.62 rad (about 36°, as compared with 45° in the vacuum) 
with Rmax = 0.514 (as compared to Rmax = 1 in the vacuum). 
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2.23 x According to Eq.(2.59), vrer = 1/mg/yD?. Since m = en R 0 = <mD*0, we can 
eliminate either m or D to give 


Uter oe — 


Oy 
In all three cases, g = 9.8 m/s* and y = 0.25 kg/m’. 
(a) With D = 3mm and @ = 8 g/cm’*, the second expression in Eq.(ii) gives ver = 22 m/s. 
(b) With m = 16 x 0.454 = 7.26 kg and @ = 8 g/cm’, the third expression in Eq.(ii) 
ZiVeES Uter = 140 m/s. 
(c) With m = 200 x 0.454 = 90.8 kg and @ = 1 g/cm’, the third expression in Eq.(ii) 
ZiveS Uter = 107 m/s. 


D 1/3 
Dog _ ( ur mg (i) 


6m ca 


2.24 x* (a) For a sphere the drag force is fguaa = + QairAv”, and at the terminal speed this 
must equal mg. Therefore 

mg (§7D*)ospng [8 Da Lenk 
i OairA 7 + Oair(47D?) 7 3 : Oair 


(b) For two spheres with D, = Dz but 0) > @2, we see that vier1 > Vtero- 


Uter = 


(c) If 0; = @2 but Dy > Dg, then v¢er1 > Vtera- 


2.25 x The steps of the derivations are already given in almost complete detail in the text 
between (2.47) and (2.51). Since the drag force is cv”, the dimensions of c are [c] = [F'/v?] = 
MLT~*/(L/T)* = ML“. Therefore 


i= [Flan 


2.26 x Putting in the numbers for the characteristic time, we find 
T = mM/cU, = 80/(0.20 x 20) = 20s. 


This tells us that, coasting from an initial 20 m/s, he will slow to half his initial speed 
(namely, to 10 m/s) in 20 seconds. From (2.45) we find that the time to slow to any speed 
v 1s 


which gives 
v(m/s) | 15 10 5 
t (sec) | 6.7 20.0 60.0 
Notice that in this approximation the time to come to rest (v = 0) is infinite; that is, the 
cyclist never comes to rest. This underscores that to ignore ordinary friction at very slow 
speeds is a very bad approximation. 
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2.27 x If we choose our x axis pointing straight up the slope, then for the upward journey 
the x component of the second law reads 


mob = —cv* — mgsin# = —c(v? + v,2) 


where v denotes the x component of the velocity and I have introduced the terminal speed for 
the puck on the incline, defined so that v,2 = (mg sin @)/c. If we write this in the separated 
form mdu/(v? +v,2) = —cdt, we can integrate both sides (the left side from vu, to v and the 
right from 0 to t) to give 


= [arctan(v/Vter) — arctan(Uo/Vter)| = —ct | (iii) 
ter 

which can be solved to give 

U = Vter tan(arctan(v, / Vier) — CUtert / m). 


Putting v = 0 in Eq.(iii), we find that the time to reach the top is t = (m/cte,) arctan(Uo /Vter). 


2.28 x The equation of motion in the suggested form reads —mvu~!/2du = cdz. Integrating 
this (from 0 to x on the right and v, to v on the left), we find that « = (2m/c)(,/vo — Vv). 
The puck comes to rest when v = 0 and & = (2m/c)./Vo. 


2.29 x According to Eq.(2.57), the actual speed is v = Vter tanh(gt/vter), whereas the speed 
in a vacuum would be just Uyac = gt. Putting tye, = 50 m/s and g = 9.8 m/s’, we get the 
following results: | 


0 9.7 38 48 950 30 
0 98 49 98 196 294 


actual speed (m/s) 
speed in vacuum (m/s) 


2.30 x According to Eq.(2.59), Uter = mg /yD?, SO 


(70 kg) x (9.8 m/s’) 
vis Vy 50 my 0.25 kg/m? 


which seems about right. 


D= 


2.31 xx (a) Using (2.59), we find the basketball’s terminal speed is 


; (0.60 kg) x (9.8 __(0.60 kg) x (9.8 m/s*) | ) 
a a (0.25 N-s¢/m’) x (0.24 my? 


(b) Solving (2.58), we find that 
t = (vter/g) arccosh[exp(yg/v,2.)] = 2.78 s 


= 20.2 m/s. 
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where y is the height of the tower (y = 30 m). This is to be compared with t = ,/2y/g = 
2.47 s in vacuum. According to (2.57), the speed at landing is 


UV = Uter tanh(gt/vier) = 17.7 m/s, 


less than, though fairly close to, the terminal speed. In a vacuum the corresponding speed 
is v = /2gy = 24.2 m/s. 


2.32 xx (a) The terminal speed is defined as the speed at which the drag of air resistance 
is equal to the body’s weight. If v < vier, then the drag should be much less than the weight 
and hence not very important. 


rom kqs.(2. an : you can easily find the ratios of drag to weight to be 
b) F Eiqs.(2.26 d (2.53 ily find th fd igh b 
2 
fin = % whereas aus — (=) | 
mg Uter mg Veer 


As expected, both ratios are equal to 1 when v = ve,, but if we reduce v below vie,, the 
ratio for the linear case drops like v whereas that for the quadratic case drops like v2. That 
is, the quadratic drag diminishes more quickly. (For instance, if v = 0.1vter, the linear ratio 
is fiin/mg = 0.1, but the quadratic ratio is fquaa/mg = 0.01.) 


2.33 xx (a) Note that when z is large and positive, 
cosh z & sinh z & e*/2. 
Similarly, when z is large and negative, 


cosh z ® —sinhz = e~*/2. 
Also 
cosh(0)=1 and _— sinh(0) =0. 


erliz) 4 e—iltz) _ e * + e* 


(b) cos(tz) = 5 a aaa cosh(z). 
Similarly, sinh(z) = —isin(#z). 
(c) = cosh(z) = <s * = = = sinh(z), and likewise sinh(z) = cosh(z). 


Integrating these two results, we find that 
/ sinh(z)dz =cosh(z) and / cosh(z)dz = sinh(z) 
(d) cosh*(z) — sinh?(z) = [cos(iz)]? — [—isin(iz)]? = [cos(iz)]? + [sin(éz)]* = 1 
(e) If we make the substitution z = sinh(z), then 


cosh z dz 


dx / 
IlFe /1+ sinh? z 


dz = z = arcsinh(z). 
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sinhz  —isin(iz) 


2.34 xx tanh z = — ==] 
Sa cosh z cos(iz) nen) 
(b) da a ee da sinh z Zz cosh z anes sinh z 7 cosh?z — sinh? z — ol 
dz dz \coshz/  coshz cosh?z _ cosh? z ~ cosh?z/ 


This is the same as sech’z if we define sechz = 1/(cosh z). 


(c) [ramoae- [SO = [a = Incosh z. 


cosh(z) cosh z 
(d) 1—tanh’z =1- aia = seh sai a = sech’z 
cosh?z cosh*z cosh’ z ) 


(e) The substitution 1 = tanh z gives 
/ dx / sech2z dz / 
—>j = | -—— = dz = z = arctanhz. 
1 — x? 1 — tanh“z 


2.35 xx (a) Using (2.53) we can replace c by c = mg/v,2Z in (2.52) to give (2.54) and 
thence (2.55) 
dv 
1 — (v/Vter)? 


which we can now integrate from time 0 to ¢ to give 


v/Vter du 
Uiex —— = gl. 
i l-w ? 


(Here I made the substitution v/vjer = u, so that dv = vier du.) The integral on the left can 
be done several ways. One route is to substitute u = tanh w, so that du = sech*w dw and 
1 — u? = sech*w, and the integral becomes Vter f dw. Thus 


= gdt 


Uter arctanh(vu/Vter) = gt 


which can be solved at once for v to give (2.57). 

To find the position y(t) we have only to integrate (2.57) for u(t). Substitute u = gt/Vter, 
and all you have to do is integrate tanhu. The simple way to do this is to write tanhu = 
sinh u/coshu and then w = coshu, so that (tanhu)du = dw/w. The required integral is 
now just { dw/w, and you get (2.58) directly. 

(b) If rT = tier /g, we can rewrite the two equations as 

u(t) = Vier tanh(t/rT) and = y(t) = vter7 In[cosh(t/7)}. 
The first of these gives the following values for v(t) 


time t ‘4 2T 3T 


velocity u(t) | 0.76 Vier 0.96 Vier 0.995 Vter 
percent | 76% 96% 99.5% 
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1 
2 
y(t) © VterT In (de ") = UperT (t/7 — In 2) = vjert + const. 
That is, the ball eventually falls with constant velocity. 


(d) If x < 1, then coshx = 1+ $27. Thus if t <7, the expression of part (b) for y(t) 
becomes 
y(t) © UterT In[1 + 5 (t/7)*] © vterT [3 (t/7)?] = Sgt? 


where in the last step I replaced vie, by gr. That is, at first, air resistance is negligible, and 
the ball falls freely. 


2.36 «x (a) Using Eq.(2.59) you can check that ver = (70/6m)'/?,/mg/y. Putting in the 
numbers, with m; = 100 and mz = 1 lb (mass), we find that vjery = 191 and vjer2 = 130 m/s. 


(b) Solving Eq.(2.58) for ¢ we find for the time to drop through a height h, 
t = (Vter/g)arccosh(e?9/ter), 


Putting in the numbers for ball 1, we find the time for it to travel the distance h = 100 
cubits = 60.96 m is tj = 3.537 s. The distance yz traveled by ball 2 in this time as given by 
Eq.(2.58) is yo = 60.58 m. Thus when ball 1 lands, ball 2 still has a distance h — yz = 38 cm 
to go — a little more than a foot. | 


2.37 xx Starting from (2.55) and substituting u = v/vter, we get du/(1 — u?) = gdt/vier- 
Separating into partial fractions as suggested and integrating from time 0 to t, we find 


Lee a 1 t 
> f + du’ = + =T, 
2 0 1+u’ 1—w’ Vier 


say. Thus In(1 + u)/(1 — u) = 2T and hence (1 + u)/(1 — u) = e*”. Solving for u, we find 
—e@h—1  e'-e* — sinhT 
ert 1 ef +et  coshT 


Since u = v/Vjer and T = gt/Vter, this is the same as (2.57). 


= tanh 7’. 


2.38 xx (a) The equation of motion for the upward journey (with v measured upward) is 


mv = —mg — cu’ oor b= —9(1 a v/a.) 


since cv,2 = mg. If we make the substitution u = v/Vier, this equation separates as 
du/(1 + u*) = —(g/vter)dt, which can be integrated to give 


U U ; 
- ~ arctan( ey (iv) 
Uter Uter Uter 


arctan ( 


Therefore 
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U = Uter tan | arctan ee pees 
Uter Uter 


(b) From Eq.(iv), v = 0 at the time trop = (Vier/g) arctan(v>/Vter)- 
(c) With vy. = 35 m/s and the given values of v,, the times given by part (b) and the 
corresponding vacuum times (tyac = Uo/g) are 


v.(m/s)| 1 10 20 30 40 
actual time (s) | 0.102 0.99 1.85 2.53 3.04 
time in vacuum (s) | 0.102 1.02 2.04 3.06 4.08 


2.39 xx (a) The equation of motion is mt = — fs — cv*, which separates to give 
du 


“F fr + cuz ~ 
This can be integrated from time 0 to t¢ (and velocity nom OF to v). The integral over v gives 
an arctan function. (Make the substitutions cv?/f;, = u* and then u = tanw.) The result is 


m / C / C 
= —— {| arctan, /—v, — arctan, /—v ]. 
V Tire ( Sir ° Str 


(b) Putting in the numbers, with v, = 20 m/s and the four given final velocities v = 
15,10,5, and 0 m/s, we find the following corresponding times: 
v(m/s)} 15 10 5 0 
t(s) | 6.3 18.4 48.3 142 
The corresponding times if we neglect friction are (from Problem 2.26) 6.7, 20.0, 60.0, 


and oo. To neglect friction, compared to the quadratic air resistance, is quite good at higher 
speeds, but terrible at very low speeds. 


2.40 xx Newton’s second law reads mv = —bu — cv*. This separates as mdu/(bu + cv*) = 
—dt, which can be integrated from 0 to ¢ to give 


ii = —t+ const 
b b+ec)] — 


This can be solved to give v/(b + cv) = Ae~™/™, where A is another constant equal to 
A = v,/(b+ cv,), and thence | 
b Ae~t/m 
~ 1 —cAe-bt/m* 
When t —- oo, the second term in the denominator can be neglected and v ~* (const) e 
That is, v approaches zero exponentially, just as it would do if the drag were purely linear. 


—bt/m 
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[Compare Equation (2.20).] This is because, as v + 0, the 
quadratic force becomes negligible compared to the linear. ™ 
Although it is hard to see it, this graph decays Vo 
exponentially for large t (corresponding to the dominant 

linear drag), but decays more steeply for small t 


(corresponding to the dominant quadratic drag). t 
2.41 xx On the upward journey the velocity v (measured upward) satisfies md = —mg—cv’. 
Since the terminal speed satisfies cu,2. = mg, this can be rewritten as 0 = —g(1+ v?/v,2), 


or, using the “vdv/dz” rule, d(v?)/(1 + v*/v,2) = 2g dy. Integrating this, from v, to v on 
the left and 0 to y on the right, we find that | 


User [In(v* 1 User) _ In(u? + Ue) >= 2gy, (v) 


whence v = «/(u2 + v,2.)e7294/"er — v2. Putting v = 0 in (v) gives ymax exactly as claimed 


in Eq.(2.89). With the given numbers this yields ymax = 17.7 m, compared with the vacuum 
value, Ymax = U2/2g = 20.4 m. 


2.42 xx If we continue to measure y upward as in Problem 2.41, the equation of motion 
for the downward journey is mt = —mg + cv? = —mg(1—v?/v,2). Using the “vdv/dz” rule 
(again as in Problem 2.41), this becomes d(v?)/(1 — v?/v,2.) = —2g dy. If we integrate this 
from the top (v = 0 and y = Ymax) to an arbitrary position (velocity v and height y), we get 


Vig In(1 > v” Veer) re —2g(y = Yexaac) 


U = —UVter 1—- e29(Y—Ymax)/Yter , 


(Note that I took the negative square root since the velocity is downward.) Here ymax is given 
by Eq.(2.89) and, when the ball hits the ground, y = 0. Thus the velocity just before it hits 
the ground is v = —Uters/1 — 1,2./(42 + v2) = —Vtero/V/ (YUE + v2), as claimed. Putting 
in the numbers, we find that v = —17.4 m/s at landing. In a vacuum the speed at landing 
would be the same as that at launch, so v would be —20 m/s. 


whence 


2.43 xxx (a) We have to solve the differential equations (2.61), 
ME = —cy/4? + ¥? x 
mij = —mg—cv/ 2? + yy 


with the initial conditions z(0) = 0, y(0) = 2, #(0) = 15c0s(45°), and y(0) = 15sin(45°). 
(I’ve chosen my origin on the ground directly below the launch point. The constant c is 
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c= 7D?, as usual, with y = 0.25 y (m) 
and D = 0.24 m.) Ignoring air 
resistance, I estimated that the 
ball would land after about 2.5 sec, 
so I solved the equations (using 
NDSolve in Mathematica) for 
O<t<2.5s and plotted the 
solution as the continuous curve 
shown. The vacuum solution is 

x = £(0)t and y = y(0) + y(0)t — $gt?, which I have plotted as the dashed curve. 


(b) From the plots, you can read off the true range as 17.7 m and the range in vacuum 
as 24.8 m. 


2.44 xxx (a) The two equations to be solved are the same as for Problem 2.43, except that 
the constant c has to be replaced by c(y) = 7D? exp(—y/A) and D = 0.15 m. In the absence 
of air resistance, the cannonball would land after a little less than 50 seconds, so I solved 
the equations (using NDSolve in Mathematica) for 0 < t < 50s. However, when I plotted 
the trajectory, I found that (with air resistance) the ball lands after only about 33 seconds, 
so I replotted the trajectory as the solid curve for 0 < t < 35s. From the graph we see that 
the horizontal range is about 2.8 km. 


y (km) 


(b) If we wish to ignore the variation of atmospheric density, we have only to replace 
c(y) by c(0) in the equation of motion. This gives the long-dashed curve, with a range of 
about 2.7 km. Notice that this range is a little shorter than we found allowing for variable 
resistance. That it is shorter was to be expected, since the variation of density with height 
reduces the drag at high altitudes and so increases the range. The variation of resistance 
has only a small effect, since the ball only rises to about 1300 m, where the resistance hasn’t 
dropped very much. 

The vacuum trajectory is given by the well-known expressions 2 = Vogt and y = Voyt— 5 gt? 
and is shown with short dashes. The range in this case turns out to be about 9.0 km — much 
more than either value with air resistance, confirming that air resistance is very important 
for an object traveling this fast. 


CHAPTER 2. PROJECTILES AND CHARGED PARTICLES 31 


2.45 x (a) Let the polar coordinates of r = (z,y) be r and 6, so that x = rcos@ and 


y=rsing. Then 


z=a2+iy=r(cosé+ ising) = re’. 


(b) With « = 3 and y = 4, r=5 and 6 = 0.927 (or about 53°). 
(ce) g=2e-FS1 7473. 


na z Rez) iIm(z)_—sial = / 
(a) bea 1 1 9 7/4 i-j 
(b) 1-iv3 1 ~/3 2 -~a/3 14479 
(c) /Qe7in/4 ] 1 /2 —7/4 J/Qeir/4 
(d) be" 5 cos(wt) 5 sin(wt) 5 wt 5 e—iwt 


Note that the fourth picture is drawn to a different scale than the first three. 
2.47x (a) z=648i = 10e” and w = 3—4i = 5e~-”, where 6 = 0.927 rad. (Note that the 
phase angles of z and w are exactly opposite — same @ in both expresions.) Therefore 
z+w=94+4 and z#—-w=3+4+121, 
zw = (10e”)(5e~”) = 50, 


and 
i0 

— ae = Qe” = 2cos(20) + 2isin(20) = —0.56 + 1.92%, 
w- b5e7" 

or | 
z zw (64+ 8i)(84+42) -—14+4 48: . 
— = a= _ = — 0.56 4+ 1.9227. 
www (3—48)(3 + 48) 25 cme 


(b) z = 8e'"/3 — 44 4,/3i and w = 4e'"/® = 2/3 + 2i. Therefore, 
ztw=(44+2vV3)+(4V34+2)i and z—w=(4-2V3)+ (4V3 — 2)i, 
Zz Qein/3 


_ in/3 im/6\ __ im/2 __ : ee —_ 9,17/6 __ : 
zw = (8e'"/9)(4e%/6) — 32e'"/? — 324 and ee 6 — J/3 +i. 


2.48% Ifz=ax+iy, then z*z = (x —ty)(x + iy) = 2? + y? = [z|*. Therefore, |z| = Vz*z. 
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2.49 x (a) On the one hand, z? = e?” = cos20 + isin20. On the other hand, 
z* = (cos@+isin6)* = cos?6 — sin’ + 2icos@sin@. Equating these two expressions, we find 
cos 20 = cos’@—sin?9 and sin26 = 2cos@siné. 
(b) In exactly the same way, we can show that 


cos 39 = cos @(cos?9 — 3sin?@) and — sin30 =sin6(3cos76 — sin*@). 


d d z 3 x 2? 2 
2.50 —e* = — —_ —-+ — as — jain nee. 
+ me e(te+a+gtat itet Sto e 
2.01 xx me 2 48 ae 
ee = Tero tat Oe op ay, ee 
1 1 
= 1+ (zt) t x2? + 22w + w*) + (2 + 32°w + 3zw* + w") + 
1 1 | 
=1t(ztw)to(z+w)+a@tuy+ > 
=e. 


2.52% According to (2.77) vg + ivy = ae?) = acos(6 — wt) + isin(d — wt). Therefore, 
Vz =acos(wt—d) and vy, = —asin(wt — 6). 


The two components of the transverse velocity v, oscillate at the same frequency w, exactly 
90° out of phase. Since v,’ +,” = a’, a constant, v, rotates steadily clockwise with constant 
magnitude. 


2.53 The components of the force are F = q(E+ v x B) = q(v,B, —vzB, E), so the three 
components of ma = F are 
Mv, = qBory, mvy = —qBrz, mov, = qh. 


The first two of these are exactly the same as (2.64) and (2.65) for the case of no electric 
field, and the motion of x and y is therefore the same as in Figure 2.15: The transverse 
position (x,y) moves clockwise around a circle at constant angular velocity w = qB/m. The 
equation for v, shows that there is a constant acceleration in the z direction, a, = qE/m, 
so that z = Z% + Veot + Sage”. The particle moves in a helix or spiral of constant radius 
around a line parallel to the z axis, with an increasing pitch as the motion in the z direction 
accelerates. 
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2.54 xx (a) If we differentiate the first of Equations (2.68), we find 

Uz = Wy = —W" Vy 
whose general solution we know to be v; = Acoswt + Bsinwt. From (2.68), vu, = 0,/w, so 
the general solution according to this approach is 


Vz = Acoswit+ Bsinwt 
vy = —Asinwt + Bcoswt wy) 
(b) From (2.77), as disentangled in Problem 2.52, we have the general solution 
Vz = acos(é — wt) = acosé coswt + asin 6d sin wt Ga 
Vy = asin(éd — wt) = —acosdésinwt + asin 6 cos wt ea 


If we choose A = acos6é and B = asino in (vi), then solution (vi) takes exactly the form of 
the solution (vii). Conversely, in the solution (vii) we can take a and 6 to be the hypotenuse 
and lower angle of a right triangle of base A and height B. With this choice, acosé = A 
and asiné = B, so the solution (vii) takes exactly the form of the solution (vi). 


2.55 xxx (a) The given fields are E = (0, £,0) and B = (0,0, B), so the force is 
F = q(E+v x B) =q(v,B, E — v,B,0). 


If we define w = gB/m as in (2.67), the equation of motion, V = F/m can be written in 
components as 

Us Uy 5 Vy = —W(vz, — F/B), and Vz, =0. (viii) 
Since ¥, = 0 and v,, = 0 it is clear that v, = 0 for all times, and the motion remains in the 
plane z = 0. 

(b) The particle is undeflected if and only if both v, and v, remain zero for all times. 
From the second of Equations (viii) this requires that v, = E/B = va, , say. If this condition 
is satisfied, then v, remains zero, and the first of Equations (viii) implies that v, remains 
constant, v; = Var. The condition that v = E/B is easily understood: With this velocity, 
the electric force gE in the +y direction exactly balances the magnetic force quB in the —y 
direction. 


(c) If we make the suggested change of variables, 
Us = Di Vay and Uy = Vy 
with vg, = E'/B, then the first two of Equations (viii) become 


Ug = Wy and Uy = —WUz. 


These two equations have exactly the form of Equations (2.68), and their solution is therefore 
Uz + tuy = Ae, where, setting t = 0, we see that A = vz. — Var. Rewritten in terms of v, 
this solution is 


Up = Var + (Uzo — Var) COS wt and Vy = —(Vz0 — Var) Sin wt (ix) 
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and, of course, v, = 0. The transverse velocity (vz, vy) goes steadily around a circle of radius 
(Uzo — Var), With a constant drift vg, in the x direction superposed. 


(d) To find the position as a function of time, we have only to integrate the equations 
(ix) for the velocity. Before we do this, it is helpful to define the length R = (vz — var) /w, 
in terms of which we get | | 


L = vgt+ Rsinwt and y = R(coswt — 1). 


The point (z,y) = R(sinwt, —coswt) describes a circle of radius R about the origin. Thus 
the charge q describes a circle about the point (vg,t, —R), which moves steadily to the right 
with speed vg. The resulting curve is a cycloid, whose precise appearance depends on the 
initial velocity vz, as illustrated below for seven different values of v,.. Notice, in particular, 
that if vz. = Var then R = 0 and the charge drifts straight through the fields, as we already 
knew. (The values of vz. are shown as multiples of vg,.) 


y Vxo = 3 Vyo = 2 y Vxo = 15 
4 4 
X X X 
6 12 6 12 
_4 4 4 
y Vyo = 1 Vx¥9 = 0.5 y Vx9 = 0 
4 4 
X X X 
6 12 6 12 
_4 4 -4 
y Vyo = —1 
4 
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Chapter 3 


Momentum and Angular Momentum 


I covered this chapter in 2 fifty-minute lectures. 


This chapter, on momentum and angular momentum, is the shortest chapter (22 pages) in 
the book, in contrast with Chapter 4 on energy which is one of the longest (56 pages). I toyed 
with moving part of Chapter 4 into Chapter 3, but decided that the logical division belonged 
where it is and that there is really nothing wrong with having chapters of very different 
lengths. The main reason for the difference is that energy is a much more complicated 
notion than either kind of momentum. Another is that conservation of momentum has 
already been derived from Newton’s third law in Chapter 1. Nevertheless, there are still 
some things to say about linear momentum. In Section 3.2, I use the relation F** = P to 
obtain the equation of motion of a rocket. And in Section 3.3, I introduce the center of mass, 
to allow me to derive the important relation P = MR. 

Section 3.4 defines the angular momentum of a single particle and derives Kepler’s second 
law, (emphasizing that, unlike the other two Kepler laws, the second requires only that the 
gravitational force is central — not necessarily inverse square). And Section 3.5 proves the 
conservation of angular momentum for an isolated multiparticle system (emphasizing that 
this result requires not only the validity of Newton’s third law, but also that the inter-particle 
forces are central). 

There are several demonstration experiments related to conservation of linear and angular 
momentum and to the motion of rockets. You might consider using one or two to liven up 


the class. 


Solutions to Problems for Chapter 3 


3.1 Let vs and v, denote the speeds of the shell and gun relative to the ground. Then 
conservation of momentum implies that mv, = Mv,. (The shell and gun certainly move in 
opposite directions.) Their relative speed is v = v; + vg. Eliminating vg between these two 
equations, we find that v, = Mv/(m-+ M), which is the desired result. 


30 
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3.2 Let’s choose our x axis to point due north and y vertically up, and let v be the velocity 
of the second fragment just after the explosion. Then conservation of momentum implies 
that SMz = mv, and 5Mvy = —FMUo. Therefore, v = (2u,,—v.,0) and the requested 
velocity is /5v, north at an angle @ = arctan(1/2) = 26.6° below the horizontal. 


3.3 x Let the original mass of the shell be 3m (so that each of the fragments has mass m). 
Conservation of momentum implies that mv; + mv2 + mv3 = 3mv,. Since vy = Vo, this 
simplifies to v2 + v3 = 2v,. Squaring both sides and recalling that v2 is orthogonal to vs, 
we find that uv + vz = 4u2, or, since v2 = v3, 


Vp = U3 = W205. V2 V3 
Notice that v2 and v3 are at 45° on either side 
of the initial direction. os 
* 2Vo 


3.4 xx (a) Let v be the speed of recoil of the flatcar, so that u — v is the speed of either 
hobo relative to the ground just after they jump. Conservation of momentum implies that 
2mn(u — v) = mv, from which we find 
2Myz : 
Si i 
2my + Mie ti) 
(b) Let v’ be the recoil speed of the flatcar after the first hobo jumps and v" that after 
the second. Conservation of momentum in the first jump works just as in part (a) (except 
that only one hobo jumps) and we conclude that 
/ ™Myh 5g 
FF eo Ue ll 
2Mnh + Mec (i) 
The second jump is more complicated because the flatcar is already moving with speed v’. 
In this case, conservation of momentum implies that 


my(u— v0") — meu" = —(mMy + M4)" 
or 
ny MpyU + (mp + Mc) Uv’ _ 3My, + 2MNee 2M pee 3My + 2M 
= Mh + Me Wy + WN 2Ny + Mee 2Mp + 2Mec 


where the second equality results from substitution of Eq.(ii) (plus some algebra) and the 
last one from use of Eq.(i). Clearly v” > v, so the second procedure gives the larger final 
recoil velocity. 


cece ern cS 


‘ / / : eae 
3.5 xx By conservation of momentum, m,V, + MgV2 = MV, + M2Vo. Since m, = Mm, and 


v2 = 0, this reduces to oe 
nen i 
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eve 53 : i : 1 9 1 
Similarly, that the collision is elastic implies that mv? + 4m v2 = smv," + magus”, 
whence | 
2... he 12 : 
vp =v, + 9,". (iv) 


Squaring Equation (iii), we find that 
up = vt" + uh? + Qvi evi, 


and comparing this with Equation (iv), we conclude that vj, -v; = 0. That is vi is per- 
pendicular to v4 (except when one of them is zero, in which case the angle between them is 
undefined). 


3.6% Thrust = —mv.x = (15,000 kg/s) x (2500 m/s) = 3.75 x10" N = 4200 tons — more 
than, though not vastly more than, the vehicle’s weight. 


3.7 x Since v, = 0, the final velocity as given by (3.8) is 
UV = Vex In(m,/m) = 3000 In(2) = 2100 m/s. 


The thrust is given by (3.7) as 
thrust = —mv.x. = Ue ~25x 10° N. 


This is just a little bigger than the initial weight, m.g + 2.0 x 10’ N. 


3.8 x (a) The condition for the rocket to hover is that —mu., = mg. This requires that 
—dm/m = gdt/v.x, which integrates to give —In(m/m,) = gt/vex. The maximum time 
occurs when m = (1 — A)mo, SO tmax = — In(1 — A)vex/g.- 

(b) If X= 0.1 and vu, = 3000 m/s, this gives tax = 32 seconds. 


3.9 x From the data of Problem 3.7, m, = 2 x 10° kg, and m = —8.33 x 10° kg/s. The 
minimum exhaust speed is determined by the condition: thrust = —mv,, = mog, which 
PIVES Vex = —Mog/m & 2350 m/s, compared with the actual value of about 3000 m/s. 


3.10 x According to Eq.(3.8), v = Vex In(m,/m). Therefore, p = mv = mvex In(m,/m) and 
D = Vex|[m In(m,/m) — m(m/mM)] = —Mvex[1 — In(m,/m)]. 


Bearing in mind that m is negative, we see that p is initially positive but drops to 0 when 
In(m,/m) = 1 and is negative thereafter. Therefore, p is maximum when In(m,/m) = 1 or 


m= m~,/e. 
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3.11 xx (a) From (3.4) we know that the change in momentum (of rocket plus ejected 
fuel) in time dt is dP = mdvu+ dm vex. On the other hand we know on general grounds that 
P= F* so that dP = F*'dt. Equating these two expressions for dP, we conclude that 


mdvu+dm vex = F*'dt 
or, dividing by dt and rearranging, 
mv = —MvVex + Fe. 


(b) With —7m = k (a positive constant) and F°** = —mg, the equation of motion becomes 


mv = kvex — mg 


and since m = —k it follows that m = m, — kt. The differential equation separates to give 


ky 
dv = =“~— —q | dt 


which can be integrated from time 0 to ¢ (and velocity 0 to v) to give 


m m 
i vocin( — =) —gt = Vex In(—) — gt. 
Oo 


(c) Putting in the numbers (v.x = 3000 m/s, m,/m = 2, g = 9.8 m/s’, and t = 120s), 
we find v = 900 m/s. With g = 0, the corresponding number is 2100 m/s, so gravity reduces 
the speed acquired in the first two minutes to a little less than half its weight-free value. 


(d) If the thrust kv, is less than the weight mg, the rocket will just sit on the ground 
until it has shed enough mass that the thrust can overcome the weight. Not a good design! 


3.12 xx (a) If it uses all the fuel in a single burn, then according to (3.8) the final speed 
is 


UV = Vex In (a) = Vex In(2.5) = 0.92ve¢x. 


(b) After the first stage the speed is 


_ Mo _ 1 
U1 = Vex In 0.7m, = IN 0.7 


and after the second stage it is 


0.677, 0.6 1 
Up = Vex In (| + Uy = Vex In & x 7) = Vex In(2.86) = 1.05v¢x. 


ee 
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3.13 xx We can find the height y(t) by integrating v(t) as found in Problem 3.11: 
t t t 
y(t) =| u(t')dt’ = vex | [In m, — In m(t’)]dt’ -f gt'dt’ 
0 0 0 


t 
= Vext In mM. — Vex / In m(t')dt' — sgt’. (v) 


To do the remaining integral, notice that m(t’) = m, — kt’, so that dt! = —dm'/k, where m’ 
is short for m(¢’). Thus the remaining integral in (v) is 


t m 
1 od] m. 1 
/ Inm'dt' = -; | Inm! dm! = ——|m' Inm! — m!| = —(m, lnm, — mInm) —t, 
0 k Mo k Mo k 
where in the last expression I used the fact that m, —m = kt. Substituting into (v), we get 
y(t) = Vext — sgt + = (kt In Mo — Mp) Inm, + MInm) = vVext — sgt" — — In (=) 

m 


where I have again used that kt =m, — m. Putting in the numbers from Problem 3.11 and 
¢ = 2 min, we find that y = 40 km. 


3.14 xx The equation of motion (3.29) reads mv = ku, — bv, or mdu/(kvex — bv) = dt. 
Since dm/dt = —k we can replace dt by —dm/k, and the equation of motion becomes 
k du/(kvex — bv) = —dm/m. This integrates to give 


ky Kvex — bv In m a y — Buex 1- m ae 
ae kvex — Meo a, Mo ) 


3.15 « 
x 2 Maa 14140 _ 1 
— M 12 6 
_ ae: Le: 
a M12 a 
So Ma%a 0+04+0 
=_ = eT EDdue 0) 
é M 12 


Because m3 is much bigger than m, and mg, the 
CM is much closer to m3 than to the other two. 


3.16 x If we put the origin at the sun’s center and the z axis through the earth’s center, 
then the CM lies on the z axis at 


yy = Msks + MeLe O+Mexe 6.0 x 10% 


Ms +m ms +m. = aa x100 * (5% 10° km) = 450 km, 
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which is very, very close to the center of the sun. 


3.17 x If we put the origin at the earth’s center and the z axis through the moon’s center, 
then the CM lies on the z axis at | 


MeLe+Mmim 0+ Mtn 7.4 x 107? 8 


Since the earth’s radius is 6400 km, the earth-moon CM is comfortably inside the earth 


A 


3.18 xx (a) The vector pointing from m, the CM is 


AC MV, + M22 
AC =R-r, = —— - r| 


my, + Meo 


O 


> 
Since the vectors AC and AB are in the same direction, the three points A, B, and C' are 
collinear. Since AC’ < AB, the CM lies between A and B on the line joining them. 


(b) By the same argument, BC = (m,/M \BA . Thus the ratio of the two lengths is 
AC/BC = m2/m,, as claimed. If m, >> m2, then AC < BC and C is very close to A. 


3.19 xx (a) As long as all pieces are still in the air (so that the only force on them is 
gravity), (3.11) implies that the CM follows the path of a single particle of mass M, namely, 
the same parabola. 

(b) At the moment when both pieces land (y = 0), the CM is also at y = 0 and is, 
therefore, at the target (z = 100). Since the CM is half way between the two pieces and the 
first piece is 100 m beyond the target, the second piece has to be 100 m short of the target, 
namely back at the launch site (x = 0). 

(c) Let’s call the two halves A and B, and let’s imagine the ground removed, so that the 
pieces can continue to move like projectiles even after they pass the level y = 0. At all times, 
the CM is at the midpoint of the line AB. Suppose that A lands first, at r4 = 200. At 
the same time, B and hence the CM are still above ground, which means that the CM has 
X < 100 (since we know the CM will land at X = 100). This implies that at the moment 
when A lands, xg < 0. In other words, B has 


already passed back over the launch point : 
and will land still further behind it. A 
similar argument shows that if A lands A 


after B, then B will land at a point rz > 0. 0 400 200 * 
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3.20 xx Notice first that the definition (3.9) of the CM can be written as MR = Y* marq. 
Now suppose that we have two bodies made up as follows: 


(body 1) = N, particles with masses mq at positions rj,, with a = 1,--- , M4, 
and 
(body 2) = No particles with masses mg at positions reg, with G = 1,--- , No. 


The total mass of the two-body system is M = M,+ Mp = >> mia +> g™M2g and the CM 
postion R. of the whole system satisfies 


MR= S miaP ia + YS) moprig = M,R, + M2R2, 
a B 


where R,; and Ry are the CM positions of the two separate bodies and the second equality 
follows from our rewritten definition of the CM applied to each body separately. This is the 
required result. 


3.21 xx Let the disk’s mass be M and its mass density (mass/area) be 0 = M/A, where 
A = 7R?/2 is its area. The CM position is R = f ordA/M = [rdA/A where the integral 
runs over the area of the disk in the plane z = 0. Clearly Z = 0, and, by symmetry, X = 0. 


Finally . 
1 2 . 4 
y=3 fuda=—, | rar | do(r sing) = sR. 


3.22 xx Let the hemisphere’s mass be M and its density be 90 = M/V, where V = 27R?/3 
is its volume. The CM position is R = [ ordV/M = [ rdV/V where the integral runs over 
the volume of the hemisphere. By symmetry X = Y = 0, while 


1 3 R ; m/2 . 27 3 R4 1 3 
= = aaa ate eee Sener, 18D) = —-f 
Z 7 fea sa | r ar | sinoao | dor cos 0 oRs 43 T= 5 


3.23 xxx (a) The orbit is r(¢) = vot + $gt?. 
(b) Because the two pieces have equal masses, 
Mm, = M2 = M/2, conservation of momentum implies 
that v; + v2 = 2v, so that vo = 2v — v; = v — Av. 
(c) The CM (hollow circles) is at the midpoint 
of the line joining the two pieces and clearly _ 
continues along the original parabola. 


3.24 x If we orient the triangle so that a is the base, then the height is h = bsin@, where 
6 is the angle between a and b. Therefore 
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sla x b| = Zabsin 6 = sah = (area of triangle). 


3.25 x The only force on the particle is the tension of the string, which is necessarily 
directed toward the hole in the table at O. Therefore the angular momentum @ about O is 
constant. When the particle is travelling in a circle of radius r, the vertical component of 
£=rxpist,=rp=rmv=rm(rw) = mrw. Therefore, the quantity r?w is constant and 


r?w = r2wy; whence w = (ro/T)*wo. 


3.26 x (a) Since the force is central it has the form F = f(r)f and the torque on the 
particle is [T = r x F = 0. Therefore the angular momentum @ is constant. 


(b) If 2, is the particle’s initial angular momentum, then conservation of angular mo- 
mentum implies that r x p = @, at any time and hence that r is always perpendicular to @o. 
In other words, the position vector r always lies in the plane through O perpendicular to £o. 


3.27 xx (a) Sincer=rf andr=rf+ rod, it follows that 
2=rxmt=mr'dt x d= mrwe 
Therefore, 2 = mr*w as claimed. (Strictly speaking we should put absolute value signs in 


here if we are to insist that £ be positive.) 


(b) Suppose that in a time A? the planet moves from 
A to B and swings through an angle Ad. The area swept 
out is the area of the triangle OAB. In the limit of small At, 
this triangle is well approximated by the triangle OAC, with 
OC = OA. This has height r and base rAg. Therefore the 
area swept out is AA = $r?Ag¢. Dividing both sides by At 
and letting At > 0, we conclude that A= 1rd = srw, 
as claimed. Comparing this with the result of sae (a), we see that A = é/2m and hence 
that the conservation of ¢ implies that A is constant. 


3.28 * With three particles, Eq.(3.20) reads L = (r, x pi) + (re X pa) + (%3 X ps), 0 
L = (t) X py +r, X Pi) + (he X Po tLe X Po) + (3 X P3 +43 X ps). 
The first term in each parenthesis is zero (because each r is parallel to its corresponding p). 
We can replace p; by the corresponding net force p; = Fy = Fig + Fis + FS and so on to 
give 
L = (ry x F,) + (ro x F.) + (r3 x F3) 
= (r; x [Fie + Fis + FS") + (v2 x [Fos + Fa + Fs*]) + (rg x [Fai + Fao + FS") 
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Remembering that Fj. = —F 2; and so on, we can regroup to give 
L= (rj — TY) x Fig + (19 — 13) x Fo3 + (r3 — rz) x Fs) +11 X FO +4 x FS“ +13 x FS. 


Provided all internal forces are central, each of the first three products here is zero (as 
discussed in connection with Fig.3.8) and we are left with 


L= Yr; X RS + fo X | a + r3 X FF? = | Ra + | Re + | Rie = po. 


3.29 x We are told that the matter accreted by the asteroid is initially at rest. Therefore 
its initial angular momentum is zero and, by conservation of angular momentum, [,w, = Iw, 
where J, and J are the initial and final moments of inertia of the asteroid. Now, 


2 2/4 8 
I= —=MR* == (| =70R* | R? = R? 
5 5 (Fre i 
so, given that o is constant, conservation of angular momentum implies that Row, = R°w, 


and w = w,.(R,/R)°. If R= 2Ro, then w = w,/32. 


3.30 xx (a) If a particle is a distance p from the axis of rotation and the body turns 
through an angle dd¢, then the particle moves a distance pd¢ in the tangential (¢) direction. 
Dividing by dt we conclude that the particle’s speed is v = pdd/dt = pw in the ¢ direction. 
That is, v = pwd. 


(b) The particle’s ee is r = pp + zz, so its angular momentum is — =rxp= 
(pp + zz) x mpwd = mp2wt — mzpwd. Therefore its z component is 0, = mp*w. 


(c) The total angular momentum has 


N N N 
Le = ta = S| Mapa =Iw where [= So mabe. 
a=1 a=1 | a=l 


3.31 xx If we place the Sai in the plane z = 0 centered on the origin, the sum (3.31) can 
be written as I = > mar2 (because in the plane z = 0 the coordinate p is the same as what 
we usually call r). If the density (mass/area) of the disk is 0 = M/7R?, then, replacing the 
sum by the appropriate integral, we find that 


M f® on M_  R* 
= 2 a ae 2 = —_.— -2n = 3MR? 
I [or dA sal rar | dor a a 


3.32 x* The sum (3.31) becomes the integral J = [ @dVp’, where 9 = M/V = 3M/(4rR*) 
is the density and p = rsin@ is the distance of a point from the z axis. Therefore 


OM Fae. [ne rn) | ee a a ae, 
~ Ar R3 rar | sin°9 0 f 10 sp a ee 
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3.33 xx If we place the square in the plane z = 0, centered on the origin with its sides 
parallel to the z and y axes, the sum (3.31) takes the form J = S°> map? = Yo m(22 + 
y2) =25*m,x2, where the last expression holds because, by symmetry, the two terms of 
the previous expression are equal. If we denote the density (mass/area) of the square by 
o = M/A = M/(4b’), then we can replace the sum by an integral: 


: ° M203 2 
= 274 2 = = 2 
T=20 f atdA=20 f atae | dy = 275 3 2b = 3 Mb 


3.34 *x The CM moves just like a point mass M, so its height is Y = uot — sgt”, and 
the time to return to Y = 0 is t = 2v,/g. Since there is no torque about the CM, the 
angular momentum DL = Jw is constant. Therefore w = w, is also constant and the number 
of complete revolutions in the time t is n = wot/2a = w.v,./7g. Therefore, he must arrange 
that vo = n7g/w. where n is an integer. 


3.35 «x 


' (b) The condition br applied about P becomes 
Ipw = MgRsiny, whence v = 2gsiny. 

(c) The same condition applied about the CM gives 
Ienw = fR. To eliminate the unknown frictional force f, 
we must use Newton’s second law, Mv = Mgsiny — f. 
Eliminating f, we get the same answer as before. 


3.36 xx The motion of the CM is the same as in Example 3.4; that is, the momentum 
of the CM just after the impulse is P = FAt, so, since P = M R, the initial CM velocity 
is R= FAit/2m and, since P is constant, this velocity remains unchanged. That is, the 
CM moves with constant speed FAt/2m in the direction of the applied force. The applied 
torque is [*’ = Fbsina, thus the initial angular momentum is L = FbAtsina, which also 
remains constant. Thus the dumbell rotates with constant angular velocity w = L/I = 
(FAtsin a)/(2mb) about the CM. If a = 90°, these results are the same as in the example. 
If a = 0, the CM moves with the same speed but along the z axis, and there is no rotation 
(w = 0), just as you would expect. 
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3.37 xxx (a) 


(b) D7 Mary = D) Malla — R) 
= 3) Mala — (D> Ma)R = MR - MR = 0. 
The sum (1/M) 5° mar’, defines the position of the 
CM relative to the C'M, which is fairly obviously zero. 


(c) The angular momentum about the CM is L(about CM) = Sor), x maft’,. Therefore 


L(about CM) = S> i xX Mer, + Sor’, X Mak, 
= 0+ 5 or, x Ma(#a — R) 
= Sor, x Fy — S_ mar’, xR 
= I(about CM) + 0 = [™*(about CM). 


The first sum on the right of the top line was zero because the cross product of any two 
parallel vectors is zero. The second sum on the third line was zero by the result of part (b), 
and, in the last line, all internal torques canceled for the same reason as in (3.25). 


Chapter 4 


Energy 


I covered this chapter in 6 fifty-minute lectures. 


This is a long and important chapter. Its length reflects that energy is a complicated 
notion and also that I felt required me to prove several results that are simply swept under 
the rug in many traditional treatments. [For instance, the proof in Section 4.9 of the work- 
KE theorem for two interacting particles, Eq.(4.86), is often omitted but seems to me crucial 
to the use of the energy concept for multiparticle systems.| 

All of my students were quite familiar with the concepts of kinetic and potential energy. 
Officially they had all met the gradient and the curl, but very few of them were at all 
confident using them. Thus I thought that the time spent in Section 4.3 convincing them 
that F = —VU (both that this is true and what it means) was time well spent, and similarly 
with the amazing result of Section 4.4 that the condition V x F = 0 guarantees the path- 
independence of the work done by F. Similarly, the idea of a time-dependent potential 
energy is sometimes thrown into the ring without much explanation, and it seemed to me 
that a fair bit of explanation is called for. 

It is rather usual to introduce PE and its relation to force in one dimension, and later 
to generalize to three dimensions. I don’t care for this approach because the 1-D case is 
misleadingly simpler than the 3-D. Therefore, I decided to treat three dimensions first and 
then, in Section 4.6, show how much simpler life is in 1 D. The discussion of central forces 
in Section 4.8 is a good opportunity to introduce (or review, as the case may be) spherical 
polar coordinates. Sections 4.9 and 4.10 are about the energy of a multiparticle system. 
Some texts just ignore the complications of having several particles, but I felt that results 
like (4.96), that the force on particle a is F, = —V.U are important and not particularly 
obvious. Hence the two sections on the subject. You could if you wish simply state the 
relevant results and save some time. 

Problems 4.10 through 4.16 are exercises for students who need to brush up on the 
gradient, and 4.20 through 4.25 do the same for the curl. 
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Solutions to Problems for Chapter 4 


4.1 x Same as Problem 1.8(b). 


4.2xx (a) 


1 1 
w=(f +f rar = fr ee. 0) de | Fy(1,0) dy = f det | i 
0 0 0 3 3 


(b) On this path y = 2”, so 


oe . = , i ee 
= J. F,dzx+ | Fydy= | 2? dx+ 2 )(2z dz) = avi 
O 


(c) On this path z = ¢° and y = t’, so 


— 


P P 
w= | Fedc+ | Fd fe 3t? dt) + + fe) 2t°)(2t dt) = = eee 
. 5 TY y= ( ( di) = Bx a +4x7= 51 


Q) O Q) 
aes 43) w= | F-dr = | Fede + | Fidy =0+0=0. 
P P O 
(b) On path (b), y = 1 — 2, so dy = —dz and 
Q 0 1 1 
w= | (Fede + Fydy) = | (F.— Fae = | (y+2)de = | Idx = 1. 
P 1 0 0 


(c) On path (c), r = (cos¢,sing), so F = (—sin¢,cos¢) and dr = (—sin ¢, cos ¢)d¢. 
Therefore 


Q n/2 
= ae . 2 2 _ 
W = [ F-dr / (sin’d + cos*¢)d¢ = 1/2. 


4.4 xx (a) As in Problem 3.25, conservation of angular momentum implies that mrew = 
mr ZW, 80 W = (To/T)*Wo. 

(b) The tension force, which I must age is what keeps the particle in its circular path 
with centripetal acceleration a, = —w*r. (This is where we must assume that I pull the 
string slowly — otherwise, a, = 7 — w’r.) Thus the force which I exert is 


2 
To\? 1 
F(r) =mu*r =m (2) w, r= mw.T, 
r r 
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where I used the result of part (a) for the second equality. The work I do is (Remember the 
distance I pull the string in any small displacement is —dr.) 


"dr' 1 1 1 
W = [ F(r’)(—dr’) = —mw2r3 | aa MWe To (= — =i) 


(c) The particle’s KE is T = }mv? = 3mr?w. Thus, with the result of part (a) for w, 


MPa ee or ae 2 To : 
— ~¢ oo ae bead r2 lo 


which is the same as the work done in part (b), as it has to be. 


4.5 x (a) If we choose axes with y measured vertically up (and zx and z horizontal), then 


Fray = (0, mg, 0) and 
2 2 
Werav(1 4 2) = / Foray dr = -| mg dy = —mg(yo — yi) = —mgh. 
1 1 


Since this is visibly independent of the path followed, Fy,ay is conservative. 
(b) Ugrav(r) = —Werav(0 + r) = mgy. 


46x U=)) VU, = S>mag¥a = 9MY, where, in the last equality, I used the definition 
(3.9) of the CM, according to which }> maya = MY. 


4.7x (a) Since F,, = —myy’V, 


. ue y) mY 7 3 3 
W (ri — ro) =| F,,-dr = -my | y dy = 3 Ye — yf). 
1 


yi 
Because this work is independent of path (and F,, depends on 
only r) F,, is conservative, and 


U(r) = -W(0 3 r) = —y’ 


3 4° N 


(b) The forces are F,,, which is conservative, and the 
normal force N, which is not. (For instance, N can depend For 
on the bead’s speed.) 


(c) By conservation of energy, T + U = const, so }mu,? = 3myh* and hence 


Van = 1/ 2yh3/3. 


CHAPTER 4. ENERGY 49 


4.8 xx We'll measure the puck’s position by the angle 0 it subtends at the sphere’s center 
O (measured down from the top). The puck’s PE (defined as zero at the level of O) is 
U(#) = mgRcos 9, and its total energy is E = U(0) = mgR. By conservation of energy, 


T = imu’? = E—U = mgR(1 — cos 8). (i) 
As long as the puck remains in contact with the sphere, the radial component of Newton’s 
second law reads N — mgcos@ = —mv*/R, where N denotes the normal force of the sphere 


on the puck. Substituting from Eq (i) for mv? we find 
N = mg(8cos 6 — 2). 


As long as N is positive the puck remains on the sphere. Since the sphere cannot exert a 
negative normal force, once the predicted value of N becomes negative, the puck must have 
left the sphere. Therefore it leaves the sphere when N = 0 or 0 = arccos(2/3) = 48.2°. 


0 
(b) The two forces on m are gravity, mg down, 
and the spring, kx up, and at the new equilibrium 2, 
they must balance, so 7, = mg/k. The total PE is 


A9xx (a) Us= -| F(2')da' = k | ede = ska 


U = skx* — mgr 
. 5k(ro + y)* —mg(ro + y) 
= oky? + y(kzo — mg) + const. 


In the last line the second term is zero (the condition for equilibrium) and we can drop the 
constant, to give U = Sky’. 


4.10 x function, f Of /Ox Of /Oy Of /Oz 
ax? + bry + cy’ 2axz + by bx + 2cy 0 
sin(axyz*) ayz* cos(axyz*) axz*cos(aryz*) 2axyzcos(axryz’) 
aery/* (ay/z?)er/*” (ax/z?)e™4/?” — (—2axy/z?)er¥/* 
4.11 x 
function, f Of /Ox Of /Oy Of /Oz 
ay? + 2byz + cz? 0 2ay + 2bz 2by + 2cz 
cos(axry?z®) —ay*z' sin(axy?z®) —2aryz*sin(ary?z?) —3ary?z? sin(ary?z*) 


ar = ay/2? + y? + 2? ax /r ay/T az/r 
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4.12x (a) Vf =%204+232?. (b) Vf =ky. (c) Vf =F. 


4.13 x function, f Of/Ox Of/dy Of/dz Vf 
In(r) t/r? y/r? Ze t/r 
re naer™—* — nyr™2— nzr™-? nr? lf 
g(r) g(r)z/r  gir)y/r gir)z/r —g'(r)é 
4.14 x Consider the x component 
9 (tg) — 29 4 GOL 
IV fale = a (fa) = fe +95 = f(Va)e + o(VS)e- 


Since the other two components work the same way, we conclude that V(fg) = fVg+g9Vf. 


4.15% If f(r) =2*+ 2y? + 32z?, the gradient is Vf = (2z, 4y, 6z), so Equation (4.35) gives 
the approximation | 
df ~ Vf-dr = (2a, 4y, 6z)-(dz, dy, dz) 
= (2, 4,6)-(0.01, 0.03, 0.05) = 0.02 + 0.12 + 0.30 = 0.4400. 
This compares favorably with the exact result 


df = f (1.01, 1.03, 1.05) — f(1,1, 1) = 6.4494 — 6.0000 = 0.4494. 
4.16x IfU=k(2?+y? +22), then F = —VU = —2k(z, y, z) = —2kr. 


4.17 (a) The force F = gE, certainly doesn’t depend on anything but r (and doesn’t even 
depend on r since E, is constant). The work integral is W(1 — 2) = fr F-dr = qE,-: [ dr = 
qgE,:(r2 — 11), which is independent of path. Therefore, the force is conservative, and the 
PE is U(r) = —-W(0 > r) = —qE,'r. 

(b) Since U = —q( Bort + Eoyy + Bozz), —VWU = q( Eos, Foy, Fozz%) = qEo = F. 


4.18 xx (a) According to (4.35), the change in f(r) resulting from any small displacement 
dr is df = Vf-dr. If, in particular, we consider any infinitesimal displacement dr in a surface 
of constant f, then df will be zero. This implies that Vf-dr = 0, that is, Vf is perpendicular 
to the surface of constant f. 

(b) Consider a displacement dr = eu with fixed magnitude ¢€ but variable direction u. 
Our job is to find the direction of u for which the corresponding change df is largest. Since 
df = Vf-dr = «eVf-u = e«|V f|cos6, where 6 is the angle between Vf and u, we see that df 
is maximum if 0 = 0, or Vf and u are parallel. That is, the direction of Vf is the direction 
in which f increases most rapidly. 
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4.19 xx (a) The equation x* + 4y* = K defines an ellipse in the zy plane, centered on 
x = y = 0. Since the value of x? + 4y? is unchanged by any variation of z, the surface is 
an elliptical cylinder, centered on the z axis, with semi-major and semi-minor axes equal to 
VK and VK /2. 

(b) We know that the vector Vf is perpendicular to the surface f = const. In the 
present case Vf = (22, 8y,0) = (2,8,0) at the point (1,1,1). Therefore the unit normal is 
n = (1,4,0)//17 or —n. The direction of maximum increase is n. 


4.20 x 


(kx, ky, kz) (Ay?, Bx, Cz) 


(0, Q, B-— 2Ay) 


VxF = 


4.21 x This is exactly the same as Example 4.5 except that y = kqQ is replaced by 
y= —-GMm. Thus, if we choose U = 0 at r = oo, then U(r) = y/r = —GMm/r. 


4.22 x Since F = yf/r?, the spherical polar components of F are Fy = Fy = 0 and 
F, = y/r?. Since F, is independent of 6 and @, its two derivatives OF,/00 and OF,/0¢ are 
both zero. Inspection of the expression for V x F in spherical polars should convince you 
that each of the six terms is zero, so V x F = 0. Since F certainly depends on r only, F is 
conservative. | 


4,23 xx All three given forces depend only on r; that is, all satisfy the first condition. It 
remains to checks their curls. 

(a) With F = k(z, 2y, 3z), we find V x F = (0,0,0), so F is conservative. The corre- 
sponding PE is U = — f F-dr' = —k [(2x'dz' + 2y'dy' + 32'dz') = —k($a? +y’ + $2”). Clearly 
—VU = k(q, 2y, 3z) =F. 

(b) With F = k(y, z,0), we find V x F = (0,0, 1—1) = (0,0, 0), so F is conservative. The 
corresponding PE is U = — f, F-dr’ = —k f, (y'dz' + 2’dy’). This integral can be evaluated 
along any path. One simple choice is to go from the origin out to x on the x axis (this 
contributes 0 to the integral) and then parallel to the y axis to y (which contributes —kzy). 
Thus U = —kzy. Clearly —VU = k(y, 2,0) =F. | 

(c) With F = k(—y,z, 0), we find VxF = (0,0,1+1) = (0,0, 2), so F is not conservative. 


4.24 xxx (a) Consider first the force on m due to a short segment dz of the rod at a height 
z above m. This force has magnitude dF = Gmydz/r? in the direction shown in the left 
picture, where r is the distance from the element dz to m. To find the total force we must 
integrate this from z = —oo to co. When we do this, the z components Ff’, from points z 
and —z will cancel. Since the component into the page is clearly zero, we have only to worry 
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side view end view 


about the component in the direction of 6 (the unit vector in the p direction, pointing away 
from the z axis): 


dz 
dF’, = —Gmcos a = —Gmup-s 


where the last expression follows because cosa = p/r. Thus the net force has p component 


°° dz = dz Gmp 7”? 
| F, = —Gmup | = -Gmup fa = | cos 6 dé 


—0o — Pp —1/2 


where the last form results from the substitution z/p = tan@. The final integral is just 2, 
and we conclude that 


= ————-p. il 
(ii) 
(b) The unit vector f lies in the zy plane. If we denote its polar angle by ¢ as in the 
right picture, then 
p=xcos¢+ysing 
where cos ¢ = x/p and sing = y/p. Substituting into Eq. (ii), we find 


2Gm 

02 

where p = ,/z2+y?. It is now a straightforward matter to evaluate the components of 

V x F. For instance, (V x F), = 0,f, — 0:F, where I have introduced the abbreviation 0, 

for 0/Ox and so on. Since F, = 0 and F, is independent of z, it follows that (V x F), = 0. 
The y component works in exactly the same way, and 


(V x F), =0,F, — OF, = —2Gmp (y O.p 7 — £ Oyp~*) . (iii) 


B= (g24+5y +420) 


Now, it is a simple matter to check that 0,9~? = —2zp~* and likewise 0,p~? = —2yp~*, so 
the two terms on the right of Eq.(iii) cancel exactly. Thus all three components of V x F 
are zero, and F is conservative. 

(c) From Eq.(ii), we see that F is especially simple in cylindrical polar coordinates. 
Specifically F, = —2Gmp/p, which is independent of ¢ and z, while the other two compo- 
nents are zero, Fy = F, = 0. Sustituting into the expression inside the back cover for V x F 
in cylindrical polars, we see immediately the V x F = 0. 
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(d) The potential energy U(r) is given by the integral — { F-dr taken from any chosen 
reference point r, to the point of interest r. Since the integral is independent of path, we 
can choose any convenient path. One such choice is given in cylindrical polar coordinates 
as follows: Let the reference point r, be given by coordinates (0, do, 2) and r by (p, ¢, z). 
Now define the path in three stages: 

1. Go from r, parallel to the z axis until you reach the desired final value z. 

2. Next move in a circle of constant p and z until you reach the desired final value of ¢. 

3. Finally go radially out in the direction of p to the final value of p. 

In the first two legs of this journey the force does no work. In the final leg, F and dr point 
in the p direction, and the work integral is easily written as an integral over p to give 


U(r) =- | (-) dp’ = 2Gmu\n(p/po). 


4.25 xxx (a) Let 1 and 2 denote any two points and I, and I, be any two paths leading 
from point 1 to point 2. Next let I be the closed path that starts at point 1, goes to point 
2 via T’,, and then returns to point 1 tracing the path I, backwards. Obviously 


F-ar= | F-dr— [ F-dr 
r 2 Ip 


The work integral is path-independent if and only if the right side is zero for any two paths 
joining any two points 1 and 2, and the left side is zero if and only if the work integral is 
zero around any closed path. Therefore the two statements are equivalent. 

(b) If we accept Stokes’s theorem, ¢, F-dr = [(V x F)-aidA, then obviously ¢, F-dr = 0 
if V x F = 0 everywhere. 

(c) The integral going around the closed path I 
can be divided into four integrals, each along one of 
the straight paths labelled 1, 2, 3, and 4 in the picture. 


fp F-dr = (fi + J+J + f,) F-dr 


Now 
f+ Js = 3 F(2,C +e, z)dz — SF y(2, C, z)dx 


and 


C+ce 
F,(2,C +c, z)dz — F,(2,C,z) = / dy aes 
C 


Combining the last two results, we find that 
B+b C+c OF (x y z) OF 
= Ap ee | EA 
J r Js B . IL : Oy | Oy 
where the final integral is a two-dimensional integral over the whole rectangle. There is a 


similar expression (with a minus sign) for f,+ f,, and, combining these two, we conclude 
that 
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OF, OF, 
EF .d a ca — __y —— e _ 
g r / ( aay ) dA [ov x F)-ndA. 


4.26x IfU = mgy, then, whether or not g depends on t, -WU = —mgVy = —mg(0, 1,0) = 


F. But 
iE od, . | a ee 
Tae? (smv* + mgy) = mv-v + (mgy + myg) = —mguy + mguy + myg = myg # 0. 


4.27xx Stokes’s theorem guarantees that the integral (4.48) is path-independent and hence 
that it defines a unique function U(r,t). To show that —VU = F, consider the difference 
between the values of U at two neighboring points r and r + ar: 


dU = U(r + dr,t) — U(r, t) (iv) 
i i F(r’, t)-dr’ = —F(r, t)-dr. (v) 


But dU = (WU)-dr, and since both of these expressions for dU are valid for all (small) dr, it 
follows that F(r,t) = —VU (r,t). The argument leading to Eq.(4.19) requires that we look 
at the change in E = T7'+ U as we follow the particle moving from r to r + dr as the time 
advances from ¢ to t + dt. The change in T is d7’= F-dr. The change in U is 


dU = U(r + dr, t + dt) — U(r,t) (vi) 


and here’s the difficulty. This dU is not the same as the dU in Eq.(iv). Here we are concerned 
with the change dU as the particle moves from r to r+ dr and the time changes from tf to 
t+ dt. In Eq.(iv) dU is the difference between the values at r and r+ dr at the same time t. 
Thus the difference (vi) is not the same as —F(r, t)-dr as in (v); it does not cancel the change 
in KE when we evaluate df = dT’ + dU, and mechanical energy is not conserved. 


4.28 xx (a) Since H =T +U = imz? + $k’, it follows that ¢(r) = \/2/m,/E — 5ka?. 
(b) At the end point x = A, we know that T = 0, so E = $kA”. Substituting into the 


result of part (a), we find z(x) = wv A? — x?, where I have defined w = ,/k/m. From (4.58) 
we find — 


" da’ = 1 [* — dz’ 
“| (2!) | VA? = 2? 
The integral can be evaluated with the substitution 2’ = Asin@ and gives arcsin(z/A). So 
t = (1/w) arcsin(2/A). 

(c) Solving for x we find z(t) = Asinwt. This shows that z is a sinusoidal function of f, 
which is the definition of simple harmonic motion. In particular, x(t) repeats itself after a 
time t such that wt = 27, or t = 2n/w = 20,/m/k. 
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4.29 xx (a) The mass moves to the right to the turning point at z = A, where E = U = kA! 
so that T’ and hence v are zero. It speeds up as it moves 
back to O and then moves out to the left until x = —A, 
where & = U again. It then moves back to O, and 
repeats the whole cycle indefinitely (in the absence of 
any friction). Notice how this quartic well is much flatter 
at the bottom than the parabolic harmonic well. 


(b) Since T = EF —U = k(A* — 2%), the velocity is ¢ = \/2k/mV/ A? — x4 —e to the 
right). According to (4.58), the time to move out to z = A is 


A da [m [4 dx 


(c) The period is four times this time. Thus, if we change variables to u = x/A, 


which is inversely proportional to A as claimed. 
(d) Using any suitable software, the integral can be found to be 1.31, and setting m = 
k = A=1 we find tT = 3.71. 


4.30 x (a) As the toy tips, the hemisphere rolls and its center O remains at a fixed height. 
On the other hand the height of the CM above O changes from h — R to (h — R)cos@. 
Therefore, the PE of the toy is now U(@) = mg|R + (h — R) cos 6]. 

(b) Since dU/d? = —mg(h — R)sin 6, which vanishes at 0 = 0, we see that the upright 
position is an equilibrium, as expected. Next, d*?U/dé? = —mg(h — R)cos6@ = mg(R— h) at 
6 = 0. Thus the equilibrium is stable if and only if R > h. [If R= h, then U(0) = mgR = 
const, and the equilibrium is neutral. 


4.31 x (a) Because the string is inextensible, the height of mz below the wheel is y = k—z, 
nee k is a constant, and its velocity is y = —z. Thus the total energy is F = 71+ U = 


54? + SMok? — migz — m2g(k — xz) or E = $(m1 + m2)z? — (m — me) gz, if we drop the 


Guinteresuns constant —mogk. 
(b) The equation dE/dt = 0 yields (m; + m2)£z — (m1 — me)gz = 0, or 
(m, + m2)z = (mM, — m2)g. (vii) 
Applying the second law to each separate mass, we find 
mi£=mg—Fp and mot = Fr —mog 


where Fp is the tension in the string. Adding these two equations, we can eliminate the 
tension and we get precisely Eq.(vii). 
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4.32 xx (a) Consider an infinitesimal displacement dr = (dz, dy, dz) occurring in a time 
dt. The bead’s velocity is v = (dx/dt, dy/dt, dz/dt), so the speed is 


7 (2) 4 (2) 4 (2 :\ - dz? + dy? +dz? ds __ 
iV \ dt dt dt dt sedt 
(b) Differentiating the equation v? = v’, we get 2uv = 2v-V = 2uv-F/m. Cancelling the 
factor of 2v and recognising from part (a) that ) = §, we find that m§ = V-F = Fiang 
(c) The net force on the particle is F = N— VU. Therefore, Fiang = —0-WU (since N is 
perpendicular to 7). Now, if we imagine a small displacement ds along the wire, dr = ds ¥ 
(since ¥ is a unit vector tangent to the wire), so dU = dr-VU =dsv¥-VU. Therefore, 
Frang = —¥-VU = —dU/ds. 


4. yh xx (a) The derivation of U(@) is given above Eq.(4.59). 


BO U(@) U(@) 


b=0.9r 


(c) These two plots do bear out the finding of Example 4.7 that for b < r the equilibrium 
at 9 = 0 is stable, whereas for b > r it is unstable. In addition, they show that for b < r 
there can be two further equilibrium points (symmetrically placed on either side of 6 = 0), 
both of which are unstable 


4.34 xx (a) The distance of the mass m below the support is /cos¢. Therefore, its 
height measured up from the equilibrium position is 1 — 1cos¢ = 1(1 — cos ¢) and its PE is 
U = mgl(1 — cos¢). The total energy is £ = Lm? ¢? + mgl(1 — cos @). 

(b) The equation dE/dt = 0 reads ml2éd + mgldsin d = 0 or ml?¢ = —mglsin ¢. That 
is, la=TY. 

(c) Provided ¢ remains small, the equation of motion is well-approximated by ld = = —gd, 
whose solution is 6 = Acos(wt)+Bsin(wt), where w = «/g/l. This has period 7, = 2n/1/9. 


4.35 xx (a) Because the string is inextensible, the height of m2 below the wheel is y = k—z, 
where k is a constant, and its velocity is y = —z. The angular velocity of the wheel is 
w = £/R. Thus the total energy is 


E=T+U = pm44? + Smog? + $Iw* — mgt — mag(k — 2) 
= $(m + mp + I/R?)z? — (m1 — me)gz, 
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if we drop the uninteresting constant —mggk. 
(b) The equation dE/dt = 0 yields (m, + m2. + I/R?)zz — (m, — me)gz = 0, or 
(m, + m24+ 1/R?)# = (m1 — mo)g- (viii) 
Applying the second law to each separate mass and to the rotating wheel, we find 
mt =mg—Fyr, mi = Fr,— meg, and Iw =(Frr—Fop,)R 


where Fp and Fp, are the tensions in the right and left lengths of string. Eliminating the 
two tensions and we get precisely Eq.(viii). 


4.36 xx (a) It is easy to see that h = b/tand@ and H =1—b/sin@. Thus 


= Z mM M \ _ gb 
= trng MaH = 9b (= Sad) = Sa plm — M cos 6) 


where, in the third expression, I dropped an uninteresting constant. 

(b) As you can check, the derivative of U is dU/d0 = gb(M —mcos6@)/sin?0. If M > ™m, 
this never vanishes and there are no equilibrium points. If M = m, it vanishes at 0 = 0 
which is impossible (unless the string is infinitely long). If M < m, there is an equilibrium 
point at 0, = arccos(M/m). Since cos @ decreases as 0 increases, the factor (IM — mcos@) is 
negative for 9 < 0, and positive for 0 > 0. Therefore, U(@) has a minimum at 0, and the 
equilibrium is stable. 


4.37 xxx (a) Let us take the zero of PE when ¢ = 0. As the wheel turns through angle @, 
the mass M rises by R(1 — cos ¢) and m descends by R¢. Therefore the total PE is 


U(¢) = MgR(1 — cos ¢) — mgR¢. 
(b) The condition for equilibrium is that dU/dd = 0, that is, 
MgRsingd = mgR or sing = m/M. (ix) 


The equation sing = m/M has no solutions ifm > M. If m = M, there is one solution, 
at 6 = 7/2. If m < M, there are two equilibrium angles, given by sind = m/M, one with 
M below the axle (¢ < 7/2) and the other symmetrically located with M above the axle 
(p > 7/2). All of these results are easy to understand in terms of torques. Equation (ix) is 
just the condition that the clockwise torque of M balance the counterclockwise torque of m. 
If m > M, they cannot balance; if m < M, they can balance in one position below the axle 
and one above. | 

The stability depends on the second derivative, d?U/d¢? = MgRcos ¢. This is positive 
(stable equilibrium) for the equilibrium with ¢ < 7/2, but negative (unstable) for ¢ > 7/2. 
This also is easy to understand. If M is at the equilibrium below the axle and ¢ increases, 
the torque of M increases and returns M to its equilibrium. If M is at the equilibrium above 
the axle, an increase of @ reduces the torque of M, and M continues to move away from 
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equilibrium. Both the stable and unstable equilibrium points are clearly visible as a valley 
and a hill in each of the pictures below. 


(c) 


m=0.7M m=0.8M 


The behavior of the wheel when released from ¢ = 0 is quite different in the two cases 
m =0.7M or 0.8M. When m = 0.7M, the hill that represents the unstable equilibrium is 
higher than zero; when the wheel is released from ¢ = 0 it will rotate past the stable valley 
but will stop before it reaches the unstable hill, and swing back again. In this case the wheel 
oscillates indefinitely between the two turning points. When m = 0.8M, the unstable hill is 
lower than zero, and, when released from ¢ = 0, the wheel will rotate past the stable valley 
and on past the hill. Once past the hill, ¢ will increase, and the wheel rotate counterclockwise 
indefinitely (or until the string holding m runs out). 

(d) As the mass m increases, the tendency for our system to turn in the direction of 
increasing ¢ increases, and the graph of U(@) against ¢ steadily tilts down to the right. 
(This is clearly visible in the two pictures for m = 0.7M and 0.8M.) Somewhere between 
these two cases there must be a critical value m,,;, for which the unstable hill just touches 
the horizontal axis, as shown. To find when this happens notice that at this critical value, 
U vanishes at the same point as dU/d@. This gives 
two simultaneous equations: 


M(1—cos¢)=m¢ __ [that is, U = 0] 
and 


Msingd=m [that is, dU/dd = 0] M= Merit 


By dividing one of these by the other, we can eliminate m and M to give an equation for 
¢, namely 1 — cos¢ = dsing. This equation cannot be solved analytically, but is easly 
solved with a numerical equation solver (such as FindRoot in Mathematica) to give ¢ = 2.33 
rad. From the second of the equations above, it follows that the critical value of the mass is 
m = Msind = 0.725M. The graph shown was drawn for this value of the mass and confirms 
that this is indeed the critical value. If m is any less, the wheel released from O will remain 
trapped and oscillate; if m is any more, the wheel will escape and rotate for ever. 


4.38 xxx (a) Using the trig identity (1 — cos¢) = 2sin* ¢/2, we can write the PE as 
U(¢) = 2mgl sin? 6/2. The KE is 1ml?¢? and the total energy is just & = U(®), since T = 0 
at the endpoint ¢ = ®. Thus we can solve the equation T = U(®) — U(@) to give 


b = +2./g/l/sin?(@/2) — sin?(¢/2) = = sin?(®/2) — sin?(¢/2). 
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(To get the last expression Tused \/!/g = 7/27.) The time to swing from ¢ = 0 to © is 
given by the integral { dé/¢ taken from 0 to ® (using the positive square root for ). Since 
the period is four times this amount, we conclude that 

& 


dp % | : 
0 & 7 do sin? &/2 — sin? ¢/2. 
It we make the recommended substitutions, sin ®/2 = A and sin ¢/2 = Au, the square root in 


the denominator becomes Av 1 — u? and d¢ = 2A du/ cos ¢/2 = 2A du/V1 — A?u?. Putting 
all this together, we find 


T=4 


2. [* du 2 9 
T= tox f a ay sa eae rae To K(A ). (x) 


(b) When the amplitude is small (less than 
about 0.5 rad), 7 is very close to 75, as we 
would expect. When the amplitude is 3 rad 
(about 170 degrees), 7 is about 2.5 times 
longer than its small-amplitude value. The 
graph suggests that as the amplitude 
approaches 7, the period may approach 
infinity, a conclusion that is confirmed by 4 9 3 
putting A = 1 in the integral (x). This is easy to understand: When ¢ = 7, the pendulum 
is actually in unstable equilibrium. Thus the closer it gets to 7, the more slowly it moves, 
causing the period to approach infinity. 


Amplitude (rad) 


4.39 xxx (a) Same as 4.38(a). (b) Ignoring the second square root completely, we get 


2 [ du : 
T=TT.— = 7 
” 0 Vl—- U2 
as expected. (To show the integral is just 7/2, use the substitution u = sina.) 


(c) If we make the binomial approximation suggested, we get 


2/ f° du 14 f wdu \ | 
T=T>— =F GA ————— |. 
T\ Jo Yl —vu? 0 Vl—wu? 
The first integral is 7/2 as before, while the same substitution shows the second integral 
to be 7/4. Recalling that A = sin®/2, we find that + = 7,[1 + ;sin*(@/2)], as stated. If 
® = 45°, this gives tT = 1.0377), which represents a 3.7% correction to the small-amplitude 
approximation (7,), and is itself within 0.3% of the exact answer (1.0407,). 


4.40 x (a) Referring to Fig.4.16, notice that the side OQ has length OQ = rsin@, thus 
x= OQcosd=rsiné@cosd, y= OYsind=rsinésing, z=rcosé. 
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(b) By Pythagoras’ theorem, r = ,/z? + y? + z?. By elementary trig, 
6 = arccos(z/r) = arccos(z/1/z? + y?+ 22) and ¢ = arctan(y/z). 


(But note that this leaves an ambiguity of a in ¢. See the solution to Problem 1.42.) 


4.41 x Since the mass moves in a circle, the radial component of its accelerations is just 
—v*/r, the centripetal acceleration. By Newton’s second law, m(—v?/r) = F, = —dU/dr = 
—nkr”—*, from which we see that mv? = nkr” = nU, and hence T = $mv? = 5nU. 

4.42 x Assuming that the spring doesn’t bend, its extension is r — r, and the force which 
it exerts is F = —k(r — r,)f. Because this is central and spherically symmetric, it is auto- 
matically conservative. 


4.43 xx (a) Since f = r/r we can write F = f(r)r/r = g(r)r, say, where g(r) is simply a 
convenient new name for f(r)/r. Now consider the z component of V x F: 
(V x F), = 0,F, — 0.F, : 
= d,l9(r)z] — Oz-lg(r)y] = 2 Oyg(r) — y Oz9(r). 
Now by the chain rule, 0,g(r) = g'(r)Or/Oy = g'(r)y/r, and similarly for 0,9(r). Therefore 
(V x F)2 = 2g'(r)y/r — yg'(r)2/r = 0. 

Since the other two components work the same way, we conclude that V x F = 0 and F(r) 
is conservative. 

(b) If F(r) is central and spherically symmetric, its spherical polar components are 
F, = f(r) and Fg = Fy = 0. When we insert these in the given expression for V x F in 
spherical polars, only the two terms involving F, survive since fy = Fy = 0, but both of 


these remaining terms involve derivatives of F, with respect to @ or ¢, which are also zero. 
Therefore V x F = 0. 


4.44xx Since F = f(r)f, the work done going radially out from A to Cis Wac = i F-dr = 
ee f(r)dr. The same argument applies to Wpg, so Wac = Wpz. On the other hand, on 
the paths C'B and AD, F is perpendicular to dr, so Wop = Wap = 0. Therefore 


Wacs = Wac + Wop = Wap + Wop = WapB 


4.45 xx That F is conservative tells us that the amounts of work done along the two 
paths AC'B and ADB are equal, Wacg = Wapps. That F is central implies that no work 
is done along C'B and AD, that is, Wop = Wap = 0. Therefore W4c = Wpg. Since 
F = f(r)f, Wac = f(ra)dr and Wpg = f(rp)dr, and since these two are equal, it follows 
that f(r4) = f(rp). Finally, since A and D are any two points at the same distance from 
O, this says that f(r) depends only on |r|. That is, f(r) = f(r). 
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4.46 x In an elastic collision KE is conserved, so 
MiVy = MV, + M209". (xi) 


Since momentum is also conserved, mv, = mv}; + M2Vv%, or, squaring both sides, 


7 eR APE 2 2,/2 ne - 
My, Vp = MPV, + Meg Vq + 2MNyMeoVz-Vo. (xii) 


If we multiply both sides of (xi) by m, and subtract from (xii), four terms cancel and we’re 
left with 
= y2 a, 
0 = Mo(Me = My )U5 + 2™1M2V4°Vo.- 
Therefore 


If m, > m2, cos@ has to be positive, so 6 < 2/2. Whereas if m; < me, cos@ has to be 
negative, so 0 > 7/2. 


4.47 x Since the problem is one-dimensional, we can use v to denote velocity (strictly 
speaking the x component of velocity). Then conservation of KE (a little rearranged) says 
2 2 
| ma(vy — vy") = ma(vQ” — v2) 
and, similarly, conservation of momentum 
m1(v1 — V,) = Mo(v4 — Ve). 
Dividing the first of these by the second, we find 


Vt, =VatV2 OY Vy — Ve = Vy — Uj. 


4.48 x Let the initial speed of particle 1 be v; and the final speed of the composite be v’. 
Then, conservation of momentum says that m,v; = (m, + m2)v’. Therefore the initial and 
final KEs are T = $mjv/ and T’ = $(m, + ma)” = $m?u?/(m, + ma), and the fractional 


loss of KE is 


T-T’ mi(m+m)-m~p mm 


T mi(my, alr M2) 7 my, + Mo 


If my; < mo, almost all the initial KE is lost; if mz < mj, almost none of the initial KE is 
lost. 


4.49 xx Let’s define r =r; —1ro, so that r is a vector pointing from particle 2 to particle 1. 
The PE is U = y/r, the force on particle 1 due to particle 2 is Fy. = (7/r’)f, and that on 
particle 2 due to particle 1 is Fz; = —(y/r?)#. We'll start with the x component of —V,U: 
OU yOr_ ¥ 
“Oe; 78a, 784 


where for the second equality I used the chain rule and for the third I used the following: 


(—-ViV )o aa 


ae Lo) (xiii) 
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Or 0 os ss 
oe dg VO Hw Ga BSB RB Gy 


Combining (xiii) with the corresponding results for the y and z components, we see that 


Y 7 ek 
—ViU = “3 (F1 a Yo) = a = aoe os Fp. (xv) 
If we had evaluated —V2U, the only difference would have been that in the equivalent of 
(xiv), we would have had an extra minus sign because 0(x1 — r2)?/Ox2 = —2(x1 — x2). Thus 
in place of (xv), we would have found —W2U = —(y/r?)# = Fo. 


4.50 xx By the chain rule 
O 


ce (1 — £2) = f'(x1 — 22) (a — £2) = f'(x1 — £2) 


where f’ denotes the derivative of f with respect to its argument. On the other hand, 


sf (a — £2) = f'(x1 — 22) (01 — £2) = —f'(41 — 22). 
This establishes the required result for the one-dimensional function f(z; — 22). We can 
prove the corresponding three-dimensional result, one component at a time. For example, 
(ViU), = OU/Ox1, whereas (V2U), = OU/Oxr2, and by the one-dimensional result, the 
latter is minus the former. (The four extra variables y,, 21, y2, 2 act as constants and do 
not affect the result.) Since the y and z components work the same way, this establishes the 
required three-dimensional result. 


4.51 xx 
U(r1,¥2,¥3,%4) = Uio(r1 — ro) + Uis(ti1 — r3) + Uia(ti — V4) 
+ U53(r2 — 13) + Uoa(re — ra) + U3q(t3 — Ya) 
+ U**(r1) + US" (v2) + U3 (x3) + UP" (84) 
SO 


—-V32U =04+ F3, +0 
+ Foo +0+ F3,4 
+04+04+F3*+0=F3*. 


4.52 xx (a) By the work-KE theorem for each of the four particles, dZ; = Wi,dT, = 
W2, dT; = W3, and dT, = W,. Adding these four equations, we conclude that dT’ = Wot. 


(b) The work done on the four separate particles has the form 
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W, = (Fie + Fis + Fig + FY")-dry 

W. = (Poi + Fos + Fos + FS")-dro 

W3 = (F31 + Fao + Fa + F3")-drs 

Wa = (Far + Fao + Fag + FE"): dra 
When we add these, we get 12 terms involving internal forces which we can group in pairs 
(Fi with F2,; = —F yj, and so on), to give 

W = Fy:(dr — dr2) + Fig-(dr, — drs) + Fi4- (dr, — dra) 
+ Fo3-(dr2 — drs) + Foa-(dr2 — dry) + F34-(dr3 — dr4) 
+ FP dr, + FS" dro + FS" -dr3 + FE*-dra. 

The first term on the right is equal to —dUj2 [exactly as in Equations (4.85) and (4.86)], and 


the next five terms behave similarly. The first term on the third line is just —dU?", and so 


on. Thus, 
W = (—dUj2 — dUy3 — «++ — dU34) + (-dUS"* — --- — dUf") = —dU, 


as required. Combining these two results, we have d7. = —dU or E = T'+U = const. 


4.53 xx (a) The centripetal acceleration is supplied by the Coulomb force, so mv?/r = 


ke?/r? and thence T = mv”? = $ke?/r = —4U. 
1 1 1 
(b) B=7™%4+%7,+0,4+0,4+ U2 = Smivp + ¢mgquy — ke? (T+ --) ; 
: ry 2 12 
k 
(c) Long before: B=T,+h+U,+0+0=R-— 
k 2 
Long after: Bi =T1+T+0+0,+0=T- 


1 


1 
Therefore, by conservation of energy, TJ) = T> + + ke? (= — 3) 


Chapter 5 


Oscillations 


I covered this chapter in 4.5 fifty-minute lectures. 


The first two sections of this chapter deal with the one-dimensional simple harmonic 
oscillator, something almost all our students are familiar with. On the other hand, I found 
many students distressingly weak at the trigonometry behind the various ways to write 
oscillations —- hence the rather ponderous enumeration of the four equivalent forms for an 
oscillatory solutions in Section 5.2. Section 5.3 is about the two-dimensional oscillator, which 
is obviously important and comes up from time to time later in the book but plays no role 
in the rest of the chapter; so you could omit this section. 

Section 5.4 is about the damped oscillator (back in one dimension) and 5.5 and 5.6 treat 
the driven damped oscillator and resonance — topics that every physics major should surely 
understand and that are essential if you’re going to cover Chapter 12 on the chaos of non- 
linear oscillators. Finally, Sections 5.7—5.9 use Fourier series to solve for the motion of an 
oscillator that is driven by an arbitrary periodic force. While these three sections could 
certainly be omitted, my class voted overwhelmingly to include them. 

There are several demonstration experiments you can show on driven damped oscillations, 
including the very simple on described in footnote 14. 


Solutions to Problems for Chapter 5 


5.1 x (a) When the spring is at the new equilibrium 
position it is extended by an amount /; — [,, so its 
tension is k(1, — ,). This must balance the weight 

mg. Therefore, k(l, — 1.) = mg. When it is 
stretched a further z, its total extension is x + 1, — 1, 
and the tension is k(x +1, —1,) upward. Thus the 
total downward force on the mass 1s 


F=—k(2+l,-1,.)+mg = —kez. 
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(b) The total PE is U = Ug, + Ugr or 


U = 5k(x +l, — 1)? — mgz = tka? + k(l, — 1,)u — mgz + sk(l, —1,)” = tka? + const 


5.2 * When r =0, U = A[(e®/5 — 1)? — 1], which is 


large and positive since R >> S. When r -> ov, U is U 
negative and approaches 0. The smallest possible 
value of U is when r = R and U = —A; that is, the 0 R : 
equilibrium separation is r, = R. If wesetr=R+<2 
and make a Taylor expansion of the exponential term —A 
in U, then 
uU=Al(li-= eae ayy L oy? 
~4[(Q0- $e} a] aaa Got 


where k = 2A/S”. 


0.3 * The height of the mass below the pivot is 1cos¢. Therefore the height above the 
bottom is /(1 — cos ¢) and the PE is U = mgl(1 — cos¢). If ¢ is small, cos ¢ © 1 — 4¢? and 
U = smgl¢* = skd¢*, where k = mgl. 


5.4 xx The PE is U = —mgh where h is the height 
of the mass, measured down from the level of 

the cylinder’s center. To find h, note first that 

as the pendulum swings from equilibrium to 

angle ¢, a length R¢ of string unwinds from the 
cylinder. Thus the length of string away from 

the cylinder is AB = (1, + R¢@), and the height 

BD is BD = (1, + Rd) cos ¢. Since the height 

CD = Rsind, we find by subtraction that h = BD —- CD = l,cos¢+ R(¢cos¢ — sin). 
Therefore 


U = —mgh = —mg{l, cos ¢ + R(¢écos d — sin d)|. 


If ¢ remains small we can write cos ¢ + 1 — ¢*/2 and sing & @, to give 


U = —mg {l, — $1o¢? + R[O(1 — 146°) — 6] } = —mgl, + 3mgl.¢° = const + kop” 


where in the third expression I dropped the term in ¢*. The constant k = mgl., which is 
the same as for a simple pendulum of length J,. Evidently, wrapping the string around a 
cylinder makes no difference for small oscillations. 
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5.5 x (a) In the form (I), x(t) = Cie’ + Che~", we can replace the exponentials using 
Euler’s formula e=“ = coswt + isinwt to give 


z(t) = By coswt + Bo sinwt (II) 


where B} = Ci +C, and By =i(C, —C). 

(b) To get form (III) from form (II), define A and 6 to be the hypotenuse and lower angle 
of a right triangle with base B, and height By as in Figure 5.4. Then (II) can be rewritten 
as in Equation (5.11) to give the form (III). 


(c) Since cos @ = Ree”, we can rewrite the form (III) as 
a(t) = Re Ae’) — ReCe (IV) 


where C = Ae~*, 


(d) Finally, since Rez = $(z + z*), we can rewrite (IV) as 
z(t) = $(Ce™ iy Ces) ae Cer a: Ce" (I) 
where C, = C/2 and C2 = C*/2. 


5.6 x The position can be written as z(t) = Acos(wt — 6), where A = 22, and we know 
that z(0) = z, and v(0) < 0. Putting t = 0, we see that cos(—d) = 0.5 and hence that 
6 = +7/3. The velocity is v(t) = —Awsin(wt — 6), so the condition that v(0) < 0 implies 
that sin(d) < 0. Therefore 6 = —7/3 and x(t) = 22, cos(wt + 7/3). 


5.7 x (a) Since z(t) = By coswt + Bysinwt, c(0)=B, xb 
and v(0) =wB». Therefore, By = 2 and By = v./w. 3 

(b) If k = 50 N/m and m = 0.5 kg, then 0 
w= 4/k/m=10s7'. If x, = 3.0 m and » = 50 m/s, 
then B} = 3m, By =5 Mm. 

(c) If we rewrite x(t) in the form x(t) = Acos(wt — 6), 
with 6 = arctan(B,/B,) = 1.03 rad, then z first vanishes when (wt — 6) = 7/2 or t = 0.26 s, 
and v first vanishes when (wt — 6) = 0 or t = 6/w = 0.10 s. 


0.5 1 


ve 


~3 


5.8% (a) w= /k/m= ./80/0.2 = 20s", f=w/2n = 3.2 Hz, and 7 = 27/w = 0.31 s. 
(b) Since x, = 0, Acos(—6d) = 0, so 6 = +7/2. Since vp = wAsind = 40 m/s, 6 must be 
positive, 6 = +7/2, and therefore A = vo/w = 2 m. 


5.9 x Weare given that A = 0.2 m and vu, = 1.2 m/s. We know that EB = $kA? = mv. 
Therefore m/k = A?/v2 and tT = 2m,/m/k = 27 A/vo = 1.05 s. 
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9.10% If F = —Fsinhaz, then U = — [ Fdr = (F,/a)coshaz. The only equilibrium 
position is at z = 0 and, for points close to this, Taylor’s series gives 
U(x) © (Fo/a)(1+ 5a°x”) = tka* + const, 
where k = aF,. The angular frequency of oscillations is w = ,/k/m = ,/aF,/m. 


5.11 * The given information gives two expressions of the total energy E 
E=smvup+ ke, and E=imv} + skaxy. (i) 


Equating these two, we find m(vu/? — v2) = k(z? — 2). This implies that 


2 
m ty —-2£ 
We know also that E = $kA?, and inserting this in the first of Eqs.(i) we conclude that 


») 2 2,.2 a) 

Panel 2 gq  % —2y 9 gq bgVy — Ly V2 
=—vu+¢4y=-4 Ue ee 
k Uy — U9 Uy — U9 


5.12 xx Because sin*(wt — 6) oscillates symmetrically between 0 and 1, its average over a 
cycle is fairly obviously $. To prove it, write sin’?@ = $[{1 — cos 26], so that 
is 1 1 r ol 
(sin? (wt — 6)) = = / [1 — cos 2(wt — 6)|dt = — 5, [sin 2(wt — 5), = 
where the final square bracket is zero because the sine function is 7-periodic. ‘The corre- 
sponding result with a cosine follows in exactly the same way. 
We know from (5.16) that EF = $kA?, and, since T = $kA*sin*(wt — 6), it follows that 
(T) = ¢kA? = 3B, and similarly for (U). 


5.13 xx Since U(r) = U,(r/R+°R/r), its derivative is dU/dr = U,(1/R—A?R/r*), which 
vanishes at r = AR and nowhere else. Clearly U(r) > +co when r + 0 or oo, so U(r) has 
a minimum at r=r, =AR. If we write r=r.o+z then 


—1 
U = Mh (24? 4 be ) = a0 (142+ +2] 
fs Poaceae To To 


£ c 2 v7 
~ (14 241-245) = W, (24 sa), 


where, in the second line, I dropped all terms in (x/r.)° and higher. This has the expected 
form U = }ka? + const, where k = 2U,/(AR’). The angular frequency is w = Vk/m = 


/ 2U,/(mAR?). 
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0.14% Given that F = —(k,2,k,y), the PE is 


r r x y 
U(r) = -| F(r’)-dr’ = | (k,a'dz’ + kyy'dy') = ke | x da! + ky | y'dy' = $(kpz” + kyy’). 
0 0 0 0 


9.15 x If we replace the variable t by t’ = t+ t,, Eq. (5.19) becomes 
z= A,cos(wt'—wtp—d6,) and y=A,cos(wt' — wt — 6,) 
and if we then choose t, such that wt, = —d, these become 
t= A,cos(wt’) and y=A,cos(wt' — [b, — d,]). 


If we rename ¢’ as t and set 6, — 6, = 6, this is the desired form. 


5.16 x« With 6 = 1/2 Eq.(5.20) reads 
z= A,cos(wt) and y=A,cos(wt — 7/2) = A,sin(wt) 


from which it follows that 2?/A? + y?/A? = cos?(wt) + sin’*(wt) = 1, the equation of an 
ellipse with semi-major and semi-minor axes A, and Ay. 


5.17 xx (a) Suppose that the ratio of frequencies is rational, that is w,/w, = p/q, where 
p and q are integers. Then let +r = 27p/w,z = 27q/w,. Now consider the following 


z(t +7) = A; coslw,(t + 7T]) = Az cos|wzt + 2ap| = A; cos|wzt] = x(t) 


where in the second equality I used our definition of 7 and in the second the fact that if p 
is an integer then cos(@ + 27p) = cos(@). This shows that z(t) is periodic with period 7. By 
exactly the same argument, y(t) is also periodic with the same period 7, and we’ve proved 
that the whole motion is likewise. What we usually call the period of the motion is the value 
of tT = 2mp/w, with p and q the smallest integers for which wz/wy = p/q. 


(b) Suppose the motion is periodic. Then there is a 7 such that x(t + 7) = x(t) and 
y(t +7) = y(t). Running the previous argument backward, we see that w,7 must be an 
integer multiple of 27, that is wzT = 2mp for some integer p. Similarly wyr = 2nq for 
some integer g. Dividing these two conclusions, we see that w,/wy = p/q and the ratio of 
frequencies is rational. Therefore, if the ratio is irrational, the motion cannot be periodic. 


5.18 «xx When the mass is at position (x,y), the 


lengths of the two springs are /,; and /,, where ; y ; 
| { 2 
Qn getty’ Me ‘ 
b= Vara ry=a(1+ 2425") ee 
a a a+ xX a-xX 


1/20 et+y?\ 1 /22\*} _ y” 
wo fin5 (E+ a ic 9S 
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Here, in passing from the first to the second line, I have used the Taylor expansion (1+¢)'/? = 
1+ sé _ ae +--+, dropping all terms of third degree in x or y, but being careful to keep all 


terms of second degree. The PE of spring 1 is therefore 


Uy = xk(h, — 1)” = 5k[(a— 1.) +2 + y?/2a)? 
= Skl(a —1,)? + 2(a — 1,)e + x? + (1 — 1,/a)y’] 
where, again, I have dropped terms of degree three in x or y. To find U;, we have only to 


replace x by —z, and for the total PE we just add U; and U2. When we do this, the terms 
linear in x cancel, leaving 


U =U, + U2 = k[z? + (1 —1,/a)y?] + const 
which has the form (5.104), apart from the unimportant constant. 
If a < 1,, the coefficient of y? is negative and the equilibrium at the origin O is unstable. 
This is because, with a < l1,, the springs are in compression at O. When the mass moves a 


little from O along the y axis, the compression in the springs forces it further away, causing 
the instability. 


5.19 xxx The simplest way to find the total PE of all four springs is treat them two at 
a time. The two springs anchored on the x axis constitute the system of Problem 5.18, for 
which we found that 
U, + Up = k[x? + (1 —1,/a)y’}. 
(See the solution to that problem. I’ve dropped an uninteresting constant here.) In exactly 
the same way, the PE of the two springs anchored on the y axis is 
Us +U, = ky? + (1 —1,/a)2’]. 
Adding these, we find for the total PE of all four springs 


2a — I, 
U =U, + Up + U3 +, = le? + y? + (1 —1p/a) (2? + y*)] = k——"r", 


where I’ve used the fact that x? + y? =r. This has the advertised form U = $k’r? with an 
effective spring constant k’ = 2k(2a — 1,)/a. The corresponding force is F = —WU = —k’r. 


5.20 * The derivative of the decay parameter, G — ,/G? —w2, is 1 — B/.,/6? —w2Z. With 


GB > w, the second term is clearly greater than 1, so the derivative is negative, and the decay 
parameter decreases as 3 increases. The graph is shown in Fig.9.13. 


5.21% If2=te, then 
g=(1-ft)e and #£=(Gt-2B)e. 
Therefore 


€+ 266 +w2r = [(6't — 28) + 26(1 — Bt) + wt] e Ht — [y? — Be = 0 
if (and only if) 8 =w. That is, c = te" does satisfy Eq.(5.28) if the damping is critical. 
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5.22% (a) The general solution for a critically damped oscillator (@ = wo) is given in (5.44) 
as x(t) = e~“°"(C, + Cot). Thus 


Lo = 2(0) =C, and Vp = £(0) = Co — uC}. (ii) 
Here 2, = 0, so C; = 0 and Cy = vy. Therefore, x(t) = uote7°*. 


x(t) (a) x(t) (b) 


T t T t 
(b) In this case vy = 0 and Eqs.(ii) imply that C, = 2, and Cy = woz. Therefore 
a(t) = toe~“"(1 + wot). When ¢ = 7, the natural period, z = z,e72"(1 + 27) = 0.0136 2,. 
The motion is almost 99% damped out. 


5.23 x Because E = ¢ma? + Ska”, 


dE 
—- = mbt + kat = &(me + ka) = £(—b4) = 0Famp 


where, for the third equality, I used the differential equation (5.24). Since vFump is the rate 
at which Famp does work on the oscillator, this is the requested result. 


5.24 As long as GB < wo, we can define w, = ,/w2 — 6? and we can use as two independent 
solutions 
x(t) =e? cos(w,t) and 2,(t) =e sin(wyt). 


If @ 4 wo, then w; > 0 and so z(t) > e~. That is, as 3 — wo, our first solution for the 
case 3 < Ww, becomes the first solution for the case G = wo. 

Unfortunately, in the same limit, z2(t) — 0, and our second solution evaporates. How- 
ever, for our second solution we could equally have used %2(t) = e~" sin(u,t)/w,. Since 
sin(kt)/k — t as k - 0, this new second solution does not vanish as w, — 0; instead, as 
B —> wo, the new solution satisfies Z(t) + te~* and we obtain the second solution for the 
case J = Wo. 


5.25 xx (a) Because x(t) = Ae cos(wyt — 4), its 
derivative is dx/dt = —Ae~*[G cos(---) + w;sin(--- )]. 
The maxima and minima of x(t) occur when this 
derivative vanishes, that is, when tan(w,t — 6) = —G/w. 
Because tan @ is 7-periodic, the zeroes of dx/dt are | | 
equally spaced, with separation 7/w,. The zeroes of ae 
the derivatives correspond alternately to maxima and minima, so the maxima are separated 
by a time 7 = 27/w. 


x(t) A <——| 
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(b) The zeroes of x(t) occur when cos(wt — 6) = 0. Thus they are regularly spaced with 
separation of 7/w,, which equals 7/2. 


(c) With 6 = w,/2, the amplitude shrinks by a factor 
eW P11 — eA 2B/ Yiu _ @-2n/V3 _ 9.097 
(This is much more shrinkage than in the picture, for which @ was chosen to be w,/10 and 
the shrinkage factor is about 0.53). 


5.26 xx The damping changes the frequency to w, = ,/w2 — 62, which we can solve to 


give | 
2 2 
B= wo4/1- = = we4/1— 2, = w,/1 — 0.998 = 0.0447w, = 0.281 7? 
re) 1 


After a time t = 107, = 1079, the amplitude will have changed by a factor of 


e At ~ e108 To = e 2078 /wo = e 207 (0.0447) — 0.060. 


In other words, the amplitude will have diminished by a factor of 1/0.060 = 17. Clearly the 
change of amplitude of by a factor of 17 is far more noticeable than the change of period by 
0.1%. 


5.27 xx The question is: How many times can the function x(t) vanish? If the oscillator 
is weakly damped (G < w,), then according to Eq.(5.38) z(t) contains a factor cos(wt — 6), 
which vanishes infinitely many times as it oscillates. 

(a) If the oscillator is critically damped (G = w,), then, according to (5.44), x(t) = 
e~°t(C, + Cot). This vanishes if and only if t = —C,/C2; therefore, x(t) vanishes at most 
once. (It may never vanish — for example, if the motion starts at t = 0 and —C;/C.2 < 0.) 


(b) If the oscillator is overdamped (@ > wo), then according to (5.40), 
a(t) = eM (Cye™ + Coe) = e POC, + Coe ™) 


where \ = ,/G2 —w2. This vanishes if and only if e~?” = —C,/C2, and, since e ** is a 
monotonic function (always decreasing), this happens at most once. 


5.28 xx The final resting position is the equilibrium 
position, at a height h = 0.5 m below the 


unloaded position. This height is determined by nine . Sm 
the condition kh = mg, from which we see that a ee ee 


= kino) h: 
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In discussing the oscillations, it is simplest to measure the mass’s position y(t) from its 
equilibrium position. The initial conditions are y(0) = —h and y(0) = 0. Since the damping 
is critical, G6 = w, and, according to Equation (5.44), 


y(t) = (C1 + Cote" = —A(1 + wot le", 


because the initial conditions require that C, = —h and that —w,C; + Cp = 0. Putting in 
h=0.5 mandt = 1s, we get uw = \/g/h = V19.6 = 4.43 s7* and then 


y(t) = —(0.5 m)(1 + 4.43)e7** = —0.032 m = —3.2 cm. 


That is, it is just 3.2 cm above its final resting position. 


5.29 xx After one period, the amplitude has shrunk by a factor e~°" = 0.5. There- 
fore Gr, = In2. Meanwhile, because 7 = 27/w, = 27/,/w2 — G?, it follows that Gr, = 
27 /./(w./3)2 —1. Equating these two expressions for $7, and solving, we find B/w, = 


1/,/1 + (27/1n 2)? = 0.1097. That is, 6 = 0.11w,. 


2 
ate 1B _ 1006. 


W 1 
Sc aS a | 9 
T ur fu2-B  VJ1-P/w?2 2 We 


Therefore 7, = 1.006 s. 


5.30 xx (a) From Eq.(5.40) we know that 2 = e~9*(Cye**+ Cpe"), where A = \/G? — w2. 
We can differentiate this to get the velocity v and then set ¢ = 0 to give the two equations 


Lo = Ci + C5 and Up = A(C; = C2) = B(Cy aig C) 


which we can solve to give 


Cys = [ol +6)+v,] and C,= > [tol — B) — vol 


(b) x x 


Vo = 0 


0 To 0 To 
(c) If we let G > 0, then A — iw, and the coefficients C; and C2 become 


x Vv a, Uo 
. - and C,=—- 


oe 2 » 2iWo 2 = Dio 


and our solution becomes 


: : Vv ; _y Uo . 
r= = al er) ae —— (eo =. rn) = Ve COS(Wot) -- ~sin(wot) 


QW Oo 


which you should recognize as the general solution for undamped oscillations. 
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0.31 xx Starting with G < wo, we know that z(t) has the form (5.37), which we can rewrite 
as z(t) =e" (Acosu,t + Bsinuy,t), where, as usual, w, = ,/w2 — 62. Given that z(0) = 1 
and z(0) = 0, we can solve for A and B and find 


x(t) = et (cos(ut) + = sin(wt) | (iii) 


Given that w. = 27, we can use this to plot x(t) for any value of G < w,. You can also use 
it for 8 > wo. The only complication is that w, is now imaginary, w, = i,/6? —w? = it, 
say. If your plotting software is happy to work with complex numbers, you can continue to 
use exactly the form (iii), but it may be safer to rewrite it in terms of real functions as 


a(t) =e? (cosh) + = sinh(@t)) . (iv) 


Finally for G = wo, you almost certainly need to use (5.44) which, for the given initial 
conditions has the form x(t) = e~(1 + Gt). The results are shown below. 


1 1 1 
1 2 1 2 { 2 
4 1 1 
B=4 B=6 B=2n 
{ 1 1 
r 2 { 2 1 2 
4 ~1 -1 
B= 10 B=20 
{ 1 
1 2 { 2 


1 ~1 


5.32 xx (a) If we write z(t) in the suggested form, it is easy to see that 7(0) = B, and 
z(0) = WwW Bo — GBB. Therefore, B, = Zo and By = Bto/wr, so that 


z(t) = te (cos wt + £ sin wit] 
1 


(b) When @ — wo, the denominator w; = ,/w,? — 6? approaches zero, but so does the 
numerator sinw,t, and (sinw,t)/w,; — t. Therefore, the solution of part (a) goes over to 
a(t) = te" (1 + Bt), 


which is precisely the critical solution (5.44) satisfying the given initial conditions. 


74 CHAPTER 5. OSCILLATIONS 


(c) B=0 be B= 0.02 x(t) B=01 


t 
10 20 10 20 


5.33 x According to Eq.(5.69), z(t) = Acos(wt—d)+e-*"|B, cos(w;t)+ By sin(wt)]. Setting 
t = 0, we obtain 
~o = 2(0)=Acosd+B, => B,=2, — Acoso. 
Similarly, differentiating x(t) and then setting t = 0, we a | 
Vo = £(0) = Awsind — GB, +u,B, = B= —, (vo — Aw sind + BB,) 
as in Eq.(5.70). | ; 


5.34 Weare given that both z, and z satisfy the same inhomogeneous equation, Dz, = f 
and Dz = f. Therefore, since D is linear, D(x — z)) = Dx — Dz, = f — f = 0. That is, the 
difference x — rp = 2} is a solution of the homogeneous equation Dz, = 0. Therefore x can 
always be written as x = Zp + Zp as Claimed. 


5.35 xx (a) z=x2+iy=rcosé+i(rsiné) = r(cosé +isin@) = re”. 
(b) zz* = (x + ty)(z — ty) = a? +y? = |z|?. | 
(c) z* =x —iy=rcos6 —i(rsin6) = r{cos(—6) + isin(—0)] = re-® 
(d) If z = re® and w = se, then zw = rse°+?), Therefore, (zw)* = rset?) = 
(re-”)(se~**) = z*w*. If z = re®, then 1/z = 1/(re®) = (1/r)e-®, so (1/z)* = (1/r)e®. 
Finally, 1/z* = 1/(re~”) = (1/r)e® = (1/z)*. 


* 2 
_ «a 2_ ye A a __@ a a4 
(e) eam rus ~*~ b+ ic rE) b+ic b-ic b+c? 


5.36 xx From Egs.(5.64), (5.65), and (5.70) we can calculate the various constants. A and 
d are the same as in Example 5.3 (changing the initial condition doesn’t affect them), but 
B, = 0.945 and By = 0.0429. The resulting graph is the solid curve shown. The dashed 
curve is that of Fig.5.15(b). With different initial conditions, the two curves differ at first, 
but after a couple of cycles the transients have pretty well died out and the two graphs are 
indistinguishable. 
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9.37 xx With the help of Eqs.(5.64), (5.65), and (5.70) we find that A = 26.9, 6 = 
3.04, B, = 26.7, and B, = —6.18. The corresponding motion is shown by the solid curve, 
while the dashed curve is the transient alone. 


x(t) 


uF rfl Nef \al\ Nal Ne 
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The most obvious difference between the present case and that of Example 5.3 is that 
here wo < w, so that the transient imposes a slow rise and fall on the driven oscillations. In 
Fig.5.15 of Example 5.3, where wy > w, the transient superposes a rapid oscillation on the 
driven motion. A subtler difference is that in Fig.5.15 where w, > w the phase shift 6 is close 
to zero and the motion is in step with the driving force. Here, with wo < w, 6 = 7 and the 
motion is nearly 180° out of phse with the driving force. [The driving force has maxima at 
integer values of t whereas z(t) has minima..| 


5.38 xx With the given parameters, the constants in x(t) 
(5.69) are easily found. Given that w = wo, (5.65) 
tells us that 6 = 7/2 and (5.64) that A = f,/2Gw 


= 2. Thus (5.70) implies that B, = 0 and By = 2 

(uo — wA)/w;, or, since w, = Vo — B? = 0.995, 0 . 
By = 4.02. The graph of (5.69) with these values 4 60 t 
of the constants is as shown. Initially the -2 

oscillations have a large amplitude (somewhere _4 


about 5) but after a few cycles, the transients have 
died out and the motion is indistinguishable from the “attractor” with amplitude A = 2. 


5.39 xx See Figure 5.15. 
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5.40 x We can save ourselves a little trouble if we note that A is maximum if and only 
is A* is maximum, which occurs if and only if 1/A? is minimum. In fact, let’s consider 
(fo/A)? = (Q — w?2)? + 46?Q, where I'll use the variable Q = w*. To find the minimum of 
this quantity we have only to differentiate and set the derivative equal to zero: 

a (is 

— { 2 ) = 2(Q-—wZ) + 48? 

ay (45) = 20-2) +4 
which vanishes when 2 = w? — 26°, that is, w = ,/w2 — 267. It is easy to check that the 
second derivative is positive. Therefore (f,/A)* is minimum and A is maximum as expected. 


5.41 x Provided £ is significantly less that w., the maximum of A? comes when w ® wp 
and, at this point, the denominator of Eq.(5.71) is approximately 46?w2. Thus A? is equal 
to half its maximum when the denominator is equal to 867w2, or when (w? —w,2)* = 46?w?. 
This simplifies to (w — wo)(w + Wo) = £26w,. Since (w+ We) & 2wWo, this says that the half 
maximum occurs at w = WwW, + £. 


5.42 x The period of the pendulum is tT = 27,/1/g = 10.99 s. Therefore the quality factor 
is Q = m(decay time)/7 = m x (8 h)/(10.99 s) = 8, 000. 


5.43 xx (a) Assuming that the weight of the four men is evenly distributed among the 
four springs, we can substitute m = 80 kg and x = 2 cm into the equation mg = kz for any 
one spring. This gives k = mg/zx = 80 x 9.8/0.02 = 4 x 10* N/m. 
(b) Each axle assembly is attached to two springs, so the effective spring constant of its 
support is 2k and its natural frequency is 
y 
2 x (4 x 104) ~ 6H 


I= 95 in ~ 2m 


(c) If the distance between bumps is d, then v = fd = 6 x 0.8 & 5 m/s or roughly 
10 mi/h. 


5.44 xx (a) Since x = Acos(wt — 6), the total energy is 

E = ims? + tk2? = imw* A? cos’(wt — 5) + $kA* sin*(wt — 6). 
Because w © wy, we can replace k = mw2 by mw’, and then, since cos? + sin’ = 1, we get 
E = $mw” A’, as claimed. 


(b) The rate at which the damping force dissipates energy is Fampv = bu? = 2mv’. 
Therefore the energy dissipated in one period is 


Aig = / 2nBu*dt = 2mGw* A” | sin?(wt — 6)dt. 
0 0 
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The remaining integral is just 7/w. (To see this use the trig identity sin?@ = $(1—sin 20) and 
note that the integral of the sine term over a period is zero.) Therefore, AEgis = 2mmGwA?. 


(c) Combining the results of parts (a) and (b), we find that 
E smu A? W Q 


— —a- 
a PO SE 


AEais  20amBwA2 — An ~ on 


where I have again used the fact that w = w,. That is, the ratio of the total energy to the 
energy lost per cycle is 27Q. 


5.45 xxx The key relationships we need are 


F(t) = Focos(wt) (5.56),  2(t) = Acos(wt — 6) (5.66) 
and 


A= (Fo/m)//(w2 — w?)? +462w? (5.64),  tand = 26w/(w2 —w*) (5.65). 
(a) The rate at which the driving force F' does work is 
P= F¢ = —FwAcos(wt) sin(wt — 6) = ;wAF,|sin dé — sin(2wt — 6)| (v) 


where, in the last equality I used the trig identity for cos @ sin ¢. The average power over any 
number of complete cycles is just (P) = (1/7) J, Pdt. When we integrate the square bracket 
of (v), the first term gives us 7 sin 6 and the second gives zero. Therefore, (P) = $;wAF, sin 6. 
Finally, if you’ll look at Fig.5.14, you'll see that sind = 26w/,/(w2 — w?)? + 462w?. So 


(P) = 4wAF, sind = ay en = mBw" A’ (vi) 


“2 \/ (w2 — w?)? + 462? 7 
where, in the last equality, I used (5.64) to replace F, and the large square root by mA. 


(b) The damping force Famp has magnitude 2m(v in the opposite direction to the velocity, 
so the rate of loss of energy is Piss = Fumpv = 2mGu? = 2mGw? A? sin*(wt — 5). When we 
average this over a cycle, the integration of the sin? term gives 7/2 [use the appropriate trig 
identity to write sin’@ = 3(1 — cos 26)], and we find that (Piss) = mGw* A”, which is equal 
to the average power delivered, as found in part (a). 

(c) Using (vi) and (5.64), we can write (P) in the form (P) = KQ/[(Q — w2)? + 487QI, 
where I have introduced the temporary shorthand 2 = w*. Now, to maximize (P) is the same 
as to minimize 1/(P) = K'[4G? + (Q —w2)*/Q]. The derivative of the latter is proportional 
to (Q—w,2) (times a positive function). Thus the derivataive vanishes when 2 = w,’. As you 
can check, the second derivative is positive, so 1/(P) has a minimum, and (P) the expected 
maximum, when w = Wp. 
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9.46 x If we insert the Fourier series (5. into the definitiion of the average, we find that 


= =f foa= - [ Ao dt + » (ae fos cos(nwt)dt + bp [soiouye) 


The first term here gives just ao, while au one of the remaining terms is the integral of 
cos(nwt) [or sin(nwt)] over one or more periods and is therefore zero. Thus (f) = ao. 


9.47 xx ‘To treat the integrals involving two cosines, we need the trig identity cos @ cos ¢ = 
5[cos(@ + ) + cos(@ — ¢)]. For the case n = m £ 0, this gives 


To <2 
/ cos*(nwt)dt = + / lcos(2nwt) + 1]dt = $7 


—T/2 —7/2 
because the first integral is zero [because sin(2nwt) is r-periodic] and the second gives just T. 
For the case m # n,, we find 


772 7/2 

/ cos(nwt) cos(mwt)dt = 4 / lcos(n + m)wt + cos(n — m)wt]dt 
—7/2 —7/2 

Tie 


= 0 


1 po +m)wt — sin(n — m)wt 
ee ee ener 


nm+-m em af 

because both sine functions are 7 periodic. Using the corresponding trig identities for 
sinfsing and cos@sing, you can prove the corresponding results for two sine functions 
and for one sine and one cosine. 


5.48 xx If we multiply the Fourier series (5.82) by cos(mwt) (m = 1,2,3,---) and integrate 


over a period, we find 
OO 


/ cos(mwt) f (t)dt = s an | cos(mwt) cos(nwt)dt + » Dis / cos(mwt) sin(nwt)dt 


where all integrals run from. —7/2 to 7/2. By (5.106) every integral in the second sum is 
zero. By (5.105) every integral in the first sum is zero except the one with n = m, which is 
equal to 7/2. Thus the whole right side collapses to a single term and 


J cos(mmust) f(tat hat) 2 


which establishes (5.83) for am. To establish (5.84) for b, we do exactly the same thing 


except that we multiply by sin(mwt). 
Finally, to find ap we just integrate the Fourier series (5.82) over a period to give 


[#0 iat = Yen foosastat + Yh [ sin(rwstyat 


n=0 
where all integrals run from —7/2 to 7/2. The integrals of the cosines or sines give sines or 
cosines, and are zero because both sines and cosines are periodic. The only exception is the 
integral of the cosine with n = 0. Since cos(0) = 1, this integral is just T, and we conclude 
that f f(t)dt = aor, which establishes (5.85). 
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9.49 xxx The given function is even, f(—t) =+/f(t). Therefore, sin(mwt) f(t) is odd and 
all of the integrals (5.84) for the coefficients b,, are zero. Since cos(mwt)f(t) is even, the 
coefficients a,,, are not necessarily zero. Bearing in mind that T = 2, so w = 7, we find that 


7/2 
ag = - | f (t)dt = Jmax 


T —r7/2 2 
while for m > 1. 


4 7/2 1 
Om = — / cos(mwt) f (t)dt = 2 fmax / cos(mat)(1 — t)dt. 
0 0 
This integral can be evaluated (using integration by parts), and we find that 


1 [m even] 


0 , FIG “inn eadl 


The left picture shows the sum of the first two terms (constant term plus first cosine) and 
the sawtooth function itself in gray. The right picture shows the first six terms; these follow 
the sawtooth so closely that it is hard to tell them apart except at the corners. 


— — 2Simax cos(m7 
Om = — Greg yn | COSC) 


5.50 xxx The given function is odd, f(—t) = —f(t). Therefore, cos(mwt) f(t) is odd and 
all of the integrals (5.83) and (5.85) for the coefficients a,, are zero. Since sin(mwt) f(t) is 
even, the coefficients b,, are not necessarily zero, and 

1 


7/2 
b= z | sin(muwt) f (t)dt = 2 fmax | sin(mat)tdt. 
0 0 


T 


(Remember that 7 = 2, sow = 7.) This integral is easily evaluated by parts, and we find 
that bm = —2fmax(—1)™/(m7). The sums of the first 2 and first 10 terms of the Fourier 
series are as shown, with f(t) itself shown in gray. 
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5.51 xx If the real force is f(t) = >>> f,.cos(nwt), and we define the complex function 
g(t) = >op fre’, then it is obviously true that f(t) = Re[g(t)]. (A major advantage of using 
complex functions is that by allowing the coefficients in the series for g(t) to be complex, we 
can include the cosines and sines of the general Fourier series, but we’ll continue to discuss 
a force that contains only cosine terms.) We can now try to solve the complex equation 


Dz=%+2824+w2z = g(t). (vii) 


Before we solve this, notice that, if we succeed, then it is obvious that x(t) = Re|z(t)] satisfies 
Dz = f. That is, the real part of z(t) satisfies the actual equation of motion for the actual 
physical problem. To solve the complex equation (vii), we can try a function of the form 
z(t) = Sop’ Che’. If we substitute this function into Eq.(vii), we obtain 


oo Oo 
Dz = S> C,,(—n?w? + 2iBnw + w2)e'™ = S~ fe 
0 0 


This equation is satisfied if and only if the separate coefficients on the left are equal to the 
corresponding coefficients on the right, that is, 


Ce |, 
"w= nPw? + 2iBnw 


By choosing the coefficients according to this equation, we obtain a complex solution, z, 
whose real part, s = Re(z), is a real solution of the actual real problem. Needless to say, 
this is the same solution we got before, just in a slightly tidier form. 


5.52 *** The first six Fourier coefficients, all multiplied by 10*, are 


Ag Ay A» A3 Ay As 

“r=107, 638 3582 #2 5 OO 1. 
7 = Nba; 42 145 90 18 6 2 
T=20 7 32 82 1791 AQ 13 6 
£2257 25 59 131 98 25 11 


The width parameter @ is half as x(t) T=To x(t) T=1.5 To 
big as in Example 5.5. This means 

that close to resonance, the 0.2 

amplitude should be twice as big, 

but away from resonance it should t 
be almost the same. ‘This is born 

out by the coefficients shown. 0.2 

When 7 = 7, the coefficient A, is 

twice as big as in Table 5.1, and 
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the same applies to A, when XQ  T=2T XD) T=2.57 
T = 275, but all the other 

coefficients are virtually 0.2 
unchanged. The same shows up 

in the graphs. Those for T = 7, 

and T = 27, are twice as high as 

in Fig.5.25, whereas those for -0.2 
T = 1.57, and T = 2.57, are unchanged. 


5.53 x** From Problem 5.49, we know that the Fourier series for f(t) contains only cosine 
terms and that fo = $, while f,, = 4/(n7)? for n odd, but zero for n even. It follows that 


z(t) = Ap + s- A, cos(nwt — bn) 


n odd 
where, according to (5.92) and (5.93), Ap = 1/2w2, 69 = 0, while for n > 1, 
Ag ee ee and 0, = arctan (| 
n?n?/(w2 — n2w*)? + (2Bnw)? Wo? — nT 


(a) With 7 = 2 and w = 7, the first four coefficients A, (n = 0,1,2,3) are 0.0507, 
0.6450, 0, and 0.0006. (Note the large value of A,, because this term is on resonance.) 


x(t) x(t) 


0.5 0.5 
0 0. 

t 123 45 6 tft 
—~0.5 —0.5 


(a) (b) 
(b) With 7 = 3 and w, = 27/3, the first four coefficients A, (n = 0,1, 2,3) are 0.1140, 
0.0734, 0, and 0.0005. (Notice that here the constant term Apo is certainly not negligible 
compared to the others and it throws the oscillations off center.) 


5.54 * Consider the average of f(t) over an interval smaller than one period (for instance, 
the interval from 0 to 7/2). The values of f(t) in this subset could all be larger than the 
average value over the whole period; then the average over the interval would be larger than 
that over the whole period. For example, consider the function f(t) = sint, which is periodic 
with period 27; its average over a whole period is 0, but, in the interval between 0 and 7, f(t) 
is everywhere greater than 0 and the same is therefore true of its average (average = 2/7). 
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Consider now a long interval from 0 to T. We can write T = nv + 6 where n is a large 
integer and 0 <6 <7. Then 


nT nT+ 
(average from 0 to T) = xf #0 f(t) dt = — ; (| +/ ° f(t)dt 
0 NT 
T 1 ") 
[ roa+ [ sox 


+= ff feat, as 2 —> oO 
T Jo 


n 
nt +06 


where in moving to the second line I used the periodicity of f(t) to simplify both integrals. 
The final expression is, of course, the average over one period. 


5.55 xx Using the trig identity for cos 6 cos ¢ (inside front cover), we find for the integrand 
of Eq.(5.99) 
cos(nwt — bn) cos(mwt — bm) = 4 cos|(n + m)wt — (bn + Om)| + 1 cos[(n — m)wt — (bn — 5m)| 


Let us denote by Inm the integral of Eq.(5.99). If n = m = 0, this becomes [note that 
according to (5.93) do = 0] ” 
Loo oa / ldt = T. 


—7T/2 
Ifn =m #0, then 


7/2 
— / sn Deda 
—7T/2 


because the first integral is zero. Finally if n 4 m, 
lnm = 1 eet) , se)” 
ntm N-—™M }_,19 


because both sines are 7-periodic. This completes the proof of (5.99). 
With a little rearrangement, (5.98) becomes 


a 2 AnAm - |" cos(nwt — dn) cos(mwt — dm) dt. 
7/2 


By the previous result, the haaaial here is zero unless m = n. ‘Thus the double sum reduces 
to a single sum with m = n. The remaining integrals are 7 (for n = 0) and 7/2 (for n > 0), 
so we're left with (27) = Aj’ + 3 )>°7° A, which is the Parseval relation. 


5.56 xx Ifa(t) has a Fourier series of the type suggested, then (x?) will look like the double 
series of (5.98) except that there will also be terms involving products of two sine functions 
and others involving a sine and a cosine. To evaluate this sum, we need the “orthogonality 
relations” (5.99) and their equivalents for products of sines and of a sine and a cosine. Using 
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the trig identity for sin sin ¢ it is easy to prove the f sin(nwt — 6,) sin(mwt — 5,,)dt is also 
given by (5.99) (except that when n = m = 0 the integral is zero). Similarly, using the trig 
identity for cos @ sin ¢ you can show that all integrals of the form f[ sin(nwt — 6,) cos(mwt — 
Om)dt are zero. And using these results, you can easily show that the Parseval relation is 


(2?) = Al +3) (A? +B). 
1 


5.57 xx 


0 12 3 4 5 T 012 3 4 5 T 


The left picture shows the data for this problem; the right shows the data of Figure 5.26 
(though drawn here to a slightly different scale). Notice that the resonances with @ = 0.1 
are twice as high and half as wide as those for @ = 0.2. 


Chapter 6 


Calculus of Variations 


I covered this chapter in 2 fifty-minute lectures. 


This chapter is one of the two shortest chapters of the book, and it is the only chapter 
devoted exclusively to a mathematical prerequisite. I had always believed that it should be 
possible to derive Lagrange’s equation without getting involved with Hamilton’s principle, 
but when I tried to do this I learned that Hamilton’s principle is by far the best way to prove 
that Lagrange’s equations hold in any coordinate system. This is a pity in a way, because 
Hamilton’s principle is a large intellectual leap for the student and is one without any simple 
and immediate applications (other than the proof of Lagrange’s equations). Nevertheless, 
it seems to be the best way to arrive at Lagrange’s equations and is, of course, centrally 
important in modern theoretical physics. Therefore, I make essential use of the principle 
when I set up the Lagrangian formalism in Chapter 7. Because one can’t discuss Hamilton’s 
principle without a knowledge of the calculus of variations, and because our students don’t 
seem to learn about the calculus of variations anywhere else, Chapter 6 is an introduction 
to the calculus of variations. 

My treatment is pretty standard. The central problem of the calculus of variations is, 
of course, to minimize (or, more generally, make stationary) some line integral. I start in 
Section 6.1 with two examples of the kinds of integrals that one might want to minimize 
— the distance between two points, and Fermat’s integral for the transit time for light. 
traveling between two points. Then in Section 6.2, I derive the Euler-Lagrange equation for 
the desired stationary path. Section 6.3 contains a couple of examples, including the well 
worn, but always fascinating, brachistochrone problem. Section 6.4 generalizes to more than 
two dimensions, a generalization that is obviously essential for applications in mechanics. 

As always, it is crucial that the student try some of the problems at the end of the 
chapter. These include a few theoretical developments and a few problems that fill in details 
omitted from the text, but most are just applications of the Euler-Lagrange equation. Many 
of these latter are rather straightforward, but a few are quite challenging and, I thought, 
fascinating (for example, Problem 6.23 on the best flight path for a plane in a shearing wind). 


panes 


84 
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Solutions to Problems for Chapter 6 


6.1 x Imagine first an infinitesimal section of path on the sphere, in which 6 increases by 
dé and ¢ by dd. This carries us a distance Rdé to the “south,” and Rsin 6 d¢ to the “east.” 
The distance ds along the path is therefore 


ds = \/(Rd0)? + (Rsin 6 dd)? = Ry/1 + sin’6 d/(6)? dé. 


62 
Therefore, the total path length is R / \/1 + sin?6 '(0)? dO, as claimed. 
0; 


6.2 x Imagine first an infinitesimal section of path on the cylinder, in which ¢ increases 
by d@ and z by dz. This carries us a distance Rd¢ around the cylinder and dz up it. The 
distance ds along the path is therefore 


ds = \/(Rd¢)? + (dz)? = / R2d'(z)? +1 dz. 
22 
Therefore, the total path length is R / \/ R2g'(z)? +1 dz. 
a1 


6.3 *x We already know that the actual path is a straight line within one medium. There- 
fore the segments from P, to Q and from @ to P are straight and the corresponding distances 


are P\Q = 2? +yP24+ 22 and QP, = ./(x — 21)? + y + 2?. Therefore the total time for 


the journey P,@P) is 


TS ( [28 wi + 224 ea) uf + 2)/c 


To find the position of Q = (2,0, z) for which this is minimum we must differentiate with 
respect to z and x and set the derivatives equal to zero: 
OT 4 Z 
oe ey ae si EN =)? => z=), 
which says that Q must lie in the same vertical plane as P; and P,, and 
OT L ~C— 21 


Be oye * ef 


==)() => sin@,; =sin@, or 0, = 4». 


6.4 xx The lengths of the paths P,Q and QP, are 


P.Q= /e2+hP+22 and QP, = 4/(t2-2)? +hy + 2? 


The time for light to traverse each path is the path length divided by the speed of light, 
v=c/n. Thus the total time is 


t=2(m r?+he+227+1 (oa —a)+he +2). 
C 
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To find where this is minimum we must set 0t/Oz and Ot/Ox equal to zero: 


ot 1 N1Zz NZ 

== oF  ——_ _], 

Oz C\V/er+het2z? VS(tg—-a2)P? +h2t 2 
which is zero if and only if z = 0. That is, Fermat’s principle requires that Q lie in the plane 
containing P; and P, and normal to the interface. Also 


Ob Lf me N2(X2 — 2) oe - 
Bee arene ae Vin ap raya) ~ minds ~ masinds) 


which is zero if and only if n; sin 8, = n2 sin 69, and this is Snell’s law. 


6.5 xx The distance from A to P is AP = 2Rsin[(90° — 6)/2], where R is the radius of 
the mirror. (To see this, drop a perpendicular from the center of the mirror to the line AP.) 
Similarly PB = 2Rsin[{(90° + @)/2]. Thus the total distance APB is 


90° — @ 0° 
+ fare a 


APB=AP+PB=2R (sin = 4sin 45° cos 5 


2 
which is maximum when @ = 0. 
6.6 xx For curves in a plane: 
y = y(z) t= xy) r=r() d= dr) 


Jity2de Vl+a%dy vVr?+r? dd V1+r2d? dr 


For curves on a cylinder (first two) or sphere (last two): 
% = Gz) z= 2() 0 = 0(4) d= (9) 
/1+ R262 dz VR2+4+22 dd Rvsin?6+02 dd R/1+sin*0d? dé 


6.7 x The length of a small arc on the surface of the cylinder is ds = ,/R?d¢* + dz? = 
,/ R2¢/2 + 1dz, where the last expression results from thinking of 6 = $(z) as a function of z. 
Thus the integrand of the integral [ds = f fdzis f = ,/R?¢" + 1, and the Euler-Lagrange 
equation 


Of d Of Of ws 
ete ee ifs — = ——————— = const. 
ad ae OW ecomes Si Bo ri) 


If you solve this last for ¢’ you will see that ¢’ = const (a different constant), from which we 
deduce that ¢ = az+b, with a and 6 chosen so that the path passes through the given points. 
This equation defines a path which spirals around the cylinder from ($1, 21) to (do, 22), with 
the angle ¢ changing linearly with z. 
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The geodesic connecting points 1 and 2 is certainly not unique. First, we can spiral from 
1 to 2 going either way (clockwise or counter-clockwise) around the cylinder, making less 
than one complete revolution. Further, we could spiral less steeply, making one or more 
complete revolutions before arriving at point 2. Generally there is a unique shortest path, 
namely the spiral on which ¢ changes by less than 7, but if ¢; and ¢, differ by exactly 7, 
there are two shortest paths with equal lengths. If you unwrap and flatten the cylinder, the 
spiral paths become straight lines, which are well known to be the shortest paths on a flat 
surface. 


6.8 x The PE is U = —mgy and the initial KE and PE are both 0. Therefore, by conser- 
vation of energy, smu? — mgy = 0 and v = /2gy. 


6.9 x The integrand is f = y? + yy’ + y’, so its derivatives are Of /Oy = y' + 2y and 
Of /Oy' = 2y' + y and the Euler-Lagrange equation (6.13) is 


oo ef t= Dy ty => oy” =y, 
the general solution of which is y(x) = Asinh(z) + Bcosh(z). Since y(0) = 0 and y(1) = 1, 
we see that B = 0 and A =1/sinh(1), so the solution is y(x) = sinh(z)/sinh(1). 


| d O Ae 
6.10 Ifdf/dy = 0, then the Euler-Lagrange equation (6.13) reduces to an = 0, which 
implies that Of /Oy’ = const. 


6.11 x** The integrand is f(y, y’,z) = /2./1+ y”. Since this is independent of y, 0f/Oy = 
0 and the Euler-Lagrange equation (6.13) implies simply that Of /Oy’ is a constant; that is, 
Vzry'//1+y2 =k. This can be solved for y’ to give y' = k/x — k?, which integrates to 
give y = 2k\/xz — k?2 + D, where D is a constant of integration. Rearranging we find that 
a =k? + (y — D)?/4k?, which is a parabola with it’s axis along the line y = D. 


6.12 «x The integrand is f(y, y’,2) =2/1— y”. Since this is independent of y, Of /Oy = 0 
and the Euler-Lagrange equation (6.13) implies simply that Of/Oy' is a constant; that is, 
cy'//1 — y2 = k. This can be solved for y’ to give y’ = k/Vx? + k?, which integrates to 
give y = ksinh‘(x/k) +c, where c is a constant of integration. (Make the substitution 
x/k = sinhu.) Rearranging we find that + = k sinh[(y — c)/k]. 


6.13 xx If we write the path as ¢ = ¢(r), the distance from O to P is {. ds = I f dr, 
where f = [2/(1 —r’)],/1+7r2¢?. Since 0f/0¢ = 0, the Euler-Lagrange equation (6.13) 
implies simply that Of/O¢’ is a constant; that is, [2/(1 — r?)|r?¢’//1+ r?¢? = k. Because 
the path passes through the origin, r = 0, the constant-k must in fact be zero, and we find 
that ¢' = 0. This defines a straight line through the origin. 
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6.14 xx (a) The left picture shows two positions of a wheel of radius a rolling on the 
underside of the z axis. The point which started in contact with the x axis has moved to the 
point P while the wheel has rotated through an angle @ and moved a distance a@ to the right. 
The coordinates of the point P are easily seen to be z = a(6 — sin@) and y = a(1 — cos9), 
in exact agreement with Eq.(6.26). That is, the curve traced by the point P on the wheel 
(the cycloid) is the same as the brachistochrone curve of (6.26). 


p 
y y 


(b) The right picture shows three cycloids with three successively larger values of a. It 
is clear from the picture (or from the equations) that as we increase a from 0 to oo, the loop 
steadily expands, eventually sweeping exactly once across any point in the positive quadrant. 


(c) If the point 2 has coordinates x2 = 7b and y2 = 2b, it is easy to see that this 
corresponds to a = b and 0 = 7; that is, point 2 is at the exact bottom of the cycloid. The 
time for the journey is 

* ds 1 [ g’* + y!? dé =f 4/ (1 — cos 6)? + sin*6 dé dé b 
t= | —=——/ "= = =| -. 
Vv 7] 9g 


1 Uv /1 — cos0 


If point 2 has coordinates x2 = 27b and yo = 0, then again a = b but now @ = 27. That is 
point 2 is at the top of the cycloid, with point P back on the x axis. We can easily calculate 
the time to reach point 2, but there is no need, because it is obviously twice that to reach 
the bottom. That is, in this case, t = 20 /b/g. 


6.15 xx The analysis for the case that the car is launched from point 1 with fixed speed 
Vo is very similar to the case of Example 6.2 with vo = 0, except that, by conservation of 
energy, the car’s speed at height y is v = ,/2gy + v2 instead of v = ./2gy. If we make the 
change of variables from y to 7 = y+v2/2g, the analysis goes through exactly as before and 
we get the same answer as in Eq.(6.26) except that it is now 7 that is equal to a(1 — cos @). 
Therefore y = a(1 — cos@) — v2/2g (with x exactly the same as before), and the curve is the 
same cycloid except that it is shifted up by a height h = v2/2g. 


6.16 By Problem 6.1, the path length is L = f fd0, with f = f(¢,¢',0) = /1+sin°0 ¢?. 
Since 0f/O¢ = 0, the Euler-Lagrange equation reduces to 


Of _—_ sin*0' 


ag! 7 \/1+sin76 d? 7 
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If we choose our polar axis to go through the point 1, then 6, = 0 and the constant c has to 
be zero. Thus the Euler-Lagrange equation implies that ¢’ = 0 and hence that ¢ is constant. 
The curves of constant ¢ are the lines of longitude and are great circles. Therefore, the 
geodesics are great circles. 


6.17 xx The length of an element of path in cylindrical coordinates is 


ds = \/dp* + p?dg? + dz* = \/(1+ A*)dp? + p?dd? = \/(1+ A”) + p*? dp 


where in the second equality I used the fact that dz = Adp on the cone, and in the last I 
assumed that the path was written as ¢ = ¢(p). Thus the path length has the standard form 
L = f{ fdp, with f = f(¢,¢',p) = /1+ 2 + p2b?. Because Of /0¢ = 0, the Euler-Lagrange 


equation reduces to 
KvV1+4 A? 


2 Af 
An 7 whence ¢'= 
pr/ p? — kK? 


OP V1 +22 + po” 
This can be integrated (make the subtitution K/p = cos u) to give 


aa iq 
P— Vo = 1 + \? arccos(K’/p) or Ye cos|(d — b)/VI FX] 


This is not easily recognized as any simple curve, but in the limit that 4 — 0 the cone 
approaches the plane z = 0 and the geodesic approaches the curve p = K/cos(¢ — ¢o), 
which you can show is a straight line perpendicular to the direction ¢ = ¢5, a distance K 
from the origin. 


6.18 xx If we use polar coordinates (r,¢) and write the path in the form ¢ = ¢(r), then 
the path length takes the form L = /[fdr with f = f(¢,¢,r) = /1+17?¢?. Because 
Of /O¢ = 0, the Euler-Lagrange equation is 
Of On ; K 
— = ————— _ = const whence = —————. 
OP 1+ r2¢? ener ar 
This can be integrated (make the subtitution K/r = cos wu) to give 
K 
r= ————_.. 
cos(¢ — do) 
This is the equation of a straight line perpendicular to the direction ¢ = @¢, a distance K 


from the origin. [To see this, note that rcos(@ — ¢,) is the component of r in the direction 
? = po; that this equals the constant K says that r lies on the line indicated. | 


d— oo =arccos(K/r) or 
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6.19 xx The area of the surface of revolution is A= f 2ryds = 2m [™ yV/1 + xdy, which 


we can write as A = 2 f[ fdy where f = yV1+ 2”. Because Of /Ox = 0, the Euler-Lagrange 
equation reads 

A whence a! = ——¥2_— 
where y, is a constant. Using the substitution y/y. = coshu, you can integrate this to give 
© — Lo = yoarccosh(y/y.) (where Z, is another constant) or y = y, cosh|(x — 20) /yol. 


6.20 xx If f = fly,y’), then, by the standard result of two-variable calculus, df = 
(Of /Oy)dy + (Of /Oy’)dy’. Dividing both sides by dz, we find 
af Of y’ OF on _ d of / of Nl ees pe 
dx ay” Oy! dz Oy! Oy! z : 1 Oy! 
where, for the second equality, I used the Euler-Lagrange equation and, in the last, I used the 
product rule. Moving the right side across to the left, we see that f — y/Of/Oy’ is constant. 


6.21 xx The time for the car to go from 1 to 2 ist = Jids/v. As usual, ds = ,/1+ y”? dz, 
and, as before, v = ./2gy. Therefore, t = (1/./29) [ f dx, where f = ,/(1 + y”)/y. Because 


f does not depend explicitly on x (that is, 0f /Ox = 0), we can use the first integral (6.43) 
from Problem 6.20 and obtain 
3 -_ 5a = 1 7s y!? / 


y" 1 
cae a 
VY JyVlity? VSfyvlity? 


dy _ 1 ie 2a—y 
a \ ky Vy 


if we rename k? = 1/(2a). Separating the variables x and y and integrating gives x = 
ff /y/(2a — y) dy, which is precisely the result (6.23). From here on, the derivation of the 
brachistochrone is exactly the same as in Example 6.2. 


Solving for y' we find 


6.22 xxx The area between the string and the x axis is A= fydz. The length of a small 
element of string satisfies ds? = dx? + dy’, so dx = \/ds? — dy? = /1—y” ds, if we ere 
y as a function of s and y’ = dy/ds. Therefore, the area A can be ites as A = S f ds 
where f(y,y',s) = y\/1—y”. Because f does not depend on s explicitly, we can use the 
first intergral (6.43): 


, OF ey 2 
J- V5amY try Pit a = 
where R is some constant. This last equation implies that y/ = ,/1 — y?/R? or equivalently 
dy/.,/1 — y?/R? = ds. Integrating both sides we conclude that aaah R) = s/R. (The 
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constant of integration is zero because y = 0 when s = 0.) Therefore, y = Rsin(s/R). 
Since y = 0 when s = J, we see that 1/R = 7. (It is fairly easy to see that the other 
solutions, 1/R = 27,3a,--- yield a smaller area.) Finally, we saw that dz = ,/1— y” ds, 
soz= f./1—y? ds = R— Rcos(s/R). Combining these results for x and y, we see that 
(c — R)* + y* = R?, so the string must lie on the semicircle with radius R centered on the 
point (R, 0). 


6.23 xxx (a) If the plane is at position (x,y) and is heading at an angle ¢ north of east, 
its velocity relative to the air is (vu, cos ¢, Vp sin), while the wind’s velocity is (Vy,0). The 
plane’s velocity relative to the ground is the sum of these two vectors, so its ground speed 
is 


v= V/(u.cosd+ Vy)? + (vo sin gd)? = Vu? + 2u.Vycos¢+ V2y? Fu t+ Vy = v(14+ ky) 

where I have made the approximation cos ¢ = 1, assuming that ¢ is always small, and where 
V/s: 

(b) The time of flight is 

P D D E72 D 
d J/l+y?d i a 1 
o U 0 U 0 Voll + ky) Vo JO 

where I used the binomial approximation in the numerator (assuming y’ is always small) and 
where f = (1+ $y”)/(1+ ky). 

(c) With a little algebra, you can show that the Euler-Lagrange equation is 

y"(1+ ky) — ¢ky* +k =0. 

If you substitute the proposed guess, y = Ax(D—z), this becomes (after a little more algebra) 
kD?d? + 4 — 2k = 0, of which the relevant solution is A = (V/4 + 2k? D? — 2)/(kD?). (The 
second solution is negative which makes no sense.) 

The maximum displacement to the north is ymax = AD*/4, which, if we put in the given 
numbers, is Ymax — 366 miles. If we put the same numbers in Kq.(i) and do the integral 


numerically, we find for the time of flight t = 3.556 hours. The time along the direct path 
would be 4 hours, so the saving is 0.444 hours or 27 minutes. 


6.24 xxx As in Section 6.1, the time for light to travel between any two points is an 
integral of the form t = f ds/v, where v = c/n = cr*/a. In two-dimensional polars, ds = 


/dr? + r2d¢2 = ,/1+ r2¢? dr. Thus the integral that has to be made stationary has the 
standard form { f(¢, ¢',r) dr where 


f(¢, br) = V1 + r2¢?/r° 

and I have dropped a couple of uninteresting constant factors. Since f does not involve @, the 
Euler-Lagrange equation implies simply that Of/0¢’ is constant. That is, ¢'/./1+17r?¢? = 
const = k?, say. We can solve this to give 
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pb =k/V1 — kr? 


which we can integrate to give d = ¢,+arcsin kr (where ¢, is just the constant of integration) 
or 


r = 2Rsin(¢ — oo) 


(where I have introduced the new constant R = 1/2k). This is the equation of the path 
followed by the light. To identify this path is actually quite hard, but we are given a 
generous hint, that it is a circle through the origin. To verify this claim, let us first simplify 
the equation by redefining the direction ¢ = 0 to get rid of the constant ¢,, so that the 
equation is 
r= 2Rsin@. (ii) 

Notice that r = 0 when ¢ = 0, and when ¢ is small 
the curve is close to the x axis. (When ¢ is small, 
y =rsin¢ is much smaller than x = rcos¢.) Thus 
the curve is tangent to the x axis at the origin and 
the claimed circle has to be as shown. Consider, 
then, a point P with polar coordinates (r, 6) on the 
circle shown, with radius R. From the indicated 
geometry, it is clear that r/2 = Rsin ¢, which is 
precisely the equation (ii) of the path of the light. 
That is, the path of the light is the circle shown. 

The closer the light is to the origin, O, the slower it travels, and it never actually reaches 
the origin. Rather, as t + oo, the light approaches O from the right or left, depending on 
its direction of travel around the circle. 


6.25 xxx The parametric equation (6.25) of the cycloid is x = a(@—sin@), y = a(1—cos 98), 
from which we find the derivatives x’ = a(1 — cos) and y’ = asin@. Therefore, the element 
of path length is 


ds = ./dz? + dy? = ./x? + y? dO = ay/(1 — cos 6)? + sin’ dé = a,/2(1 — cos 6) dé. 


The speed of the cart is given by conservation of energy as 


v = /29(Yo — y) = V/2ga(cos 8, — cos 4). 

Therefore the required time is 
i= f &- * av oe) _g 
ey 8 Oo \/ 2ga(cos 6 — cos 6) | 


If we make the substitution 6 = a — 2a and use a couple of trig identities, this becomes 


| i COs a 
ie af / ae a 
gJo /sin?a, — sin?a 
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Finally, the substitutions sina = u and then u/u, = v reduce this to 


ta" | ae alt [ ea -ny/5 


which is independent of @,. 

The higher the starting point P,, the further the car has to go, but the steeper the initial 
slope and the faster the car goes. On a cycloid, these two effects perfectly cancel, so that 
the time to reach P is independent of the position of P,. 


6.26 xx Let S(a, @) be the integral taken along the “wrong” path (6.32), 
U2 
S(a,8)= | fle +0,y-+ nx! + a€',y/ + Arf, udu 


This has to be stationary when a = ( = 0, for any choice of the functions €(u) and n(u) (as 
long as they vanish at the endpoints u; and u2). Thus we can differentiate with respect to 
a and @ and set the derivatives equal to zero: 


OS Of oF e f dof\, _ 
mL St Gai me’) du = [0 (Fo ae5n) au=0 


where for the second equality I used integration by parts. This has to be true for any choice 
of the function €(u), and this implies that the factor in parentheses must be zero, 


Of  d Of 


Ox dudz'’ 


which is the first of the Euler-Lagrange equations (6.34). The second one follows in exactly 
the same way when we set 05/08 = 0. 


6.27 xx The element of path length is ds = ,/dx? + dy? + dz? = ,/x’2 + y? + 2’ du. Thus 
the total path length is L = [ fdu where f = \/v+y%+ 2. There are three Euler- 


Lagrange equations, which involve the following six derivatives: 


Of _ Of _ OF _ 
Ox Oy Oz 
and 
Of g! Of y’ Of cM 


Ox! ~ [p12 + y!2 4 gl? dy! ~ [7712 + y 4 gl’ Oz! = [p12 + y? po gd 
Since the first three derivatives are zero, the Euler-Lagrange equations imply simply that 
each of the last three is constant. This means that the ratios, x’: y’ : z’ are constant, which 
implies in turn that as we move along the curve the ratios dz : dy : dz are constant. In other 
words, the curve is a straight line. 


Chapter 7 


Lagrange’s Equations 


I covered this chapter in 6 fifty-minute lectures. 


Chapter 7 is probably the most important chapter of the book. For most readers, much 
of the material of Chapters 1 through 5 should already have been familiar. By contrast 
the material of Chapter 7 is probably completely new. (Chapter 6 was also probably new, 
being the mathematical prerequisite for Chapter 7.) It’s not just that your students likely 
haven’t met Lagrangian mechanics before. The Lagrangian method is an entirely new way 
of approaching mechanics, and they will need to be broken in gently, to be lead through 
several worked examples, and work lots of examples themselves. 

There are, of course, several other important topics that most of our students haven’t 
met before —- Hamiltonian mechanics, normal modes, rotation of rigid bodies, non-inertial 
frames, and several more. But if we were forced to choose just one such topic, I believe most 
of us would choose Lagrangian mechanics, both because it is such a powerful tool itself and 
because it is an essential preliminary to most of these other important topics. Thus, this 
chapter is in many ways the pivotal chapter of the book. If your students are well prepared 
you may choose to skip quickly through several of the first five chapters, and you may choose 
to omit several of the later chapters. But you can’t omit Chapter 7. 

I have tried hard to make completely clear that Lagrangian mechanics can be derived 
from Newtonian (and vice versa). The logic is easily sketched 


Newton <> _ Lagrange’s equations < > JHamilton’s principle. (i) 


In Section 7.1, I first prove this logical chain for an unconstrained single particle (subject 
to conservative forces) using Cartesian coordinates. The next crucial step is to observe that 
(unlike Newton’s laws) Hamilton’s principle is invariant under almost arbitrary changes of 
coordinates and, hence, that the same is true of Lagrange’s equations. This establishes 
Lagrange’s equations in all their wonderful generality. The generalization to unconstrained 
multiparticle systems is then easily sketched. The generalization to constrained systems is, of 
course, harder. In Section 7.3, I give reasonably careful definitions of generalized coordinates, 
degrees of freedom, and (briefly) holonomic systems. Then Section 7.4 has the main proof, 
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followed in Section 7.5 by lots of worked examples. Section 7.6 has a brief discussion of 
ignorable coordinates, and 7.7 is a summary of the chapter so far. | 

One of the controversial aspects of Lagrangian mechanics concerns what to do next. My 
own view is that, having swallowed this huge and unfamiliar pill, our students should be 
given a chance to digest it by studying its many applications in well known, interesting, 
and reasonably straightforward problems — planetary motion, rigid-body rotation, normal 
modes of coupled oscillators, and so on — and this is what I do in Chapters 8 through 11. 
However, there are also many theoretical developments that call out to be pursued. Three 
of these, the relation between invariance principles and conservation laws, the Lagrangian 
for a charge in a magnetic field, and the method of Lagrange multipliers, I decided to treat 
as optional sections at the end of this chapter. If you feel that any of these are pressingly 
important, you could include them now, though my preference would be to come back to 
them later. The most important and obvious theoretical sequel to Lagrangian mechanics is 
Hamiltonian mechanics, and several colleagues argued that Hamiltonian mechanics should 
be the subject of Chapter 8. Obviously I did not agree. When our students are still reel- 
ing from the challenge of mastering Lagrange is, I believe, the worst moment to hit them 
with Hamilton, and I postponed introduction of the latter to Chapter 13. Nevertheless, 
Hamiltonian mechanics is a tremendously important part of modern physics! and I designed 
Chapter 13 to be read at any time after Chapter 7. If your students are doing well and 
feeling strong, you could even jump to Chapter 13 immediately after Chapter 7. 

This chapter offers several opportunities to bring out demonstration experiments to give 
your students a break from theory. Few students have seen an Atwood machine (Example 
7.3) and even fewer know what it was designed for (to measure g). You can quite easily make 
demonstrations of Examples 7.5 and 7.6, and of several of the problems at the end of the 
chapter (for example, the “yoyo” of Problem 7.14). Even more than usual, it’s important that 
your students do lots of problems for themselves. Many of the “x” problems are intentionally 
very simple and are solvable by Newtonian mechanics. I think you should assign several of 
these just to get your students thinking in Lagrangian mode. 


Solutions to Problems for Chapter 7 


7.1* The kinetic and potential energies are 


| T= im(x* Aegy? 23?) and U=mgz. 
Therefore 
L=T-U=jim(a?+y° + 2) — gz 


The three Lagrange equations (7.7) are 


1Though I can’t agree with the view that a good understanding of classical Hamiltonian mechanics is a 
prerequisite for quantum mechanics. 
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Q=mz, O=my, and —mg=mi, 


which are just the three components of the equation F = ma for a projectile with F = mg. 


7.2* With F = —kz, the PE is U = ska? and the Lagrangian is £L = sma? — ska. The 


Lagrange equation is —kx = mi and its aes is £ = Acos(wt — 6) a w= JkJm and 
A and 6 are arbitrary constants. 


7.3% L = 3m(a? + y’) + $k(a? + y*) and the two Lagrange equations are —kx = mi 
and —ky = my. In the general solution, z and y oscillate with the same angular frequency 
= ,/k/m and the point (z, y) moves around an ellipse. 


7.4 The kinetic and potential energies are 


(i sma + y) and U = mgh = —mgysina. 
Therefore 
L=T-U =im(z’? +4’) — mgysina 


The two Lagrange equations (7.7) are 
O=mr and mgsina=my 


which imply that the acceleration across the slope is zero while that down the slope is g sina, 
as expected. 


7.5 x If we make a small displacement from r to r + dr, we know from (4.35) that the 
change in f(r) is df = Vf-dr. In two-dimensional polars, dr = (dr,r d@). Therefore, 


df =(Vf),dr+(Vf)or dd. 


On the other hand, we know from two-variable calculus that 


a Of 
= — dé. 
af = 5, or -+ 70 
Both of these are valid for arbitrary ale ical of dr and d6, so we can compare coefficients 


to give 


(Vi)r = a and (Vio = ap 
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7.6 x (a) Newton’s second law gives the two vector equations (or six scalar equations) 
F, = —V.iU = mil, and F, = —VU = MoY¥o : (ii) 
(b) The Lagrangian is 
a ee sma(ty + Uy + 2) + 3 Ma(ay + Yo + 29) — U(a1,+++ , 22). 


There are six Lagrange equations, one for each of the coordinates 2}, y1, 21, Z2, Ya, and 29: 


OL ddl ’ 
oe: = dt Oz, => —0U/Ox4 = M121 
OL dadOLl 3 
Oz, = Hi Oss —>? —0U /O0z2 = 1229 


which you will recognize as precisely the six components of Newton’s second law as in Eq.(ii). 


7.7 x (a) Newton’s second law gives the N vector equations (or 3N scalar equations) 
F,=-V.U=mi, [a=1,--:,N1. (iii) 


(b) The Lagrangian is ; 


L(ri,+°° enor? Ty) =T-U= So imate —U(ri,::: Iv) 


1 
and the 3N Lagrange equations are 


ac _ dae 
Ox - dt OL 


and so on. These are just the 3N components of the N Newtonian equations (iii). 


—0U/O0x, = M121 


7.8xx (a) L=T—-U=jpm(e? +42) — pka’. 
(b) Solving for x, and x2 in terms of X and z, we find 
=X+ie+3l and 22 =X-ja-35l. 
Differentiating these, and substituting into £, we find 
L= im[(X + 42)? + (X — $2)"] - jke” = mX? + ima? — tka’. 


2 


The two Lagrange equations are 
OL dol ; 
(=< QO = 2mxX 
X eqn AX aerr ay or m 


and 
xeqn: — =—--- or ae it ta smi. 
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(c) The X equation implies that X(t) = const = V, and hence that X (t) = Vit + Xo; 
that is, the CM moves like a free particle, which we could have anticipated, since there are 
no external forces. The x equation has the general solution z(t) = Acos(wt — 6); that is, 
the two masses oscillate in and out, relative to each other, with frequency w = ,/2k/m. 
The factor of 2k inside the square root, can be understood in several ways; for example, the 
spring is compressed (or stretched) by twice the amount that either separate mass moves. 
Thus the force on either mass is as if the spring had force constant 2k. 


7.9 x The requested equations are just the standard equations for two-dimensional polar 
coordinates, with the radius fixed at that of the hoop, r = R, namely t = Rcosd¢d, y = 
Rsin ¢ and, in the other direction, 6 = arctan(y/x) with ¢ chosen to lie in the right quadrant. 


7.10 x x=pcos¢d, y=psing, z = p/tana, and, in the other direction, p = ,/z? + y? 
(or p = ztana) and ¢ = arctan(y/z) with @¢ chosen to lie in the right quadrant. 


7.11* xcx=2,+lsind = Acos(wt) + Ising, and y = y,+/lcos¢ = Ilcos@. In the other 
direction, ¢ = arctan|(z — Acoswt)/y]. 


7.12 x If we define £ = T—U = ima? — U(x), then O£L/Ox = —OU/Ox = F and 
(d/dt)(OL/0z) = mz. Substituting into Newton’s second law F'+ Fic = mz, we find that 
OL Fe. = d OL 
On + SL fric = HOE’ 


7.13 xx The Lagrangian is £L = $mit? + ¢mot? — U(r1,1r2,t). Suppose that in the actual 
motion the two particles follow the “right” path r; = r;(t) and rg = re(t), and we’ll compare 
the action along this path with that on the “wrong” one R,(t) = ri(t) + €:(¢) and Re(t) = 
ro(t) + €2(t). The difference between the Lagrangians on these two paths is 


dL = £(Rx, Re, Ri, Re, t) ~ L(r1,¥2,%1, fo, t) 


= fmi[(ti + €1)? — t2] + jmal(te + 2)? — Fy] — [U(r + €1, 22 + €2,t) — U(ri, ra, ¢)| 


rw) M101: €1 + MoFo° Eo — €,:V1U — Eo: Vol. 


Therefore, the difference between the two action integrals is 
0S = f 6Ldt = fles-(maki + Vi) + €y°(MoF2 + V2U)|dt 


= — fle,-Fo™ + e-FS*]dt. 


(In the first: line I used integration by parts to move a time derivative from each € to the 
corresponding r, and in the second I used Newton’s second law.) The integral on the second 
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line is the work done by the constraint forces in the displacement from r, to r; + €, and 
from ry to rp + €9. Provided this displacement is consistent with the constraints, this work 
is zero. ‘hus we have proved that the action integral is stationary for any displacement of 
path consistent with the constraints. If we now introduce generalized coordinates q1,--- , dn, 
then any variation of q1,--- ,@, is consistent with the constraints. Therefore the action 
integral S = f L(q1,--+ dn, %1,°°* Qn, t)dt is stationary for any variations of q,--- ,qn, and 
the correct path must satisfy the n Euler-Lagrange equations (7.52). 


7.14 x Recalling the J = $mR? and that w = “/R, we see that the kinetic energy is 


T = smi? + $Iw? = 4ma*. Therefore, the Lagrangian is £ = $mz? + mgz, the Lagrange 


equation is mg = 3mz/2, and £ = 29/3. — 


7.15 x Since both masses have the same speed z, the total KE is T’ = s(m + m2)z?, 
whereas the PE is due to the second mass alone, U = —magz. Therefore, 


Leafs = $(my + mq)%? + moge. 


The Lagrange equation is mg = (m, + m2)#, from which it follows £ = gm2/(mi + mz). 


7.16 x Since w = v/R, the cylinder’s KE is T = $mv? + 5Iw? = 5(m+ 1/R’)a*. The PE 
is U = —mgzsina, so the Lagrangian is £ = $(m+J1/R?)z* + mgzsina and the Lagrange 
equation is mgsina = (m+J1/R?)#. Therefore % = (mgsina)/(m-+I/R’*). 


7.17 x The KE of rotation of the pulley is }Iw? = 51z?/R* since w = £/R. Therefore, the 
total KE is T = $(m, + m2 + I/R’)z’, while the PE is U = —(m, — ma)gz as before. Thus 
the Lagrangian is 

L= t(m + m+ I/R*)z* + (rm — m2)gx 


and the Lagrange equation is 
(my = m2)g = (m4 + Mg, + I/R?)z. 
That is, # = (m, — m2)g/(mi + m2 4+ I/R?*). 


7.18 x We'll use as our generalized coordinate the height x of m below the axis of the 
cylinder. The angular velocity of the cylinder is w = £/R, so the total KE is 7’ = sma” “e 
1 Tu? = $(m+I1/R*)x?, while the PE is U = —mgz. Therefore, £ = T—U = s(m+I/R*)%*+ 
mgz and the Lagrange equation is mg = (m+J/R?)#, which implies that ¢ = mg/(m+1/R’). 
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7.19 x With its mass M = 0, the presence of the wedge should be irrelevant; that. is, 
the block should fall straight down with acceleration g, pushing the massless wedge aside 
as it goes. To verify this, note that the position of the block relative to the table is r = 
(q2 + qi cos a, gq, Sina) (with axes chosen as in Figure 7.8). Therefore the acceleration is 


a= (q2+ Gi cosa, g, sina) = q; ( c eva =| cosa, sin a) (iv) 
where in the last expression I have replaced q using Equation (7.66). As M — 0, the x 
component approaches zero, as expected. To see what happens to the y component, we use 
(7.67) for g;, which, in the limit that M = 0, gives 
gsina g 


q = OS 
1—cos?a sina 


Inserting this into Eq.(iv), we find that, when M = 0, the y component of a is just g, as 
anticipated. 


7.20 x The helix satisfies p = R and z = Ad. Thus the bead’s velocity is v = (9, po, 2) = 
(0, Rd, 2) = 2(0, R/A, 1) and its KE is $mv? = $mz7(1+ R?/d?). The PE is U = mgz, 
so the Lagrangian is £ = T —U = $mz?(1 + R?/d”) — mgz. The Lagrange equation is 
—g = (1+ R?/d*)z (after canceling a factor of m), and Z = —g/(1+ R?/A*). When R > 0 
this answer reduces to Z = —g, which is correct because in this limit the helix reduces to a 
vertical frictionless wire, on which the acceleration is just g vertically down. 


7.21 x If we use two-dimensional polar coordinates, the bead’s velocity is v = (fr, ro) = 
(7,rw), where w is the fixed angular velocity with which the rod is forced to rotate. Thus 
L=T-U = mv’ = fm(r?+r?w?). (U is a constant, which we may as well take to be zero.) 
The Lagrange equation is 7 = wr, the general solution of which is r(t) = Ae’ + Be~*. If 
r(0) = 7(0) = 0, then A = B = 0 and the bead stays put; that is, r = 0 is an equilibrium 
point (though unstable, as we’ll see). If r(0) = ro £ 0, but 7(0) = 0, then A = B =1,/2 
and 
r(t) = $ro(e” +e°%") > sroe” 


as t — oo. As seen in the rotating frame of the rod, there is an ouward “centrifugal force” 
mw’r. This causes the bead to accelerate outward, and as r increases, the acceleration 
increases in proportion — hence the exponential growth of r. 


7.22 * We must first write down the Lagrangian in an inertial frame, for which the natural 
choice is a frame fixed to the earth, relative to which the elevator is accelerating upward. 
The point of support in the elevator’s ceiling has velocity V = (0,at) (if we measure x 
horizontally and y vertically up) and position (0, 5at*). The bob’s velocity relative to the 
elevator is Vre1 = (ld cos ¢, ld sin ¢). Thus its velocity relative to the ground is v = V + Vrel = 
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(ld cos b, at + Idsin ¢). The bob’s height above the ground is y = ¢at? —Icos¢. You can 
now write down the KE and PE and (after a little algebra) the Lagrangian 
L= mv" — mgy = $m (ae? + 2atldsin d +06?) — mg (Jat? — I cos). 


The Lagrange equation is 


OL dol ae 
ae ar a6 => matldcos¢—mglsind = ag im d + matl sin dp) 
= ed + matld cos ¢ + mal sin ¢. 
Making a couple of cancelations and rearranging, we arrive at the equation 1d = —(g+a) sin ¢, 


which is the equation for a normal (non-accelerating) pendulum, except that g has been 
replaced by (g + a). 


7.23 x The small cart’s KE is T = mv? = im(z +X)? = im(z¢ — Awsinut)’, and 


U = 5kx?. Thus 0£/0z = m(« — Awsinwt) and Lagrange’s equation reads 
—kxe = mz — mAw* cos wt or %+w22 = Becoswt 


where I have replaced k/m by w2 and renamed Aw? as B. 


7.24 x The Lagrangian for the Atwood machine is given by Eq.(7.54) as L = (m1 + 
mM )x? + (m1, — m2)gx. Therefore 


(generalized force) = ae (m, —™m)g & (generalized momentum) = oe = (m, + mg)z. 


Ox 


The “effective weight” is (m, — m2)g and the “effective mass” is (m + mz). 


7.25% If F = kr"f, then U(r) = — ie F(r’)-dr' = — ie kr’*dr’ = —kr"*!/(n +1) (plus a 
constant that we can choose to be zero). 


7.26 From Eq.(7.79), 2’? = w* sin?0, = w*(1—cos?6,), and, from (7.76), cos 0 = g/(w*R). 
Combining these, we find that 0! = ,/w? — g?/(wR)? as claimed. 


7.27 xx Let x be the distance from the top pulley down to the lower one and y that from 
the lower pulley to the mass 3m. Then 
L= 4m [427 + (& — 9)? + 3(a + 9)"| — mg[4a + (y — 2) -— 3(2 + y)] 
= Im(2z? + cy + y*) +2mgy. 

The z equation is 0 = 4%+4 and the y equation is g = +24, from which we find ¢ = —g/T. 
That is, the mass 4m accelerates down at g/7. _ 

If the top pulley were stationary, then the same would be true of the mass 4m. Thus 
the tension in the top string would be 4mg. This would mean that the net force on the 
system consisting of the lower pulley and its two masses would be zero, and hence that its 
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CM could not be accelerating. But with the upper string stationary, the lower string would 
behave just like a single Atwood machine and the CM of the two masses m and 3m would 
clearly accelerate down. This is a contradiction, so the top pulley has to move (and, in fact, 
accelerate). 


7.28 xx (a) Consider the equilibrium point with 0 < 6 < 90°, (b) 
labeled (a) in the picture. As seen in the rotating frame, 
the bead is subject to three forces, the normal force of 
the hoop (not shown in the picture), the force of gravity, 
F,, = mg, and the centrifugal force Fe, = mw*p, radially 
out from the axis of rotation, where p = Rsin@ is the 
distance of the bead from the axis. The bead will be 

in equilibrium if and only if the tangential component 

of the net force is zero. Since the tangential component 
of the normal force is zero, this condition is, 


Frang = —(mg) sin 0 + (mw*Rsin 6) cos 6 = m(w*Rcos@ — g) sind = 0. 


This condition is satisfied if and only if cos @ = g/w? R, which is precisely the condition (7.71). 

(b) Suppose the bead has moved a little away from the equilibrium at the top of the 
hoop, as indicated by (b) in the picture. At this position the tangential components of F,, 
and Fs. are both pulling the bead away from equilibrium. Therefore the equilibrium at the 
top is definitely unstable. | 

(c) Consider the equilibrium with 6 negative [across from (a) in the picture] and suppose 
the bead moves a little up from the equilibrium (0 more negative). This makes cos # smaller, 
and the first parenthesis on the right of Eq.(7.73) becomes negative. Since sin@ is also 
negative, § is positive, and the bead accelerates back toward equilibrium. Similarly, if the 
bead moves down from equilibrium, § becomes negative and, again, the bead accelerates 
back toward equilibrium. Therefore, the equilibrium is stable. 


7.29 xx Because the angle between the line OP and the horizontal is wt, the position of P 
is (Rcoswt, Rsinwt). Therefore the position of the pendulum’s bob is 


r = (z,y) = (Rcoswt + Isin ¢, Rsinwt — I cos @) 
and its velocity is . . 
v = (2, y) = (-wRsinwt + dl cos ¢,wRcoswt + dl sin ¢). 
Therefore the Lagrangian is 
L = hmv? — mgy = dm? R? + Bl? + wRdlsin(¢ — wt)] — mg(Rsinwt — Icos ¢) 
where I have used a couple of trig identities to combine various terms. The two derivatives 
of £L are 
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OL OL 

~— = mwkdl cos(¢ — wt) — mgl sin and = — 

ad a a 3 

and the Lagrange equation, after a couple of cancellations, is 
ld = —gsing + w” cos(¢ — wt). 


As w — 0, this becomes 16 = —gsin@, the equation for an ordinary simple pendulum. 


= m|dl? + wRisin(¢ — wt)] 


7.30 xx (a) As in Eq.(7.39) the position of the bob (relative to the ground-based frame) 
is 
r= (lsing@+ zat’, lcos#) andhence v= (ldcos¢-+ at, —ldsin¢). 


Therefore, the Lagrangian is 


C= smu" +mgy = Lm(l*¢? + 2atld cos ¢ + at”) + mgl cos ¢ 


and the two derivatives are 
OL 
Op 


The Lagrange equation is (after a couple of cancellations) 


= —matld sin@—mglsing and ai = ml? + matl cos ¢. 


ld = —gsing@ — acos¢@. 


Finally, imagine a right triangle with base g, height a, base angle @, and hypotenuse 
\/g? +a. Multiplying top and bottom of this equation by ./g? + a?, we find that 


ld = —./g? + a2 (cos Bsing + sin Bcos ¢) = —1/g? + a? sin(¢ + @). 

(b) The condition for equilibrium is that dé = 0, which implies that ¢ = —G. That is, 
in equilibrium the pendulum hangs at an angle @ = arctan(a/g) behind the vertical. If 
moves a little to the left of —G, then ¢+ ( is negative, so sin(¢ + (@) is negative, so ¢ is 
positive, and the pendulum accelerates to the right, back toward equilibrium. Similarly if 
moves a little to the right. Therefore the equilibrium is stable. 

If 6 = —B+e, (with € small) then the equation of motion becomes /é = —,/g? + a? sine © 


—,/g2 +a? «. Therefore, the frequency of small oscillations is w = \/./g? + a?/l. 


7.31 «x (a) The position and hence velocity of the mass M are 
ru =(x+Lsind,Lcosd) and vy =(ém,¥m) = (4 + Locos, ~Lésin ¢). 
Therefore the Lagrangian is 
L= 3(mu2 + Moji,) + Moy — 5k2? 


= 4(m+M)a? + 1M (L?¢° + 2&L¢cos ¢) + MgL cos ¢ — ska? 


and the two Lagrange equations are (after a little tidying up) 
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OL ddl : | 
cleat et ace hoa | : 7 Bt Ties, 
Ox dtOu (m+ M)z + MLdcos¢ — ML¢* sing = 
™ OL dOL£ 
a6 dtad Lé+cos¢ = —gsind 


(b) If @ remains small, we can write cos¢ = 1 and sing = ¢ and ignore powers of ¢ or 
db higher than second to give 


(m+ M)éi+ML¢=-kx and Ld+#%=—g¢. 


7.32 xx The position of the CM of the block (labeled C in Fig.4.14) is 
r= ay = ([r + b] sin@ + r@cos 6, |r + b] cos 6 + r sin 0). 


So its velocity is . 
VS (07) = (b cos # + résin 0, —bsin @ + ré cos 0)6. 


and v? = (b? + r26)6?. Therefore 
L = smv’ + $Iw* — mgy = m(2 (b° + 76°) + 1p?) 6? — mg\[r + b] cos 6 + rsin@). 


This simplifies a bit, and even more if we make the small angle approximation (cos@ ~ 1 
and sin@ + @), ignoring all products of more than two small quantities: 


L x 8mb*6? — img(r — b)6? + const. 


With this approximation, the Lagrange equation is 3mb?6 = —mg(r — b)6, and, provided 
r > b, the block oscillates with angular frequency w = ,/3g(r — b)/(5b2). 


7.33 xx The soap’s height above the table is y = x sin(wt), and the velocity has component 
x up the slope and xw normal to the slope. Therefore, 


2 


L= 3mv* — may = 5m(¢° + 2*w") — mgz sin(wt) 


and the Lagrange equation is 
Zi = w*x — gsin(wt). 


The homogeneous equation % = w*z has as its general solution x, = C'cosh(wt)+D sinh(wt). 

If we substitute the suggested particular solution z = Asin(wt) into the equation of motion, 

we find that the equation is satisfied if A = g/2w*. Therefore the general solution is x(t) = 

(g/2w*) sin(wt) + Ccosh(wt) + D sinh(wt). Using the initial conditions that +(0) = x, and 
<(0) = 0, we see that C = x, and D = g/2w”, so, the solution is 


a(t) = x, cosh(wt) + (g/2w*){sin(wt) — sinh(wt)]. 
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7.34 xx (a) Let the unstretched length of the spring be J and consider a short segment of 
spring a distance € from the fixed end and of length dé. Since the spring is uniform, the 
mass of this segment is Md€/I and since the spring stretches uniformly its velocity (when 
the cart has velocity z) is z€/1. Therefore the KE of this segment is 5 Ma?é*dé/1?, and the 
total KE of the whole spring is 


1 Mz? 
Ispr = = 9 2B [ede = ius 


Therefore the Lagrangian for the system of spring and cart is £ = $(m+ M/3)«? — $ka?. 


(b) The Lagrange equation is —kx = (m + M/3)z, which is the same as for the usual 
massless spring except that m, the mass of the cart, has been replaced by m+ M/3. In 
particular, the angular frequency of the oscillations is w = ,/k/(m+ M/3). 


7.35 xx Let O be the center of the hoop. The line AO is turning with angular velocity w, 
so the speed of O relative to A is vp = Rw. The line from O to the bead is turning with 
angular velocity d+w, so the speed of the bead relative to O is uy, = R(¢+w). The velocity 
of the bead relative to A is Vv = vp + Vo, and 


T = $mv? = im(ve + vg + 2vb-Vo) = imR?|(¢ +w)*? +w* + 2(¢ + w)w cos ¢| 
since ¢ is the angle between v, and v,. Because the hoop is horizontal, the potential energy 
is constant, and we may as well take it to be U = 0, so that £ = T’. The Lagrange equation 
is | 
T d0oT d_.- 8 
‘a = and or —(¢d+w)wsing = ald + w) + wcos ¢| = (¢ — dwsin @), 


where I have cancelled a common factor of mR?. The first term on the left cancels the 
second on the right, and we’re left with ¢ = —w* sind, which is exactly the equation of a 
simple pendulum with g/L replaced by w”, oscillating about the point ¢ = 0 (that is, B). 
The frequency of small oscillations is evidently just w. 


7.36 xxx (a) The kinetic energy is $m(r? + r¢*), The gravitational PE (relative to O) is 
—mgr cos ¢, and the spring PE is Le( — L,)*. Therefore 


L=T-U=im(r* + r¢”) + mgr cos ¢ — sk(r — Lo)°. 


(b) The two Lagrange equations are 


oem AS or  mrd?+mgcos¢—k(r — L,) = mi (v) 
Or dt or 

and 
OL d OL ° = d 2 i . 
ab dap OC maraing= alnr'e). i 


If you move the term mr¢? to the right side, you will recognize (v) as the r component of 
F = ma. Equation (vi) is just the equation “torque = rate of change of angular momentum.” 
Alternatively, if you divide through by r, it becomes the ¢ component of F = ma. 
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(c) The equilibrium length with the mass in place is given by k(L—L,) = mg. If we write 
r = L+e and then ignore all terms that are quadratic in € or ¢ or their derivatives, then (v) 
reduces to (the first term drops out entirely, and, in the second, cos ¢ can be replaced by 1) 


mg —ke—k(L— L,) = mé. 


The first and third terms on the left cancel exactly, and we’re left with mé = —ke. Thus, 
the mass oscillates in the radial direction with the usual spring frequency ,/k/m. When we 
substitute r = L + € in (vi), all terms involving e drop out (since they are already multiplied 
by sing or ¢) and we are left with —g¢ = Ld. Thus the mass oscillates in the ¢ direction 
with the usual pendulum frequency 4/g/L. 


7.37 xxx (a) The hanging mass is a distance L — r below the table. Thus it’s KE is $mr? 


and its PE is —mg(L —r), or just mgr, if we drop an uninteresting constant. The mass on 
the table has KE = $m(r? + r?67) and PE which is constant and we may as well take to be 
zero. ‘Thus Ba ee 
L=mr + 5mr°o° — mgr. 


(b) The two Lagrange equations are 


ccomemmence ee eee — — 2 

7, a Oy or mro- — mg mr 
™ L d OL d 

O os ee 2 y 

ad sae? ad or 0O= ay mr p). 


The ¢ equation says simply that the angular momentum ¢ = mr2d is constant. 


(c) Clearly ¢ = 2/mr?, and the r equation can be rewritten as 
2 


£ 7 
2mr = —z — mg. (vii) 
mr 


The length r can remain constant if and only if # = 0. This requires that 0?/mr? = mg. 
(This condition says that the centripetal force needed to keep the upper mass in a circular 
path must equal the tension needed to hold the lower mass at a fixed height.) Therefore, 
To = [2/(m?g)}”? 


(d) Ifr =r. +e, then (vii) becomes 


C oe ra as e? € 
ae m(ro + €)% oe mr3 ( i «| a mr? ie ? 
where, to get the final expression, I used the binomial approximation. The first and last terms 
in the final expression cancel, and we are left with 2mé = —3(¢?/mr¢')e, which implies that 


e oscillates sinusoidally with frequency ,/3/2¢/mr2. In particular, since the displacement «€ 
oscillates, the equilibrium at r = r, is stable. 
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7.38 xxx (a) In spherical polar coordinates, the angle @ is fixed at 6 = a, so the KE is just 
T = im(?? +r? sin?a ¢?). Since the PE is U = mgz = mgr cosa, 


L=im(r* +r’ sin’a ¢") — mgr cosa 


(b) Since £ does not depend on ¢, the ¢ equation says simply that 0L/ A¢ = mr? sin?a db 
is constant. ‘That is, 2, is conserved. 

The r equation is | 22 

mi =mrsin?ad? —mgcosa or = pe Cea (viii) 
mr? sin’a 

where, in the second version, I have canceled an m and replaced ¢ by @,/(mr? sin?a). If £, = 
Q, the particle simply slides in the radial direction with the well-known acceleration g cos a. 
(Remember a is the angle of the incline with the vertical.) The condition that the particle can 
remain in a horizontal circle is that 7 = 0 and hence that r = ro = [€2/(mgsin?a cos a)|/3. 


(c) If we write r = r, + €, Eq.(viii) becomes 


~3 
ts € C € —30? 
a ae eee ie 1+— —- gCOSa & ie ee ee 1 — 3— — GCOS = —7 7-9 € 
mér 3 sin*a To mr? sin’a Ts mr 3 sin*a 
where the first and last terms in the penultimate expression cancel because ry, is the equi- 


librium radius. This is the equation of simple harmonic oscillations, so the circular path is 
stable and the particle oscillates about this path with frequency w = /3¢,/(mr2). 


7.39 xxx (a) The particle’s velocity has spherical polar components 
v = (r,7r0,rsin6 ¢) (ix) 
Therefore 


L=sm (7? +776? +r? sin?6 #*) — U(r) 


(b) The r, 0, and ¢ equations are 


mr = mr (6? + sin? *) — OU /Or (x) 
- (mr?6} = mr’ sin 6 cos 6 ¢” (xi) 
< (mr? sin’0 6) = 0) (xii) 


The first term on the right of the r equation (x) can be recognized as mu, /r, where vig is 
the tangential velocity |obtained from (ix) by dropping the first component]. This is just the 
centrifugal force Fc, so the radial equation is just mr = Fis + F,. 

The term in parentheses in the ¢ equation (xii) can be recognized as ¢,. Therefore the ¢ 
equation states simply that @, is constant, as expected. 

The term in parentheses in the 6 equation (xi) can be recognized as £4. (To see this, just 
evaluate £= mr x v in polar coordinates.) Thus the @ equation gives the rate of change of 
£4. This result is surprising at first, since we know that the vector @ is constant. However, 
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as the particle moves, the vector changes; thus, £4 is the component of a fixed vector in a 
variable direction and does in fact change, as in (xi). 

(c) If initially 0 = 7/2 and § = 0, then the @ equation (xi) shows that the product mr26 
remains constant. ‘Thus @ remains equal to zero and @ remains equal to 7/2. That is, the 
motion remains in the equatorial plane 6 = 7/2, consistent with our knowledge that the 
motion is confined to a plane. 

(d) If initially b = 0, then the ¢ equation (xii) shows that the product mr? sin?0 
remains zero. ‘Thus ¢ remains zero and @ is constant. Therefore, the motion is confined to 
the longitudinal plane ¢ = @¢p. 


7.40 xxx (a) The bob’s velocity is v = (0, RO, Rdsin#) and its height below the support 
is z = Rcosé. Therefore | . 
L=T-—U=imR’(& + ¢*sin*d) + mgR cos 6 


The 6 and ¢ equations are (after a little tidying) 
Rd? sin 6 cos 6 — gsiné = R6 and mR?dsin26 = const. 


(b) The ¢ equation tells us that the z component of angular momentum, @, = mR?¢sin?6, 
is constant. 


(c) If ¢ is constant, the 0 equation reduces to —gsin@ = R6, which is the equation for 
a simple pendulum. That is, in this case, the pendulum swings in a single vertical plane, 
@ = do, just like a simple pendulum. | 


(d) If we replace ¢ by £,/(mR? sin?6), the 6 equation becomes 


= Ratna — gsin 8, (xiii) 
sin’@ 

where k denotes the positive constant k = 02/m*R°. Now @ can remain constant if and only 
if 6 = 0, which requires that 6 satisfy kcos@ = gsin*@. This equation can only be satisfied if 
0<60<7/2. (If 7/2 <0 <7, the left side is negative while the right is positive.) If we vary 
6 from 0 to 7/2, the left side decreases steadily from k to 0 while the right side increases 
steadily from 0 to g. Therefore there is exactly one value 6 = 6, at which the angle @ can 
remain constant. In this motion the string of the pendulum traces out a vertical cone of half 
angle 0,. 

(e) We can rewrite the 6 equation (xiii) as RO = f(0), where f(0) = k(cos6/sin*@) — 
gsin@. Now, at the “equilibrium” value 6 = 0, we know that f(0,) is zero. Thus if @ is 
close to the equilibrium value, 0 = 6, + €, we can write Ré = f'(0,)e, and by differentiating 
you can check that f’(@) is the sum of three terms, all negative in the range 0 < 0 < 7/2. 
Therefore the equation of motion has the form € = (negative constant)e, and 9 executes 
simple harmonic motion about 0,. The motion of the bob is uniform motion in a horzontal 
circle with a superposed small sinusoidal motion in the 6 direction. 
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7.41 xxx The potential energy is just U = mgz = mgkp?. The kinetic energy is 
T= Lmy? = bmp" 4 (od)? +2) = Lin (p + pw + Ak? p?f?) | 
Therefore the Lagrangian is 
L=T-U = 5m(6* + p°w? + 4k?p"p”) — mgkp’, 
and the equation of motion is (after a little algebra) 
(1 + 4k*p*) 6 + 8k? pp” = (w? — 2gk)p. (xiv) 


A position p, is an equilibrium point if placing the bead at p, with p = 0 ensures that 
p = 0 (guaranteeing that remains zero and p constant). According to Eq.(xiv) this will be 
true if and only if 


(w* — 2gk)p = 0. (xv) 


This can be satisfied in two ways: First the system is in equilibrium if p = 0, that is, if the 
bead is exactly at the bottom of the wire. To decide whether this equilibrium is stable, we 
have only to imagine pulling the bead a small distance to one side. With p and p very small 
Kq.(xiv) implies that 


pw (w* — 2gk)p. 


If w* < 2gk, the term in parentheses is negative, and the bead accelerates back to the bottom, 
so the equilibrium is stable. If w? > 2gk, the term in parentheses is positive, and the bead 
accelerates away from the bottom, so the equilibrium is unstable. 

If w? = 2gk, the condition (xv) is satisfied for any value of p. That is, with w = ./2gk, 
the bead will be in equilibrium anywhere on the wire. To investigate the stability of this 
equilibrium, we imagine giving the bead a small nudge. From Eq.(xiv), with the right side 
equal to zero, we see that f is always negative for any positive p. Thus if we nudge the bead 
outward, its negative acceleration will slow it down, though not actually stop it. If we nudge 
it inward it will actually speed up. Either way it will not return to its original position. 


7.42 xxx With g = R= 1 and uw” = 2, the equilibrium angle is 6, = arccos(g/w’R) = 
60°. The frequency of the approximate (small-angle) solution is Q' = ,/w? —(g/wR)? = 
4/3/2. The left picture (overleaf) shows the oscillations when the bead is released at 0, = 
61°; the exact motion (thick, gray curve) and the approximation (thin, black curve) are 
indistinguishable at this scale. In the right picture, the bead was released at 0, = 70°; the 
approximation is still remarkably good, but the two can be told apart — for example, the 
exact curve is a bit unsymmetrical, with maxima at 70° (10° above center), but minima at 
about 49° (a little more than 11° below). 
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@ (deg) 


7.43 xxx (a) L=3(M + m)R?¢? — M gR(1 — cos ¢) + mgR¢, and the equation of motion 
is 


(M + m)R¢é = —Mgsind + mg. (xvi) 


Equilibrium positions require that db = 0 or sind = m/M. Provided m < M, this has two 
solutions, ¢ = arcsin(m/M), one with 0 < ¢ < 7/2 and one with 7/2 < ¢ < 7. If the wheel 
turns a little away from the first of these, it is easy to see from (xvi) that it accelerates back 
and the equilibrium is stable. In the same way, you can see that the second is unstable. 


(b) 


(b) The stable equilibrium is the minimum at 
about 7/6; the unstable is the maximum at 
about 57/6. Notice that there is actually a whole 
sequence of equilibriums, spaced at intervals of 27 
(that is, differing by one or more complete 
revolutions). 

(c) Based on the left-hand plot of U(¢) 
against ~, it is clear that when released from ¢ = 0, the mass M will swing out to an angle a 
bit bigger than 7/2, swing back to ¢ = 0, and continue to oscillate indefinitely, as confirmed 
by the right-hand picture of #(t) against t. 


U@) - p(t) 
m=0.7 7/2 
n/2 Xt ¢ 
t 
5 10 15 20 


(d) With m = 0.8, the maximum in U(@) just beyond ¢ = 7/2 is not high enough to 
stop the wheel, which continues to roll indefinitely. You can see in the right-hand picture 
that, by the time ¢t = 20, it has made about 8 complete revolutions. (Note the very different 
vertical scale. ) 
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7.44 xxx (a) In the left figure, which shows the range 0 < t < 20, the pendulum is clearly 
oscillating pretty much sinusoidally and with a period of about 6 — certainly close to its 
natural period of 27. 


(b) In the right figure, which shows the range 0 < t < 100, you can see that the amplitude 
is itself oscillating slightly with a period of about 60 — close to the period of the wheel. 


p 


oh fof fh “THM a 
: AAT TTT 


7.45 xx (a) If you look at the definition (7.95) of A;,, you will see that Aj, differs from 
A;,; only in the order of the two terms in the scalar product. Since the scalar product is 
commutative, these two expressions are equal. 


(b) If we consider first the case of just two variables, the sum in question is 
5 = S- Ajj Uk = Av? + AjoV1 U2 + Aoi U2V1 + Agoue 
ik = Ayv? -+- 2Aj9V1V2 + Angus? 


where, in the second line, I used the fact that Ajy = Ag. Differentiating with respect to v1, 
we find that 0S/Ov, = 2Ay10; + 2Aj202 = D; A,,;v;, which is the claimed result for 7 = 1. 
The case 1 = 2 works in the same way. 

If there are n variables, then, before differentiating with respect to v;, it helps to separate 
out the terms that depend on v; from those that do not: 


5 = S- AjKUjUk = Ayu,” 4 2 A;,U;Uz + s- A,;,v;v; + terms not involving v; 


ik ki ifi 
= Ayu? +2 S- A,;u;v; + terms not involving v4. 
j#i 


Here, in passing to the second line, I replaced the dummy index k by j in the sum Edis 
and used the fact that Aj; = A;; in the sum )/,_,. Differentiating with respect to v; we find 
that 
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OS 
ie = 2A;,u; +2 » Ai = 2 d Ajj; . 
JF 


7.46 xx (a) A rotation through angle € about the z axis changes the coordinates of particle 
a thus: (Ta, 9a; ba) > (Ta, 9a, da +€). Therefore, the invariance of £ when the whole system 
undergoes this rotation means that 


L(ri,91,¢1 + €,°°° ,Tv, On, On + €) = L£(r1,91, b1, °°: TN, ON, ON): 


By the definition of partial derivatives, the difference between the two sides of this equation 
1S 


difference = S- ae =0 => ae 5 ~ = 0. (xvii) 


(b) Lagrange’s equations tell us that OL/0¢. = (d/dt) (acy Oba) = dey, /dt. (Recall that 
OL/O¢ba = faz, the z component of the angular momentum of particle a.) Therefore the 
result (xvii) implies that (d/dt) >> @., = 0; that is, the z component of the total angular 
momentum is constant, DL, = 5° la, = const. 


7.47 xxx (a) The KE is T = $0, marZ and, because ry = ra(q), it follows that rt. = 
— ees Therefore 


dr, dr dr, dr 
' ) eee ne Ve A(q) = es '—— > 0 
PED ta at Dag ae whee: Mala 2 ta 
Because L = T — U = 5 A(q)q? — U(q), the two derivatives of £L are 


SHAE -U(Q) and F= = AC 
and the Lagrange equation is (after a little algebra) A(q)g = —U'(q) — $A’(q)@’ 

(b) If q is an equilibrium point and if the system is placed at q with q = 0, then the 
system stays put, so g = 0. By the Lagrange equation this implies that U’(q,) must be 0. 
Conversely, if U'(q.) = 0, then when the system is placed at q. with q = 0, gq = 0 and the 
system stays put. 

(c) Suppose that gq. is stable and the system is placed at rest close to q at q. + € with 
€ > 0. Because gq, is stable, the system accelerates back toward q,, so g must be negative. 
Inspecting the Lagrange equation, we see that U’ must be positive, which implies that U is 
at a minimum at q,. Running the argument backward, we see that if U is minimum, then 
the equiibrium is stable. 

(d) In Problem 7.30, the relation between the position r of the pendulum and the gener- 
alized coordinate ¢ is time-dependent. The PE is minimum at ¢ = 0, whereas the equilibrium 
occurs at 6 = —G £0. 
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7.48 xx If F = F(q,--- , dn), then dF/dt = >), q,0F/0q;. Therefore, if L’ = £L + dF /dt, 
its derivatives of L’ are 


Og Oa; " Od; dt Oq; ys 8q,04; qj (xviii) 
and 
OL’ _ OL, OdF OL | OF 
SO 
dali ddl ddF_ da eR | 
dt 0G; dba: di Oa, ~~ dt 04; » onda,Y (xix) 


If you compare the two equations (xviii) and (xix), you will see that the two last terms are 
identical. Thus if £ satisfies Lagrange’s equation, so does L’, and vice versa. 


7.49 xx (a) IfA=$Bxr=4(Byz— B.y, Bt — Byz, Bry — Byx), then 
(V x A), = O,A, — O,A, = By. 


(Remember that B is uniform and constant.) Since the y and z components work the same 
way, we conclude that B = V x A. In polar coordinates, B = Bz and r = pp + 22, so 


; A=3Bxr= Bz x (pp+ 2%) = 1 Bod 
since ZX p= @. 
(b) Since there is no electric field, V = 0, and since tr = pp + poo + 2%, 
f= smi +qr-A = sm(p* + po + 27) + 10Bp"¢. 
The three Lagrange equations are 


d . i 
mp = mpd” + qBpd, ai (mp6 + 1qBp") =0, and mz=0. 


(c) In any case, the solution of the z equation is z = 2) + Uzot; that is, the particle moves 
uniformly in the direction of B. If o = constant, the p equation reduces to m¢ + qBd = 0. 
Therefore, either ¢ = 0 (in which case the particle moves straight along a field line) or 
¢ = -—qB /m. In this second case, the particle moves clockwise around the z axis (assuming 
q is positive) at the same time it moves in the z direction with constant velocity; this results 
in the helical motion described in Section 2.7, with angular velocity equal to the cyclotron 
freqency w = qB/m. 


7.50 x The constraint equation is 
f(z,y) =z+y = const. 


The Lagrangian is £ = $m,” + ¢moy” + magy, and the two modified Lagrange equations 
are 


OL df _ aac 
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and 

aL af _ dae ee 

Dy.” Dy On —=—> —— MQ FA= MY. 
These three equations are easily solved for the three unknowns, 7, #j, and 4, to give jy = —z = 
gm2/(m, + mz), and A = —gmym2/(m1 + m2). The constraint force on m2 (for example) 
is FS" = Of /Oy = —gm m2/(m, + m2), where the minus sign is because the tension in 
the string acts upward on m2, whereas we’re measuring y downward. If we wrote down the 
constraint equation and Newton’s second law for the two masses, we would get the same 
three equations (with » replaced by minus the tension), so we would naturally get the same 
solutions. 


7.51 x L(x,y) = $m(a? + y*) + mgy. 
(a) With the constraint f(z,y) = fz? +y? =I, the two modified Lagrange equations 


are 


A= = mé and mg +> = 


If F* denotes the tension in the rod, the two Newtonian equations are: 


my. 


—F*sing = —F* = = mi and mg — F* cos = mg — F*> = mij. (xx) 


Comparing corresponding equations we see that \ = —F*. Perhaps more important, (7.122) 
is satisfied for both x and y components: 


Of _ co _ pte: _ pt 
ee F’ sing = F, 


and likewise for the y component. 
(b) If instead we use the constraint equation f(r, y) = z* + y* = I’, the two modified 
Lagrange equations are 
N2r=mi and mg+X2y=my. 


Comparing with the two Newtonian equations (xx), we find that in this case \’ = —F*/2l, 
but again (7.122) is satisfied: 


GOD RG Recs _ pt 
NG = (22) = — Gy (2h cos ¢) = Fe 


and likewise for the y component. 


7.52 x As the string unwinds, it is clear that x = Rd, so the constraint equation is 
f=x-R¢=0. (xxi) 
1 


The Lagrangian is £ = 3mz? + si ¢? + mgz and the two modified Lagrange equations are 


OL of dec 


Of da _— . 
a On on (oxi) 


and 
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OL ie f  addol 
Op Ob dt dad 
Solving these three equations we find that 4 = gm/(m+1I/R?) and ¢ = #/R. If you 
write down Newton’s second law as applied to the mass and the wheel, you should get two 
equations with exactly the form of Eqs.(xxii) and Eqs.(xxiii) except that A is replaced by 
—fF*, (minus the tension in the string). Naturally these give the same answer for Z and 
d. The simplest way to identify A is to compare the Lagrange equation (xxii) with the 
Newtonian equation to give A = —F". Since the constraint function is f = x — Rd, we see 
that AOf/Ox = —F", as it should. On the other hand, AOf/0¢ = F'R, which is the torque 
on the wheel, as one might have anticipated. 


— 0-AR=I¢. (xxiii) 


Chapter 8 


‘T'wo-Body Central-Force Problems 


I covered this chapter in 3 fifty-minute lectures. 


This relatively short chapter offers a fairly standard treatment of the two-body problem, 
introducing the concepts of relative motion and reduced mass and proving Kepler’s first and 
third laws. (The second was covered in Chapter 3.) I tried to emphasize how — as with most 
problems — both Newton and Lagrange can both add insights. I want our students to see 
that it’s good to have both approaches ready to use at any time. I also tried to make clear 
the wonderful simplifications that are possible with this problem: How the 6-dimensional 
problem reduces to 3 dimensions when one separates out the relative motion, then to 2 when 
one invokes conservation of angular momentum, and finally 1 with the introduction of the 
effective potential energy that governs the radial motion. The final and optional Section 8.8 
is an elementary introduction to the complicated business of changing between orbits. 


Solutions to Problems for Chapter 8 


8.1 * You can regard Eqs.(8.4) and (8.7) as two simultaneous equations to be solved for 
r, and rg. If you multiply (8.4) by m2/M and add to (8.7), this gives r) = R+ (me/M)r. 
Similarly, if you multiply (8.4) by m,/M and subtract from (8.7), this gives rp = R — 
(m,/M)r. If you differentiate these results with respect to t, the required expression for 1’ 
follows exactly as in (8.10). 


8.2 xx (a) The Lagrangian is £ = T'— U or 


L= sm ry + SMoty — lmigz1 + MogZq + U(r)| 


= (AMR? - MgZ| + [3ut? - U()] = Lem + Lee 
where I have chosen rectangular coordinates with z measured vertically up and Z is the z 
coordinate of the CM position, Z = (mj ,z, + mo2z2)/M. 
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(b) The Lagrange equations for the three components of R are 
MX=0, MY=0, MZ=-g, 


so the CM moves just like a projectile of mass M. The Lagrange equations for the relative 
coordinates are 
ut = —V, U(r) 


where V, denotes the gradient with respect to the relative coordinates. This last equation is 
precisely Newton’s second law for the motion of a single particle of mass jy, position r, and 
potential energy U(r). 


8.3 xx The motion is obviously confined to a vertical line, so we can treat it as a one- 
dimensional problem with coordinates y; and y2. measured vertically up from the table. The 
Lagrangian is £ = 1 MY? — MgY + iy? — 4k(y — L)?, where M and yp are the total and 
reduced masses, and Y and y are the CM and relative positions. The two Lagrange equations 
are 


Y=-g and py =—k(y-L), 
with solutions Y = Y, + Yot — dgt? (where Y, = Lmi/M and Y, = umi/M) and y = 
L+ Asinwt (where w = ,/k/u and A= v,/w). That is, the CM moves up then down like a 


body in free fall, while the relative position oscillates in SHM. Using Eq.(8.9), we can find 
the individual positions 


My ™MVo. m4 ™ Vo .. 
y= L+ Vie ze sgt" le hide snwt and y= Vimeo = sgt" = Vigo 
8.4 x ‘The x equation is 
aL dol OU 


dn dtoz = ——tCé«ts(‘( 


with corresponding equations for y and z. These are precisely Newton’s second law, F = pr, 
for a single particle of mass pz and position r = (x,y, z), subject to the force F = —VU. 


8.5 x Because £= 5M R? + Spr? — U(r), we find pp = O£L/0z = px. Combining this with 
the corresponding results for the y and z components, we find p = pr. 


Since r = r; — ro, the last result implies that 


M1M2 ,. ; 1 
= ——__*_(f, — fy) = ————-(mMap1 — m 
ee fi 2) ee a 2P1 1P2) 
This last result is true in any frame, but in the CM frame, pz = —pi, so the result becomes 


p =p). In the CM frame, the relative momentum is the same as py. 
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8.6 * Inthe CM frame, with the origin fixed at the CM, we know that p) = —p, and that 
rp = —(m/m2)r;. Therefore 
M 
L=r, X pi +r X po = 1+ )r, PO = 
and £; = (mo/M)L. Similary with 2. ° ° 


8.7 xx (a) Newton’s second law in the form ma = F, with a equal to the centripetal 
acceleration (magnitude wr), implies that myw?r = Gm ,mz./r?. Substituting w = 20 /T 
and _— for the period 7, we find 7 = 2mr?/?/,/Gmy. (Note how the mass m, cancels 
out. | 

(b) The equation of motion, ui = F, for the relative motion (with pz equal to the reduced 
mass m,m2/M) implies that uw?r = Gm mz2/r?. This is the same as before, except that the 
mass on the left is now the reduced mass p instead of m;. This no longer cancels the factor 
my, on the right, so the final answer contains m,mz2/ instead of m2: 


Qnr3/2 Onr3/2 
See ee ae | 
/Gmim2/u VGM ) 
If m2 >> m,, then M * mz and (i) approaches the answer of part (a). 
(c) If m, = mg, then M = 2mzy, and the period (i) is 1/./2 times that in part (a), or, for 
the case at hand, 0.71 years. 


T 


8.8 xx The Lagrangian is £L = 5M R? + 5 oa — Skr?. The Lagrange equation for R is 


R = 0, so the CM moves with constant velocity. The equation for r is ur = —kr, which 
implies that the relative position moves like a three-dimensional isotropic oscillator with 
angular frequency w = ,/k/w. 


8.9 xx (a) L= jm(ty +ty) - Lie( Irs 03 L) 
= 1 MR? + Buk? —Lk(r — L)? 
= 1M(X?+Y") + du? + 17d?) — pk(r — L)? 
(b) The equations are M X =0and MY =O, with solutions R = R, + R,t. That is, 
the CM moves like a free particle. 


(c) The r and ¢ equations are 
i= urge —k(r—L) and urd = const. 
If r = const, the ¢ equation tells us that ¢ = const = w, say, and the r equation becomes 
k(r — L) = rw”, which says that the spring force supplies the centripetal acceleration rw. 
The two particles circle each other at fixed radius. 
If ¢ is constant, the r equation becomes pr = —k(r — L), which implies that r = 
L + Acos(wt — 6), where w = /k/p = \/2k/m;. The arrangement doesn’t rotate, but 


undergoes radial oscillations with angular frequency 1/2k /my. 
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8.10 xx (a) The KE is given by (8.12), and the PE is just U, + Uz + Uig. Using (8.9) you 
can check that 


U =U, + U2 + Uy. = $k(rf +17) + gakr? = kR? + dk(a+ sr. 


(In deriving the last expression, remember that m, = m, so that r, and ro are just R+r/2. 


Also, M = 2m, and the reduced mass is 4p = $m .) Therefore 
£L=4MR? + dpi? — kR? — tk(a + 3)? 
where r? = x” + y?, and so on. 
(b) There are four Lagrange equations. That for the CM coordinate X reads 
OL ddOLl ; 
— = ——— —2kX =MX 
aX dtax 


with exactly the same equation for Y. Thus both components of the CM position oscillate 
with the same frequency ,/2k/M, and the CM moves around an elliptical path, as described 
in Section 5.3. 

The equation for the relative coordinate x reads 


= or —k(a+ $)¢ = pe 


with exactly the same equation for y. Therefore both components of the relative position r 


oscillate with the same frequency ,/k(a + ;)/p, and r also moves around an ellipse. 


8.11 ** From the Lagrangian £ = MR? + ipt? — Lkr? we find the equation of motion 
ur = —kr. Therefore 
x= Acoswut+ Bsinwt and y=Ccoswt+ Dsinut. 


From these there follows 
Cr — Ay=(BC-—DA)sinwt and Dxz— By=-—(BC — DA) cosut. 
Squaring both of these and adding, we find that ax? + 2bry + cy* = k, where 
a=C?+D*?, b=-(CA+DB), and c=A?+B? 


and k = (BC — DA)? > 0. We are promised that this equation defines an ellipse provided a 
and ¢ are positive (which they certainly are) and ac > b’. So let us examine the quantity 


ac — b? = (C? + D’)(A? + B?) —-(CA+ DB) = (BC — DA)* > 0. (ii) 


Therefore r moves around an ellipse. In the CM frame, r; = (m2/M)r and rg = —(m,/M)r, 
so both particles move around similar ellipses at opposite ends of a line through the CM. [In 
Eq.(ii), ac — b? can actually be zero. In this case, the ellipse collapses to a straight line.| 
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8.12 xx (a) According to Eq.(8.29), wi = —dU.g/dr. Therefore, the planet can orbit at 
a fixed radius if and only if dU.g/dr = 0. Since Usg = —y/r + €7/2ur?, it follows that 
Weg /dr = y/r? — €/ur?, which is zero when r = rp = £2/yp. 
(b) The “equilibrium” radius r, is stable if and only if Ueg is minimum at r,; that is, its 
second derivative must be positive. This derivative is 
d? User _ —2 i 302 = Y 
dr? T=To : re prt T=To 7 r : 


O 


where, in the second equality, I used the result of part (a) to write 22 = yur,. Since this 
second derivative is positive, the equilibrium is stable. Near the minimum, the effective 
PE has the approximate form U.g * const + $(y/r2)(r — ro). Substituting this into the 
equation of motion, we get yi’ = —dU.g/dr = —(y/rZ)(r —1o), which shows that r oscillates 
about ro with angular frequency wos. = 1/7/pur2, which is exactly the same as the angular 
velocity of the planet in its circular orbit. (To see this, set the centripetal acceleration w?r 


equal to Fyray/m.) Therefore, the period of oscillation is equal to the orbital period. 


8.13 xxx (a) Since U = $kr? and Uce = £?/2pr?, 
2 
Gag =U Up = Sk? + 
shown as the thick, gray curve. 


(b) We know from (8.29) that 
ur = —U,_(r) (where the prime denotes 
differentiation with respect to r). Thus 
r can remain constant if and only if this 
derivative is zero. ‘That is, 
id 
Use (To) ae kro aa r3 = 0 


Therefore the “equilibrium” radius is rp = (€°/kp) 


2ur2 ’ 


1/4, 
(c) The Taylor expansion of U(r) about r, gives 
User) = Use (ro) + Use (ro)(7 — ro) + 3ULH(To)(7 — To)” 


if I ignore terms higher than quadratic. The first term on the right is constant, the second 
is zero [by part (b)], and the derivative in the third is easily evaluated as Ujg(ro) = 4k. If 
we write r—r, = €, then the equation of motion (8.29) becomes pe = —4ke, and e€ oscillates 
about zero with angular frequency w = ./4k/. 


8.14 *«* (a) If U = kr”, the force is F = —dU/dr = —knr"~*. That kn > 0 means simply 
that the force is attractive (inward, toward the origin). 

(b) An orbit of fixed radius r, occurs if the derivative of Ueg is zero at r = ro. The 
relevant functions are 
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Ver n=-—-1 


r 


Ver 4 
; 2 


val £ Y 
Use = kr + apa? Ule = knr™?* — 


2 f? 

—, and of = Kn(n — 1)r™~* + 8—. 
ur 

The derivative vanishes at radius r, = (€2/pukn)/("+?), The corresponding circular orbit is 
stable if the second derivative is positive at r= r,. As you can check, after a little algebra, 

U(To) = (n+ 2)é2/ur3. Therefore the circular orbit is stable ifn > —2. This agrees 
with the graphs where you can see that U.g has a minimum for n = 2 and n = —1, but a 
maximum for n = —3. 


(c) When r =r, + €, with € small, the effective PE is approximately 


1 2)? 
Uer(r) = const + $Ue¢(r0)e” = const + pote 


and, provided n > 2, the equation of motion, wé = —U%,, implies radial oscillations of angular 
frequency Wose = Jn + 2 C/ur2 = /n4+ 2 w, where w = ¢/ur? is the angular velocity of the 
circular orbit. That is, Tose = T/n + 2, as claimed. 

If n+ 2 is rational, /n +2 = p/q where p and q are integers, then after a time t = 
DTosc = QT both the orbital motion and the radial oscillations will be back where they started; 
that is, the whole motion will be about to repeat itself. In the pictures, the dashed circles 
show the circular orbits and the solid curves the motion with small radial oscillations. 


8.15 x Equation (8.54) (which is exact) states that 7? = ka®, where k = 4n*/y. Because 
pu = M,m,/(M, + m,) and y = GM,mp, the “constant” k is exactly k = 41°/G(M, + mp). 
Thus k has its minimum value for Jupiter, knin = 4%?/G(M, + m;), while the maximum 
value (for a planet of zero mass) is kmax = 41*/GM,. The fractional difference is 


Kaos Kain _ ™j ae My; 


= —!/_ x —! = 107? = 0.1%. 
Ke iase Msg =P mM Ms, ” 


(fractional difference) = 
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8.16 xx Multiplying both sides of the given equation by (1+ cos 0) gives r+ ex = c (since 
rcos@ = x) or r = c— ex. Squaring both sides, setting r2 = x? + y*, and rearranging, we 
find (1 —*)x* + 2cex+y? = c*. If we divide both sides by (1 —”) and define d = ce/(1 —€?) 
this gives y? a 


2 
x? + 2d ae 
( ik De ak ae 


) 


Next we can add d? to both sides to “complete the square” on the left, to give 


2 2 2 2 2 
POS gt a Corer) 7 ca =" 
if we define a = c/(1 — €*). Finally, dividing through by a?, we arrive at 
(2 + d)’ y? (x+d)* y’ 
a eee ae 


where in the second expression I have introduced the definition b = a1 — e2. Collecting 
our definitions of a, b, and d, we see that 
6 


C 
= b= 
i Le2" NY Aer 


and d= ae 


exactly as in (8.52). 


8.17 xx (a) IfG=r-p, then dG/dt=t-p+p-r=mv’+F-r. If we integrate this from 0 
to t, we get G(t) — G(0) = Ler + F-r)dt, or, dividing both sides by t, 
G(t) — G(0 
= = 2(T) + (F-r). (iii) 

(b) If the motion is periodic and if K denotes the maximum value of |G| during any one 
cycle, then the numerator of the left side of this relation can never exceed 2K. Therefore, 
as we let t — oo, the left side approaches zero. 

(c) If U = kr”, then F = —VU = nkr”“'f, so F-r = nkr” = nU. Inserting this 
in Eq.(iii) and letting t - oo, we find 0 = 2(T) + (nU), if we now understand the two 
angle brackets () to denote the long-term average of whatever is between them. Therefore, 
(T) = —n{U)/2. 


8.18 xx We are given the satellite’s height hmin = 250 km and speed Umax = 8500 m/s 
at, perigee. The distance from the earth’s center is then rmin = Re + Amin = 6690 km. For 
any known satellite, we can certainly ignore the difference between the mass m and the 
reduced mass pp & m. Thus the angular momentum is = MUmaxTmin and the parameter 
c of Eq.(8.48) is c = 2/yu = (UmaxTmin)’?/GMe. (Recall that y = GM.m.) Putting in the 
given numbers, we get c = 7960 km. The rest is easy: From Eq.(8.50), Tmin = ¢/(1 + E), 
so € = (C—Tmn)/Tmin = 0.197. Similarly, from Eq.(8.50) Tmax = ¢/(1 — €) = 9910 km, so 
Rae = Tmax — Ae = 3510 km. 
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8.19 xx We are given the satellite’s heights hpi, = 300 km at perigee and hmax = 3000 
km at apogee. The corresponding distances from the earth’s center are Tmin = Re + Tmin 
and Tmax = Re +Tmax- We know from (8.50) that rnin = c/(1 +) and rmax = c/(1 — 6), 
from which it follows that € = (Tmax — Tmin)/(Tmax + min) = 0.17. From this we can find 
c= (14 €)rmin = 7824 km. This is the distance from the earth’s center when the satellite 
crosses the y axis, so the corresponding height is h = c — R. © 1400 km. 


8.20 xx From Eq.(8.48), c = ¢°/yyu. Therefore, as 2 > 0, the length c — 0. From (8.50), 
Tmax = C/(1 —€), so, if we want to keep rmax fixed, € must approach 1. That is, the ellipse 
becomes long and thin, like a cigar. Also from (8.50), rmin = c/(1+.€) — 0, so the perihelion 
gets very close to the sun, as shown. Because 2a = Tpin + Tmax, In the limit a > rya;/2. 


8.21 xxx (b) For the narrow elliptical orbit, with £2 — 0 but & # 0, we’ve seen that 
@ =Tmax/2. Thus, by Kepler’s third law, (8.55), Ti¢+0) = T(Tmax)°?!?/ 2G Mg. 

(c) With £ = 0, the problem is one-dimensional. When the comet is a distance r 
from the sun, its energy is smu" —  y/r = E = —7y/Tmax, Where, as usual y = GM,m. 
Therefore, as it falls toward the sun (segment 1 in the figure) its radial velocity is v, = 


—/2GM,,/1/r — 1/rmax. (The minus sign is because it is moving inward.) The time to fall 


from Tmax to the center of the sun is 


= ; 0 dr 1 Tmax dr 7 Ce 
drmax Ur V2GMS Jo SI —1/tmax = 2V2GM5 


(To do the integral, make the sustitution r/Tmax = u-) 


1 
@ 
4 e 3 

(d) When the comet passes the center of the sun it heads straight out the other side 
(segment 2 in the picture) and moves out to the same distance Tmax. Next it falls back to 
the center (segment 3), and finally it passes through and moves back to its starting point 
(segment 4). The time to do all this is 4 times the time ¢ of part (c), so the period is 
T(t=0) = 2 (Tmax)?! /»/2GMs. 

(e) The period 7p) is twice as long as T(¢40). This is because if the comet has £ small 
but nonzero, then when it reaches the sun it swings around the sun and effectively jumps 
from segment 1 to segment 4. If it has @ exactly zero, it doesn’t know which side to swing 
around and it effectively doubles its journey by going straight through and out on segments 
2 and 3. 
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8.22 «xx (a) If F=k/r°’, then U = k/2r?, and the effective potential energy is 
ek +e?/m 

amr? 2r2 

ort Vert 


Uee = U + 


k > —£2/m 
k < -f2/m 


r 


If k > —£°/m, the effective PE is positive (left picture) and the particle can come in from 
afar but must eventually move out to infinity. If k < —é*/m, the effective PE is negative 
(right picture); if E > 0 the particle can come in from afar and then move out again, but if 
i <0 it is trapped in a bounded orbit. 


(b) The transformed equation reads wu” = —(1+km/é?)u. If k > —€?/m, the number 
in parentheses is positive (call it x”) and the general solution is u(¢) = Acos(K¢é — 6). By 
conservation of angular momentum, the angle ¢ always changes in one direction (always 
increasing or always decreasing). Therefore, the factor cos(«¢ — 6) must eventually vanish, 
so that u — 0 and hence r —+ oo; that is, the particle eventually moves off to infinity, as 
predicted. 

Ifk < —£°/m, the transformed equation has the form u” = Au, with the general solution 
u(d) = Ae*? + Be’. This solution may or may not vanish, depending on the values of A 
and B. If it vanishes, then r moves off to infinity at some value of ¢. (In this case E' > 0.) 
If u(¢) remains bounded away from zero (u > u, for some u, > 0), then r remains bounded 
and the particle stays within some rpax at all times. (This is the case that EF < 0.) 


8.23 xxx (a) & (b) Since F = —ku? + Au?®, the transformed radial equation is 

u'(¢) = -u- 4 = —u + n= Put = —3?(u—K), 
where for the third equality I have defined G = ,/1+m4A/@ and, for the fourth, K = 
mk/(£3)?. The general solution is u = K + Acos(G¢ — 6), but by redefining the direction 
o = 0 we can make 6 = 0. If we define « = A/K, then u = K(1+ cos @¢) and we can write 
r=1/u=c/(1+e€cos@¢), where c= 1/K = €6?/mk. 

The denominator of r is periodic in @ with period 27/@ < 27; if 0 < € < 1, the denom- 
inator never vanishes, so r oscillates between minimum and maximum values, starting out 
at a minimum when ¢ = 0. Thus, the particle “tries” to follow an ellipse, but r returns to 
its minimum before @ has made a complete revolution. 

(c) If G is a rational number, @ = p/q (where p and q are integers), then the orbit will 
close after gq revolutions. If @ is irrational, the orbit will never close. If A — 0, then G — 1 
and the orbit becomes a Kepler ellipse. 
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8.24 xxx With A <0 and &? < —Am, the transformed equation for u = 1/r can be written 
as 


pa (2 


with the general solution u(¢) = —K + Ae*® + Be-*"®. It is easy to see that this function 
can vanish no more than twice. Thus there are really just two cases to consider: (Remember 
that, because angular momentum is conserved, ¢@ always increases or always decreases. To 
be definite, let’s assume ¢ always increases. Remember also that by definition r and u = 1/r 
are positive. ) | 

(1) In the range ¢yo) < ¢ < 00, the function u(¢) never vanishes, so that u(¢) > Umin > 
0. In this case r < rmax; that is, r is bounded. As ¢ — oo, the function u(¢) approaches 
Ae*® which approaches infinity. That is, 7 > 0 and the particle eventually spirals in toward 
the origin. (As you can check, A cannot be zero in this case.) 

(2) In the range ¢uz0) < ¢ < oo, the function u vanishes at least once, and the first 
time it does so is at ¢ = ¢, (where ¢, may be infinity). In this case, as 6 > ¢o, u(¢) 
decreases toward 0 and r = 1/u increases toward infinity; that is, the particle spirals out 
toward r = oo. 


u!(¢) = & = 7 pe Se) 


8.25 xxx (a) The effective potential energy Uzg(r) is 


e? 2k 1 2 
Ug =U + U = — - eS eS - 
: a 2mr2 Br3/2 Ar? 3B r3/2 
where the last expression results from the choice of units with m = @= k = 1. This function 
is plotted in the left picture below. The derivative is U‘,(r) = —r~3+r—*/?, and this vanishes 


at r= 1. That is, the effective PE is minimum at r, = 1 as indicated. 


(b) You can see from the left picture that if # = —0.1, the inner turning point is at 
about fmin = 0.7. If we use this as a starting value for any equation-solving program (such 
as Mathematica’s FindRoot), we find that this root of the equation U(r) = —0.1 is actually 
Tmin = 0.6671. 


(c) The transformed radial equation (8.41) reads u” = —u+ul/?, with the initial condi- 


tions u(0) = 1/rmin and u’(0) = 0. This has to be solved numerically and produces the orbit 
shown on the right. Obviously this orbit has not closed after 3.5 revolutions, and we can see 
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that it won’t close for a very long time: If you look closely, you can see that r has returned 
tO Tmin at about 0 = 2.97 (actually 2.89897 to 5 significant figures). Clearly, therefore, it 
cannot return tO rmin at an integer multiple of 27 for at least 20,000 revolutions. (In fact, it 
never does, but this is harder to prove.) 


8.26 xxx We have seen that Kepler’s second law (“equal areas in equal times” ) is equivalent 
to conservation of angular momentum, which in turn implies that the force is central. Since 
the force is central and conservative, the variable u = 1/r satisfies the “transformed radial 
equation” (8.41), which we can rewrite as 


F = —[u"(¢) + u(g)|€u(¢)"/u. 


Next, Kepler’s first law states that the path of any body orbiting the sun is an ellipse with 
the sun at one focus, and we have seen that the equation for such an ellipse has the form 
(8.49), namely, u(¢) = (1 + ecos¢)/c, where € and c are positive constants for any given 
ellipse. When this form is substituted into the transformed radial equation, we find that 


pe ape AC) 


CU ‘i 
Finally, because the force is conservative, it cannot depend on the angular momentum of the 
body, and the constant c must be proportional to £?, and we’re left with F = —y/r? where 


y 1s a positive constant. 


8.27 xxx We are given the initial speed and radius, v, and ro, and the angle a between 
v, and the line from the comet to the sun. (And we know G and the sun’s mass M.) If 
we denote the comet’s unknown mass by m, then, in terms of m and the givens, we can 
calculate the following: 

T,= smug and U,=—-GMm/r. 


(@) 
and hence 


E=T,+U,, £=vrosina, and c= f?/(GMm’). 


e=./1+ 2E2/(G2M?m) US 

and since r = c/|1 + ecos(¢ — 6) Y | aX x 
6 = arccos|(c/T, — 1)/el. 

If you look carefully, you’ll see that the unknown mass m 

cancels from the three parameters c, €, and 6. (So, in 

practice, we may as well set m = 1.) Thus we can 

find the numerical values of these parameters, and we’ve 

got the orbit. With the given numbers, we get 

c= 887x110 m, ¢€=0.753, and 6 =1.72. 


The figure shows distances in units of 10‘! m. 


From Eq.(8.58), 
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8.28 x For any Kepler orbit we can write r = c/(1 + ecos¢), where c = ¢?/yp. For a 
circular orbit, «= 0 and r =c. For a parabolic orbit, ¢ = 1 and rmin = c/(1 + €) = c/2. 


8.29 xx When the mass of the sun is suddenly halved, the earth’s PE is immediately halved, 
U= 5Up. On the other hand, the KE is unchanged, T = T,. Therefore, the total energy 
becomes fF = T4+U =T,+ 5U, = (0, because Ti, = —U, in a circular orbit (virial theorem). 
Since the final orbit has & = 0, it is a parabola, and the earth would eventually escape from 
the sun. 


8.30 xx If we multiply both sides of Eq.(8.49), r = c/(1 + ecos¢) by (1 + €cos¢@), replace 
rcos¢@ by z, and rearrange, we find that r = c — ex. Squaring both sides gives x? + y? = 
c’ — 2cexz + €*x?. We now have two cases to consider. (a) If ¢ = 1, the terms in x? cancel and 
we're left with y* = c* — 2cz, a parabola. (b) If « > 1, we find (e? — 1)x? — 2cex — y? = —c?. 
Completing the square for x gives (€* — 1)(a — 6)? — y? = —c* + e?c?/(e? — 1) = c?/(e — 1). 
Finally, multiplying both sides by (ce? — 1)/c?, we get | 


_ §)2 2 
(2 cw where a=>— and 6~= c 


al? | 
which is the equation of a hyperbola. 


8.31 «« If we write F, = y/r? (with y positive), the EH = T+U =T+7/r, which is never 
negative. The transformed radial equation (8.41) reads u” = —u—-yp/?. [Compare (8.45).| 
This has the solution 
oe C 

amr oo 
where c = @?/yy > 0 and ¢ is a positive constant. (In general the cosine has the form 
cos(¢@ — 6), but by redefining the zero of ¢ we can make 6 = 0.] Before showing that this is 
a hyperbola, we need to note that, as you can easily check, ¢ is related to EF as in (8.57), 
FE = (77 /26*)(e* — 1). Since E > 0, it follows that 
«> 1. Ife =1, it is easy to check that (iv) defines a 
parabola. If « > 1, then multiply (iv) by ecos¢ — 1 to 
give ex — r =c, which becomes (after some algebra) 


(c—d)* yy? 
at OP 
where a = c/(e? — 1), b= ave? — 1, and d=ae. This 
is the equation of a hyperbola, as in the sketch, which 


shows the path of the relative position r = (z, y), that 
is, the orbit of particle 1 as seen from particle 2. 


a 
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8.32 x For a circular orbit the centripetal acceleration is v*/r and is supplied by the 
gravitational force F = y/r?. Thus, by the second law, mv?/r = y/r?, whence v = \/y/(mr). 


8.33 xx The boost here occurs at P’ which is the apogee, so the continuity of the orbit 
implies that c)/(1 — €2) = c3/(1 — €3) = c3, since €3 = 0. If the boost factor at P’ is X’, then 
3; = ly, which implies that c3 = cy. Combining these two results, we get \’? = 1/(1—e2). 
But we already know that ¢. = A? — 1, and that A? = 2R3/(R, + Ra). Combining these, we 
conclude that \” = 1/(2 — A*) = (Ri + R3)/2R1, as claimed. 


8.34 xx If we use the notation of Example 8.6, R; = 1 AU and R3; = 30 AU. Therefore 
the semi-major axis of the transfer orbit is ag = (R, + R3)/2 = 15.5 AU and the period of 
the transfer orbit is T2 = Te(a2/ae)?/* = Te(15.5)?/*. The time for the transfer is half of this 
period, namely $72 = $7,(15.5)°/* = 30.5 years. 


8.35 x«« The simplest way to do this problem is to imagine Example 8.6 run backwards and 
to invert the thrust factors found there. nes first thrust comes at the point P’ of Figure 8.13, 


and its thrust factor is [compare (8.74)] ’ = /2R,/(Ri + Rs) = 2/5 = 0.63, where Rz 


denotes the larger radius and R, the co. as in Figure 8.13. Similarly, the ae. thrust 


comes at P and its thrust factor is icomoare (8.73)| \ = ./(Ri + R3)/2R3 = /5/8 = 0.79. 


The speed changes during the transfer orbit, and, by conservation of angular momentum, 
v(at P) = v(at P’ = /R,. Therefore 


Ry + in Rg 
= : in — =2 in 
Uiiectss ~ VOR, a V+ oe i Re Te ne oe 


Chapter 9 


Mechanics in Noninertial Frames 


I covered this chapter in 4.5 fifty-minute lectures. 


In this chapter you will probably have to struggle with a prejudice your students have 
learned in their introductory physics course. For good reason, most teachers of freshman 
physics push the view that “fictitious” or “inertial” forces — most especially centrifugal 
forces —- are an abomination to be avoided by all right-thinking physicists. It’s easy to see 
where this view came from: Most students struggling for the first time with Newton’s laws 
get hopelessly confused by the centrifugal force, which is almost certainly best left out of the 
introductory syllabus. Nevertheless, non-inertial frames are a fact of life, and we now have 
to persuade our students that it really is alright (and often desirable) to work in noninertial 
frames and live with the accompanying “fictitious” forces. 

Section 9.1 introduces the inertial force -mA experienced by a mass m in a frame accel- 
erating (relative to an inertial frame) with linear acceleration A, and Section 9.2 describes 
the theory of tides based on this force. 

The remainder of the chapter is about the centrifugal and Coriolis forces associated 
with rotating frames —- of which the most important example is the earth itself. Section 
9.3 introduces the angular velocity vector. Section 9.4 treats the tricky relation between 
time derivatives of a given vector with respect to two frames in relative rotation, and 9.5 
establishes the equation of motion of a particle, as seen from a rotating frame, including 
the centrifugal and Coriolis forces. (If you don’t care for the tricky analysis of Section 9.4, 
note that Problem 9.11 gives an alternative derivation of the equation of motion using the 
Lagrangian formalism.) Sections 9.6 and 9.7 discuss the centrifugal and Coriolis forces one at 
a time, then 9.8 and 9.9 discuss their effects on a projectile and on the Foucault pendulum. 
Finally, Section 9.10 relates the centrifugal and Coriolis forces encountered in rotating frames 
to the centripetal and Coriolis accelerations encountered if you use polar coordinates in a 
nonrotating frame. 

There are a few good demonstrations possible with this chapter. If your students do 
Problem 9.14, about the parabolic shape of the surface of water in a spinning bucket, they’ll 
enjoy a demonstration of this neat effect. Half fill a large beaker with water and start it 
spinning on a turntable. If you keep it spinning and wait patiently, it will form a beautiful 
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parabola, which they can easily see if you let them crowd around your table. Tell them this 
is how large parabolic mirrors used to be made from molten glass. 


Solutions to Problems for Chapter 9 


9.1 * The bob of a pendulum at rest in an inertial frame is subject to two forces, the 
tension T in the string and the force of gravity mg. Therefore, in equilibrium T + mg = 0 
or T = —mg; that is, the tension force must be vertically up. Since the direction of the 
tension force in a string is always the direction of the string, the string must point vertically 
up from the bob. That is, the pendulum must hang vertically down. 

We know that a pendulum in a car that is accelerating forward can be treated in the 
same way, provided we replace g with ge¢ = g — A, which points down and backward. By 
the same argument, this means the string must point up and forward from the bob, and the 
pendulum as a whole tilts backward. 

With a pendulum it is legitimate to ignore the buoyant force F; of the air on the bob. 
With a helium balloon it is certainly not, since F, is actually greater than the weight. Thus 
the condition for equilibrium of a helium balloon in a non-accelerating car is 

T = —(mg + Fy). (i) 
The direction of Fi, is opposite to the pressure gradient, which is in the direction of g. (Fy 
pushes toward lower pressures.) Thus Fy is vertically upward and greater in magnitude than 
mg. Therefore the right side of Eq.(i) is downward, and the tension must be pulling down 
on the balloon. That is, the balloon floats vertically upward. 

If the car is accelerating forward we have only to replace g in (i) with geg, which points 
down and back. Now the buoyant force is opposite to ge, so F, points up and forward. 
Since F,, is greater in magnitude than mg, Eq.(i) implies that T must point down and back, 
which means the balloon has to be floating up and forward. The direction of the string is 
that of geg, so the angle of tilt is arctan(A/g). 


9.2 x (a) As seen by inertial observers outside the station, the (square) astronaut has a 
centripetal acceleration A = w*R which is supplied by the normal force N. 


astronauts 
frame 


inertial 
frame 

(b) As seen by the crew inside the station, the astronaut 1s at rest under the action of 
two forces, the normal force N and the inertial force —-mA. ‘To simulate normal gravity, we 


must have A =w2R=g orw = 1/g/R=0.5 rad/s = 4.8 rpm. 


CHAPTER 9. MECHANICS IN NONINERTIAL FRAMES 131 


(c) The apparent gravity gapp = w’R is proportional to R. Thus if we decrease R from 
40 m to 38 m, the fractional change in gapp iS dgapp/Japp = 0R/R = —5%. 


9.3xx (a) Referring to Fig.9.3, we see that, as suggested, the distance d is d= d, — R, = 
do(1 — R./d,) at the point P, and clearly d= d, = %. Therefore, by Eq.(9.12) 
GMym 1 
F.iq = ———— | —-—————; - 1]. i] 
ee (a = Re/do)? . " 
Obviously this has the direction of —X as claimed. If we use the binomial approximation to 
write (1 — R./d.)~? © 14+ 2R./do, this gives 
GMnrmRe, , ” 
Fa —2— x. (iii) 
Since the gravitational force of the earth has magnitude mg = GM,m/R/2, their ratio is 


Fa .Mm (Re \* 7.35 x 1022 /6.37 x 108\° i 
—=2 — | =2x ——— x | ——— ]] = 1.1 x 10. 
mg M. \ do 5.98 x 1024 3.84 x 108 

(b) At the point R of Fig.9.4,d=d,+ R.. Therefore Fiig is given by Eq.(ii) except that 
the denominator has a plus sign instead of a minus. Clearly Fyiq is now in the direction of 
+. If we make the binomial approximation, then we get the same answer as in (iii) except 
that the minus sign has become a plus. That is, the tidal force at R is equal and opposite 


to that at P. 


9.4xx If we put the mass m of Fig.9.3 at the point Q of Fig.9.4, then d? = d?+R2. Thus 
Eq.(9.12) for the tidal force becomes 


d d, —GM,,.m d 
Fiia = —GMmm € as 3) re d3 ( ae (R./do)?|3/2 = a, 
Next we write d = d,+R.¥ and use the binomial approximation to replace {1+ (R./d.)?|~?/" 
by 1—3(R./d.)*. This leaves five terms inside the large parentheses, of which the two largest 
(both linear in d,) exactly cancel. The next largest term is R,y and the remaining two terms 
are smaller by a factor of order R./d, or less. Therefore, to an excellent approximation, 
Fiiq = —GMymR.¥/d3 at Q. This points in the direction shown in Fig.9.4. Comparing 
with the gravitational force mg = GM.m/R2, we find Fiig/mg = 0.56 x 107", which is half 
its value at P. 


9.5 xx At the point P,d=d,—R, and z= —R,. Theretore 


1 Re 
Usia — —GMnm € ae z =a —GM,,m ( 


d* d2 d,-R, d2 
—  GMnm 1 Re)  GMnm (1+ 45) 
~ ds \1-R/do d&) d2 


where in the last equality I used the binomial series to write (1 —¢«)7' » 1+¢€+ e?, 
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9.6 xxx Just as in (9.14), the requirement that the ocean’s surface be an equipotential 
implies that 


Ueg(T) — UVeg(Q) = Usia(Q) — Uria(T), (iv) 
and the left hand side is just mgh(@). The term Uijq(T’) on the right is given by (9.13) 
| ae 
Usia(T) = —GM.m € + a) (v) 


where we must find the values of x and d 
for the point T’. Obviously z = R, cos 8, 
but d requires more care. By the law of 
cosines, d* = d? + 2d,R.cos0+ RZ. 
Thus 


— — — — cos ; 
d  ,/d2+2d,R.cos80+R2 do do d? 


Since Re < d,, we can approximate the term in parenthesis using the binomial series, 
(1+e)-/? =1-—4¢+43e?+.---. Although we need to keep the term ¢’, we can drop from it 
anything higher than (R./d,)*, so we find 


1 1 1 (Re R2\ 3 Re ; 
a a. 1-3 (2B oma Be) +3 (2% ome) | 
1 Re 1R2 ; 
= [P- Gome + FG oer — 0} " 


When this is substituted into (v) the term which is linear in cos @ exactly cancels the second 
term on the right of (v) leaving 


Uria(T) = 


GMnm Lae j 
ca i ere (3 cos 6-1). 
The value of Utiq(Q) is found by putting 6 = 7/2 (and hence cos@ = 0), and the difference 
on the right of (iv) is 
83GMymR?Z 


Uiia(Q) — Utia(T) = 95g cos"0. 


Since the left side of (iv) is mgh(@), we conclude that h(@) = h. cos*@, where 
3GM,mR2  3M,RE 


Looting OMCs 


since g = GM./R2. | 

The height h(@) = h, cos?6 is zero at the point Q where @ = 7/2 — as it had to be, since 
it was defined as the height measured up from sea level at Q. It is positive for all other 
values of 6 and symmetrical about @ = 7/2, rising to a maximum at @ = 0 and a. This 
produces the oval shape shown in the picture. 
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9.7 x (a) If the vector Q is fixed in the frame S, then (dQ/ dt); = = 0. Thus the relation 


(9.30) 
dQ\ (dQ 
a (F),+9*a 
reduces to 
dQ 7 
(FP). Q) x Q. 


This is just the “useful relation” (9.22) for the rate of change, as seen in S, of a vector Q 
fixed in a body rotating with angular velocity Q. 


(b) If Q is fixed in S,, then (dQ/dt)s, = 0, and the relation (9.30) reduces to 


dQ\ _ 
(F),= “exe 


Again this is just the “useful relation” (9.22), except that Q is fixed in S, and the angular 
velocity of S, relative to S is —Q. 


9.8 * F .or is 
west 
vertically up 


ZELO 


For a person moving 

(a) south near the north pole 
(b) east on the equator 

(c) south on the equator 


south (and a little up) 
vertically up 
vertically up 


9.9% Fo = 2mv x QL“ = 2mv,{) cos @ due east, and 


Foor  2u,Qtcos@ — 2 x (1000 m/s) x (7.3 x 107° rad/s) x (cos 40°) 


= = 0.0114. 
mg g 9.8 m/s 


9.10 xx From Eq.(9.31) to (9.32) the derivation is exactly the same whether {2 varies 
or not. If 9 varies, then the first time derivative on the right of (9.32) picks up an 
extra term involving 9. Specifically, in place of (9.33) we now have (d’r/dt*)s, = # + 
20 xr+Q~x (Qx xr) + Q x r. If we multiply both sides by m, the left side becomes F, the 
net “real” force, and we get the equation of motion mf = F + 2mr x 04+ m(Q xr) xX N+ 


mr x Q. 


9.11 xxx (a) The KE evaluated i in the inertial frame S, is T = -mv2 = gm(v + Q xr)’, 


so the Lagrangian is L = 4m(t +02 xr)? —-U. 


(b) The derivatives of c are as follows: 
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OL O OU 
oe =mr+Q x r)-a (0 xT)— 7 
OU 
=mr+Q -(0,2,, -—Q,) - — 
(Tar x r) ( ’ y) Ox 

OU 

= r+ Q|, -—. 
m{(t+Q x xr) x Q Aa 


We can combine this with the two corresponding y and z equations, into a single vector 
equation 


OL 
Rp mE XK A+ m(Q x x) xOQ+F 
Similarly 
d OL : , 
dt OF = m(¥ +O x t) 


So the three Lagrange equations are mf = F + 2m(t x 1) + m(Q x r) x O, in agreement 
with Eq.(9.34). 


9.12 (a) All the rules of statics (including those concerned with total torques being zero) 
are derivable from the requirement that the net force F on every particle of the system must 
be zero, F = 0. If we wish a structure to remain static in a rotating frame, then we must 
use the equation of motion (9.34) for each particle in the rotating frame. Since all of the 
particles are to be stationary (in the rotating frame), this reduces to 0 = F+F. This 
leads to all of the usual conditions except that where we usually use the net force F we must 
include the centrifugal force and use F + Fg. 


(b) For the puck on the rotating horizontal turntable, there are four forces, its weight 
mg, the normal force N of the table, the force of friction f, and the centrifugal force. If the 
puck is not to move on the table these must sum to zero, mg+N+f+F, = 0. The two 
vertical forces must balance, so N = mg, and the two horizontal forces must also balance, 
so Fup = mO0?r = f < uN = wmg. Therefore r < pg/?. 


9.13 x The radial and tangential components of g are given by (9.45) and (9.47) as 
Grad = Jo -OPRsinO&g eg and  Gtang = 1’RsinOcosd = $0’ Rsin(20) 


where I use “radial” to mean the direction of the center of the earth. From Figure 9.11, we 
see that Q2R 


tee 
Grad 2g 


sin(26). 


Thus |a| is minimum at the poles and the equator, where it is zero, and maximum at latitude 
45°, where it is Q?R/2g = 0.1° as in (9.48). 
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9.14 xx In the rotating frame of the bucket, the water is in equil- Zz 
ibrium and its surface is an equipotential surface for the 0 
combined gravitational force (PE = mgz) and centrifugal fo) 
force (force = m*p and hence PE = —m0?p/2). Therefore, 
the surface is given by mgz — mQ?p*/2 = const, or 

Q2 ,? 


Z= + const, 
2g 


which is a parabola, as claimed. 


9.15 xx At the equator, we know that g = g, —°R, but we are told this is Ag,. Therefore 
?R = (1 — A)go. Now, according to (9.44), at colatitude 0, 


g(0) = —g f+ 0’ Rsin 06 = —g,[# + (A — 1) sin 66] = —g,[cos 2% + Asin 4] 
since f = cos 6% + sin6f. Therefore, g(@) = Vcos26 + A? sin’0. 


9.16 x With axes fixed on the rotating rod as shown, the bead stays on the x axis and its 
velocity is v = 2X. The three forces on the bead are the 

normal force N = NY, the centrifugal force 

Fup = mQ*% rR, and the Coriolis force 

Foor = —2mzy. The two components of the 
equation of motion are m% = Fys = mN?z and 
N = For. The solution is x(t) = Ae™ + Be~™, 
The centrifugal force drives the bead out along 
the rod. The normal and Coriolis forces just 
balance out. 


9.17 *« As seen in a frame rotating with the hoop, there are five forces on the bead. The 
first three, all of which act in the plane of the hoop, are the bead’s weight mg, the centrifugal 
force Fo, = mw*Rsin 6p, and the normal force N W 

(actually the component of the normal force in the 
plane of the hoop). The other two are the Coriolis 
force F.., and the component of the normal force 
normal to the hoop (neither of which is shown in 
the picture). Since these last two both act normal 
to the hoop, they cancel one another and need not 
concern us further. The bead can move only in the 
tangential direction, and its equation of motion is 
MQatang = Fiang Or, 
mR6 = Fs cos@ — mgsin@ = (mw*Rsin @) cos 0 — mgsin 8, 


whence 6 = (w* cos @ — g/R)sin@, in agreement with Eq.(7.69). 
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If the bead is in equilibrium, the tangential components of the centrifugal force and the 
weight must balance. That is, F-¢ cos 0+mg sin @, or cos0—g/(w*R), since Fer = mw Rsin 0. 
This is the same as Eq.(7.71). 


9.18 xx As seen in a frame rotating with the system, there are four forces on the mass: its 
weight —mgy, the centrifugal force mN*rx%, the normal force N of the confining plane, and 
the Coriolis force F.o,. The last two both act in the z direction (normal to the confining plane) 
and must cancel each other, because there is no motion in this direction. The equations of 
motion in the remaining two directions are y = —g with solution y = yo + Vyot — ; gt”, and 
% = 0x with solution z = Ae™ + Be. The vertical motion is the same as that of a 
body in free fall. Except in the special case that A = 0, the x motion may be inward or 
outward initially, but eventually the particle moves outward at an exponentially increasing 
rate, caused by the centrifugal force. In the case that A = 0, the particle moves inward, 
slowing down because of the centrifugal force, and approaches the y axis as t > oo. 


9.19 xx (a) As seen by a ground-based observer, the puck has initial velocity QA in the 
tangential direction. Since it is subject to zero net force, it travels in a straight line at 
constant speed (left picture). As seen from the merry-go- 

round, the puck is subject to the two 

inertial forces (centrifugal and Coriolis). 

It is initially at rest, so the Coriolis force is 

initially zero, and the puck is accelerated 

outward by the centrifugal force. As it 

speeds up, the Coriolis force becomes 


increasingly important and the puck View from ground from merry-go-round 
curves to the right, spiralling outward. 


(b) As seen from the ground, the puck is initially at rest. Since it is subject to zero net 
force, it remains at rest indefinitely. This means that, as seen from the merry-go-round, the 
puck describes a clockwise circle with 
angular velocity 2 and speed QR. This is 
quite a subtle result in the rotating frame. 
The centrifugal force is mQ?R outward, 
and the Coriolis force is 2m? R inward; 
thus the net force is m0’ R inward (as 
seen by observers on the merry-go-round), 
and this is just the required centripetal View from ground from merry-go-round 
force to hold it in the circular orbit! 


stationary 


\ *° 


Q, 
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9.20 xx (a) The net “real” force is zero, so we have to consider only the centrifugal and 
Coriolis forces. Therefore 
mit = Fee + Foor = M(Q x vr) xX OQ + 2Zn*e x O. 


Given that r = (z,y,0) and 2 = (0,0,w), the various vector products are easily found, and 
the equation of motion becomes 
= 0° (x,y, 0) + 20(y, +2, 0) 
or, in terms of components, 
#=O?rx+2Qy and y= Oy— 202. 
(b) If we multiply the equation for y by i and add it to that for Z, we find (with 7 = x+iy) 

f= 0? — 21077. (vii) 
If we guess that there could be a solution of the form 7 = e~*“ and substitute into this 
equation, we find that this guess zs a solution if and only if a satisfies the auxiliary equation 

—a’? = 1? — 20a 


or (a — 2)? = 0. This has just the one solution a = (2, and gives us one solution of the 
equation of motion, namely, 7 = e~*. As in Section 5.4, the second solution is just ¢ times 
the first; that is, as you can easily check, te~*™ satisfies the equation of motion (vii), and 


the general solution is | 
n(t) = eG, a Ct). 
(c) The given initial conditions imply that 7(0) = 2, and 77(0) = Ugo + tUyo, while from 
part (b) we see that 7(0) = C; and 7(0) = Cy —iQC\. This gives two equations for C, and 
Cy, which are easily solved to give 


n(t) = e [ag + Ugot + 4(Vyo + N2o)E]. 


Taking real and imaginary parts, we obtain x(t) and y(t) exactly as in Equation (9.72). 


(d) If we exclude the exceptional case mentioned, then for ¢ sufficiently large we can 
neglect the terms that do not contain a factor of t that j is, the first term on the right in each 
line of (9.72)]. In this case (9.72) becomes 


a(t) =t(B,cosNt+ BosinOt) and = y(t) =t(—By sin Qt + Bp cost) 


with By = Ugo and By = Vy + Zo. If we define A = \/B? +B? as in (5.10), then these 
become, as in (5.11), 

a(t) =tAcos(Nt—6) and y(t) = —tAsin(Nt — 4). 
Without the factor of t, this point would move clockwise 
round a circle of radius A. The factor of t makes this circle 
grow at a constant rate, and the puck actually describes 
an expanding spiral, as shown. Remember that this is the 
behavior for large t; when t is small, the terms I have 


y 


x< 
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neglected can produce a quite different behavior, as in Problem 9.24. Nevertheless, the 
motion eventually approaches the simple spiral shown. 


9.21 xx Suppose that the puck comes instantaneously to 
rest at a time t,. As the puck comes to rest, the Coriolis 
force becomes less and less important, and the 

centrifugal force is what actually stops it. Since the 
centrifugal force is radially outward, the puck can only 
stop when it is headed inward, toward the axis of 

rotation O. Once it has stopped, the centrifugal force 
accelerates it radially outward again, and the orbit has the cusp shape shown. This is what 
happens in Problem 9.24(d). 


9.22 xx Let S, be the inertial frame in which the charge q orbits Q in a weak magnetic 
field B. In this frame the equation of motion is 


x kqQ. [de\ — . 
m (a). =——3t +q (a). xB (viii) 


where the first term on the right is the Coulomb attraction of @ and the second is the 
magnetic force gv x B. Let us now move to a frame S rotating with angular velocity Q 
relative to S,. We can rewrite the two derivatives of Eq.(viili) in terms of the corresponding 
derivatives in S, as in Section 9.5. (I’ll call these latter derivatives ¢ and r as before.) In S 
Eq.(viii) becomes 


mi — Im x 2— m(Qx 2) x A= — Me + (+A) XB. 
T 


If we choose the angular velocity so that Q = —qB/(2m), then the terms involving r on 
either side cancel exactly. The terms involving double cross products don’t quite cancel, and 
we're left with 


k 2 
mt =—“M_T op xr) x B. 
If the B field is sufficiently weak, we can drop the second term on the right, and we’re 
left with the equation for a body orbiting in an inverse square force (the Kepler problem). 
Therefore, in the rotating frame S the charge q moves in an ellipse (or hyperbola), and in 
the original frame S, (relative to which S is rotating slowly), the elliptical orbit precesses 


slowly. 


9.23 xx Let S, be the original inertial frame and choose the plane in which the motion 
occurs to be the z,y, plane. Now consider a frame S with the same origin and z axis as S, 
and with S rotating about the z axis with angular velocity Q. For any object confined to 
the xy plane, the centrifugal force is mN’r and the equation of motion (in frame S) is 
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m¥ = —kr + Fee + Foor = (—k + mQ?)r + 2mr x OD. 


If we choose 2. = ,/k/m (the natural frequency of the mass on the spring), the centrifugal 
term exactly cancels the spring term and we’re left with m# = 2mr x QQ, which is exactly 
the equation for a charge gq = 2m in a uniform magnetic field B = 2. In Section 2.7, we 
saw that the general solution has the form x + iy = ce~*”“ + d, where c and d are any two 
complex constants and w = qB/m = 2. [See the equation between (2.79) and (2.80). 

To translate this back to frame S,, notice that since S is rotating counterclockwise with 
angular velocity 0, the complex coordinates satisfy x, + iyo = (x + iy)e™"*. Therefore 


Lo + iyo = (ce + dye = ce~™ + de® = acos Nt + bsin Nt 


where a and b are two other complex constants. ‘Taking real and imaginary parts we conclude 
that 
to =AcosQt+ BsinQt and y=CcosNt+ Dsin Nt 


where A, B,C, D are four arbitrary real constants. This is the same solution as was found 
in the solution to Problem 8.11, and is an ellipse for the reasons given there. 


9.24 xxx In (a) you can see clearly that the puck starts out at the right place (1,0) and 


(A) Vo = (0,1) (b) Vo = (0,0) (C) Vo = (0,—1) 


(d) Vo = (—0.5,—0.5) (€) Vo = (-0.7,-0. 7) (f) Vo = (0,-0.1) 


2 


in the right direction (0,1). It curves to the right and spirals outward. Cases (b) and (c) 
are the two cases of Problem 9.19. In (d) the puck appears to come to rest, as you can see 
more clearly in the enlargement below. As it slows down, the Coriolis force becomes less and 
less important, and it is the centrifugal force that actually stops it. Since the centrifugal 
force is always outward, the puck can only stop when it is headed inward, toward the axis of 
rotation. In (e) the puck makes a little loop-the-loop. In the unenlarged version of (f), it is 
hard to tell that it starts out headed the right way. In the enlargement, we see that it does. 
Because it is going so slowly, the centrifugal force dominates and the puck actually curves 
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to the left at first. In every case, except (c), the puck eventually approaches an outward, 
clockwise spiral, as found in Problem 9.20. 


1.01 


1.02 


0.5 
(d) enlarged 


(f) enlarged 


9.25 x At the south pole the centrifugal force is zero and the Coriolis force is horizontal 
and to the left of the train, with magnitude F,., = 2mvQ. There are three forces on the 
mass at the end of the plumb line: F,o,, the tension T in the line, 
and mass’s weight mg. (See the picture, which shows the 

plumb line as seen from the rear of the train. The train’s 

velocity is into the page and the (0 is vertically down.) 

The condition for equilibrium is 


For + T + mg = 0. 


For the plumb line in the stationary hut, Fo, = 0, so 
T = —mg and the line hangs vertically. On the train 
the angle with the vertical satisfies tana = Fyo,/mg 
= 2v0/g, and the angle between the two lines is 

a = arctan(2vQ/g) = 0.13° with the line on the train 
hanging toward the left. 


Foor 


9.26 xx The equations of motion are given by (9.53). To zeroth order in 2 these reduce to 


r=0, y=0, and z=~4g, 
with the familiar solutions 
C= Ue Veavgl. ead. 26> Sgt’. 
If you substitute these into those terms of (9.53) that already contain a factor of M (and 
hence are only small corrections), you will find the equations 


Z = 2Q(vy. cos 0 — Vz. Sin #) + 20gt sin 0 
Y = —2Qvz. cos 0 
Z= —g+ 20v,, sin 0. 


These three equations can be integrated twice to give precisely the requested equations (9.73). 
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9.27 xx (a) The dominant effect as the object falls is that it acquires an increasing velocity 
vertically downward. Therefore the Coriolis force 2mv x Q (with Q pointing due north) 
points due east.The left picture shows the experiment as seen by someone standing north of 
the equator and looking south. 


East 
<—_—— 


O, 


(a) View from earth (b) View from space 


(b). As seen from space, the earth and the ladder on which the object initially rests are 
both rotating with angular velocity o = 2 toward the east. When the object is released its 
angular momentum £ = mr’*@ must remain constant. Thus, as r gets smaller (slightly), db 
gets bigger, and the object moves slightly ahead of the ladder from which it was released. 
Therefore the object lands slightly to the east of the ladder’s new position. 


9.28 «x (a) If we ignore 2 entirely and set vy. = 0, Eqs.(9.73) become z = vgot, y = 0, 
and z = vz. — 5gt?. Thus the time of flight (time until z = 0 again) is t = 2u,,/g and the 
range R (value of x at landing) is R = 2vg0Uz0/g = 2u2 cos(a) sin(a)/g. If v. = 500 m/s and 
a = 20°, these become t = 34.9s and R = 16.4 km. 

(b) According to the second of Eqs. (9.73) (with vy = 0), y = —Qu, cos(a@) cos(0)t?. At 
latitude 50° north, 6 = 40° and 


y = —(7.3 x 107° s~!) x (500 m/s) x cos(20°) x cos(40°) x (34.9 s)* = —32m; 
that is, the shell lands 32 m to the south of the target. At latitude 50° south, the factor 
cos @ has the opposite sign, and the shell lands 32 m to the north. 


9.29 xx (a) With vg = Vyo = 0 and Veo = Uo, the trajectory given by (9.73) is 
g = —Osin O(vU, — sgt)t’, y=0, and z=ut- sgt’. 


We see that the ball does not stray in the north-south (y) direction (at least to first order 
in 2), but it does move in the east-west (x) direction. The time for the ball to return to 
the ground is found from the z equation to be tz, = 2u,/g. Substituting this value into the 
z equation, we find z,, = —(40v sin 6)/(3g’). Since this is negative, we conclude that the 
Coriolis effect causes the ball to land to the west of its point of departure. 


(b) The westerly displacement is maximum at the equator, where sin? = 1, and the 


displacement is 
4Qv3 4x (7.3 x 107°) x (40)° 
oo = ee & 0.065 m 
3g? 3 x (9.8)? 
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or about 6 cm — not an effect that would be easy to detect. 


(c) On the upward journey, the Coriolis force accelerates the ball to the west and on the 
downward journey to the east. Thus v, starts from zero, increases (to the west) as the ball 
climbs, and decreases back to zero by the time the ball returns to the ground. Throughout 
the trip vz is to the west, and the ball 
lands to the west of its starting position. 

The dropped ball starts with v, = 0 at up & down dow n only Z (up) 
the top and its whole journey is 
downward, so that the Coriolis force 
accelerates it to the east throughout. 
Thus v, is to the east at all times, 
and the ball lands to the east of its 
initial position. In the pictures, the 
Coriolis effect is much exaggerated. 


x (east) 


View from North 


9.30 x*x Ill choose axes as usual, with x east, y north, and z ~— orp y 
vertically up. The picture shows the hoop as seen from 
above. Consider first a small segment of hoop subtending 
an angle da with polar angle a. The mass of this segment 
is dm = mda/2n, and the Coriolis force on it is 


dF oor = 2dm(v x Q) 


where 
v =wr(—sina,cosa,0) and Q“=(0,sin 8, cos @). 


The segment’s position vector is r = r(cosa,sina,0) and the torque on it is 
dT cor = 2X dF oor = 2dmr x (v X Q) = 2dmiv(r-Q) — A(r-v)| 
= 2dmwr?Q(— sin’a, sin a cos a, 0) sin 6. 


To find the total torque, we must replace dm by mda/2z and integrate over a from 0 to 27. 
The integral of sin?a gives 7, while that of sinacosa is zero. Thus, the total torque on the 
hoop is 

Door = —(mwr’Q sin @)X, 


which points west with magnitude mwr?Q sin 6. 


9.31 «xx The left picture shows the ring face-on, viewed from the north and above. The 
shaded segment of water has mass dm = mda/27, where m is the total mass of water, and 
it experiences a Coriolis force dF to the east as it is swung toward the viewer. The right 
picture shows the ring side on, viewed from the west. The velocity of the shaded segment of 
water is v = oR sin a normal to the ring. 
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The force dF is 


dF =2dmv x 2 = 2dm(¢Rsina)Qsin(¢ — 8) east. 
This produces a torque of magnitude 
dV = |r x dF| = RdF sina = 2dm R’4Q sin(¢ — 6) sin?a 


tending to push the water counterclockwise as seen in the left picture. To find the total 
torque, we replace dm by mda/2z and integrate from a = 0 to 27. This gives 


iS [a = mR? ¢Qsin(d — 6). 


The total angular momentum given to the water is 
(i [ra = mR / sin(¢ — 0)ddt = Ra f sin(d — 0)d¢d = 2mMR?2 cos 0. 
0 


If V is the final speed of the water, then L = mRV, and equating these two expressions, we 
see that V = 2R{1)cos@. With the given numbers, 


V =2.x (1m) x (7.3 x 107° rad/s) x (cos 40°) = 0.11 mm/s. 


9.32 xxx The enemy ship is due east of the gun, which is aimed in that direction. That is, 
Vyo = 0, and Eqs.(9.73) simplify to 
L = Vaot — (Qzo sin O)t? + $(Og sin 6)t° 
y = —(Qvz_ cos 6)t? (ix) 
Z = Veot — Zgt* + (Qvgo sin O)E?. 

(a) If we ignore Q entirely, we get the same answers as in part (a) of Problem 9.28. In 
particular, the range is Ry = 2vgoVzo/g. (I’ve called it R, to emphasize that it’s the range 
ignoring 12.) 

(b) We now wish to work to first order in 2, and we must first use the third of Eqs.(ix) 
to find the time at which the shell lands. Solving that equation for t when z = 0, we find 


us 0 2Vz0 20 xO 0 
tro = 3g (1- SPE) ee te (1+ Se’) 
g g 


to first order in 2. (I used the binomial approximation in solving for t.) This gives ¢ as the 
sum of two terms. The first is the answer of part (a) (ignoring Q entirely) and the second 
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is the first order correction to t. To find by how much the shell misses the target, we must 
substitute this corrected time into the expressions for z and y in Eqs.(ix). The expression 
for y already contains a factor of 2, so, to first order, we can just use the zeroth order time, 
to give 


2 
y = —(Qvzo cos 6) (==) — 39 m. 
g 


This is the same answer as in Problem 9.28. The east-west position x requires more care. 
The first term in the expression for x in Eqs.(ix) does not involve 2 at all. Thus to get z 
correct to first order in (2 we must include the first order correction to t in this term. (In 
the other two terms we don’t need to do this, because they already contain one factor of 2.) 
Thus from (ix) we get 


Qv20 (, _ 22vz0 sind 2020 \* zo \” 
£ = Veo ( 4 | — (Qu, sin 6) ( - ) + $(OQgsin 0) (= ) 
g g g g 


_ pz Aveo sind (» 2_y 242, :) _ Rp, + {ere sinasind (costa - Fsin’a) 


g LO ZO g? 
Because R, is the actual distance of the target, the second term is the distance (east-west) 


by which the shell misses. Putting in the given numbers this gives +71 m. That is, the shell 
overshoots by 71 m to the east (in addition to being 32 m to the north). 


9.33 xx According to Eq.(9.66), n(t) = 2+ iy = e~®*(Cye™et + Coe et). The initial 
conditions are 7(0) = A and 7(0) = 0, which give us two equations for the two coefficients 
OF and C4 

C1 + C> =A and — 10.(C; + Co) + IW (Ch — C) = 0. 
These are easily solved to give 


A Q, A A Q, A 
5 an aay and =F nn at 
where the approximations follow because Q,/w, < 10~*. (The period of a Foucault pendulum 


is of order 10 s, while that of the earth’s spinning is 1 day ~ 10° s.) 


9.34 xxx As suggested, I’ll write the puck’s position as R +r, where R points from the 
earth’s center to P and r from P to the puck. Notice that R and r are perpendicular and it 
is certainly true that r< R. The equation of motion is 


f= g(r) +2rx24+/[0x (r+R)]xQ (x) 
where g(r) is the “true” acceleration of gravity at the position of the puck, 
R+r R+r 2) p2\~-3/2 R+r r 
— ——$——$——_- = — ——- R ~—-GM = go(0 ) 0 nD? 
g(r) CMR 4 r|8 GM R3 (1 + r / ) R3 & ( ) + g ( )z 


where in the approximation I dropped terms of order (r/R)*. Returning to the equation of 
motion, Eq.(x), we note that the last term (the centrifugal term) consists of two terms. The 


CHAPTER 9. MECHANICS IN NONINERTIAL FRAMES 145 


one involving r can be ignored (I'll justify this later) and the one involving R combines with 
g,(0) to give g(0), the observed free-fall acceleration at P. Therefore 


r= g(0) — gr/R+4 2r x Q. 


[In the second term on the right, I have replaced g,(0) by g = g(0), because we can ignore 
their tiny difference in this term, which is already small.| Bearing in mind that r lies in 
the zy plane and that g(0) is perpendicular to that plane, we can write down the x and y 
components of this equation as [the components of r x 2 are given in Eq.(9.52) if you don’t 
want to work them out] 


Z=—gt/R+2yQcos@ and y=—gy/R—2¢Qcosd 


These two equations have exactly the form of the Foucault equation (9.61) except that the 
length of the pendulum L has been replaced by the radius of the earth. 

The frequency of the puck’s oscillations is w, = ,/g/R = 1.24 x 10-° s~’, giving a period 
of T, = 27/w, & 5000 s or an hour and a bit. This frequency is at least an order of magnitude 
greater than the frequency of precession, 2, = 7.3 x 107° s~!, so it makes sense to say that 
the puck oscillates with frequency w, and precesses with frequency 2,. 

If the amplitude of oscillations is A, then the puck’s speed v is of order v ~ Aw,. The 
three forces to be compared are 

gravitational restoring force = mgr/R ~ mgA/R = mAw?2 

Coriolis force = 2m|v x Q| ~ 2mAw.Q 

Im(Q x r) x Q| ~ mAN?. 
Since w, >> 2, this confirms that the gravitational restoring force is much bigger than 
the Coriolis force and that the term m(Q x r) x Q in the centrifugal force can, indeed, be 
neglected. 


Chapter 10 


Rotational Motion of Rigid Bodies 


I covered this chapter in 5 fifty-minute lectures. 


This chapter is important because the rotational motion of rigid bodies is important. 
But it is also important because it is an excellent opportunity to give your students practice 
at handling matrices and to introduce them to the concept of a tensor, in the shape of the 
inertia tensor. I take for granted that they can add and multiply matrices and calculate 
determinants, and that they know the equation Ax = 0 (where A is an n x n matrix and x 
is an n X 1 column) has nontrivial solutions only if det A = 0. Concerning tensors, I don’t 
yet go much beyond the idea of a tensor as a 3 x 3 matrix. (In Chapter 15, I discuss the 
transformation properties of tensors under rotations of space and Lorentz transformations 
of space-time. I resisted the temptation to discuss tensors of rank greater than 2 anywhere.) 

Section 10.1 is a final look at the separation of the motion of the CM and the rotational 
motion relative to the CM. The remaining sections are all devoted to rotation. Section 
10.2 treats rotation about a fixed axis and introduces the moment and products of inertia. 
Section 10.3 treats rotation about an arbitrary axis and introduces the inertia tensor as the 
3 x 3 matrix I in the relation L = Iw. Here I introduce the idea that a three-dimensional 
vector L = (L,, Ly, L,) is sometimes best thought of as a 3 x 1 column matrix comprising 
the same three elements. (Concerning notation, I urge our students to be a bit relaxed and, 
when there is no danger of confusion, to use the same symbol L for a vector and for the — 
3 x 1 matrix that represents it. In class, I sometimes used an underscore to distinguish the 
matrix L from the vector L or L — a notation that is recommended in Problem 10.38.) 

Section 10.4 introduces the notion of principal axes and 10.5 describes how to find them 
using the corresponding eigenvalue equation. Finally in Section 10.6, we’re ready to discuss 
some applications, starting with an approximate, but hopefully instructive, discussion of the 
precession of a top. (This is a nice opportunity to entertain the class with a demonstration.) 
Sections 10.7 and 10.8 are about Euler’s equations, ending with a discussion of the subtle 
business of the free precession of an axially symmetric body and the different rates of this 
precession as seen from the body and space frames. The stability or otherwise of a book 
thrown into the air (page 398) is a demonstration that you shouldn’t miss here. 

Sections 10.9 and 10.10 introduce the Euler angles (6, ¢,~). My own prejudice is that, 
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unless your students are very well prepared, Euler angles are a subject best left to gradu- 
ate school, but the majority of professors whom we surveyed were emphatic that any self- 
respecting text at this level should include the subject. Certainly, the topic is an important 
one and several students seemed to enjoy it very much. Anyway, these last two sections are 
classified as “omittable,” and you can cover them or not as you see fit. 

As always, the end-of-chapter problems are crucial. Problems 10.3 through 10.8 are about 
finding the center of mass of various bodies. It may seem a bit late to be worrying about 
this exercise, but the fact is that we haven’t had much need for this skill before now, and we 
need it now as a prelude to calculating moments of inertia. 


Solutions to Problems for Chapter 10 


10.1 * From (10.4), r, =ra—R, so 


Ss" On S- Mala — Ss" MaR. 
Now, by the definition (10.1) of the CM position, the first sum on the right is just MR, 


and, by factoring the R from the second sum, you can see that the second term is the same. 
Therefore, the two terms on the right cancel, and the sum on the left is zero. 


10.2 x Let us denote by 7; the KE of the motion of the CM plus the rotational KE about 
the CM: 
T, = 4Mv? + 4anw? = $Mv* + $($MR’*)(v/R)* = $Mv" 
where, for the second equality, I used fom = 5M R? and w = v/R. On the other hand, the 
rotational KE about the instantaneous point of contact P is (Note that w is the same either 
way.) 
T, = tI pw” = $(3MR’)(v/R)* = 2M". 


These two are clearly equal. 


10.3 * If we choose the xz axis parallel to one of the base’s edges, the positions of the five 


masses are 
5(L, L,0), 5(L, —L, 0), +(—L, L,0), gly b,0); and (0,0, H) 
Therefore 


X= 2 Soma = 2 ta = 0, Y= oa = a = 0 


and 1 a 
Z ==) ita = 75 20 = BH 
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10.4 xx The suggested small volume is approximately rectangular and has edges dr, rd, 
and (rsin@)d¢. Therefore, its volume is dV = r7dr(sin@)d0d¢, and the claimed result 
follows. If the integral runs through all space, the limits are 0 < r < oo, 0<6< 7, and 
O< @< Qn. 


10.0 xx The x and y coordinates are easy: For instance, X = (1/M) f[ oxdV. Since every 
point (x,y, z) in the hemisphere can be paired with a point (—z2, y, z) and the contributions 
from these two points exactly cancel, we conclude that X = 0. Similarly Y = 0. Finally 


Z 1 / 0 ae m/2 27 
= — eedv = 2 | r ar | sinodo | ddr cos @ 
M M Jo 0 0 ? 
1 R m/2 21 
= 3 : 
a al r ar | sind cos dd | dp =-—- 
V Jo 0 | 0 


where, in passing to the second line, I used the fact that V = en R°. 


10.6 xx (a) Il choose my origin at the center of the hemisphere with the hemisphere in 
the region z > 0. For the same reasons as in Problem 10.5, X = Y = 0, and 


1 O b nm /2 27 
Z= 5; | exdv = vaca sinoao | dor cos @ 


27 4 _ A 
-3f rar ‘sindeoséaé dp = Ase me 
8(b3 — a3) 
since V = 27(b? — a?). 


(b) If a = 0, the answer reduces to Z = 3b/8, which is the correct CM position for a 
solid hemisphere of radius b. (See Problem 10.5.) 

(c) If b + a, we can write b = a+ and the binomial expansion reduces the answer to 
Z = (3 x 4a%e)/(8 x 3a7e) = $a. This is the CM position of a thin hemispherical shell of 
radius a. 


10.7 xx (a) The “rounded cone” is like an icecream cone that has been licked down until 
the top surface is nearly flat, but is actually part of a sphere centered on the bottom (apex) 
of the cone. Its volume is 


R Oo 27 
-fw=| rar | sinoad | ios 2m R°(1 — cos 6.) 


If 6, = 7, the “cone” is a sphere and our answer becomes the familiar V = am R°. When 
4, + 0 the rounded top of the cone becomes flat and, with cos@) + 1 — 6; o] 2, our answer 
becomes V = 47R°62 = 4nr°R where r = RO, is the radius of the top of the cone; this is 
the correct expression for ihe volume of an ordinary cone of radius r and height A. 


(b) As in Problems 10.5 and 10.6, X = Y = 0 and 
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1 / 0 R ; A, 27 
=~— | ozdV = va r ar | sin 6a | dor cos @ 
M M Jo 0 0 : 


1 R 6 27 = 
= 7 f rar | sind cos 08 | dp = Sele samc 
V Jo 0 0 16 1—cos@ 


If @, = 7 the “cone” is a sphere and our answer becomes Z = 0; that is, the CM is at the 
origin, as expected. As 6, — 0, the answer becomes Z > “R, which is the correct distance 
from the apex of an ordinary cone to its CM. 


10.8 xx I'll use a temporary origin O’ at the center of curvature y 
of the bent wire, as shown. Let’s consider a short 

segment of wire at angle ¢, where ¢ runs from —® to ® 

and 2R® = L. If the segment subtends an angle d¢ at 

O"’, its mass is dm = Md¢/2® = M Rdd/L and its 2’ 

coordinate (relative to the origin O’) is x’ = Rcos¢@. O’ 
By symmetry, the CM has Y = Z = 0, and 


si aan cos odd 


= om sin n® = 20 sin(L/2R). 


Thus the CM position relative to the origin O is X = X’'-R=R = sin ( a) — 1 

If R - oo, the wire returns to its straight configuration and L/2R — 0. Now, when ¢ is 
small, (1/t)sint = 1 — t?/6, so X = R(L/2R)*/6 — 0. This correctly reflects that the CM 
returns to the origin O. 

If 27R = L, L/2R = 7 and our answer reduces to X = —R. This is correct because the 
wire is now a single complete circle and the CM is at its center at X = —R. 


10.9 x Let us put the cylinder with its axis on the z axis and use cylindrical polar coordi- 
nates. The density is 9 = M/V where V = 7 Rh, and the element of volume is 
dV = pdpdd¢ddz. Thus 


20 M R4 , ; 
t= foray =¥ pap | io [de d= 2h, re a 


The products of inertia J,, and I,, are zero because the cylinder is axially symmetric about 
the z axis. 


= 5ML? 


M 
10.10 x (a) Since p= M/L, I= [ px dx = = |e ele 3 


L/2 
_ ae aa zs 20 + yz? 
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10.11 xx (a) In terms of spherical polar coordinates, the distance from the axis out to a 
point (r,0,¢) is p =rsin@. Therefore, for a sphere of radius R, 


R T 20 
_— 0 | prav = o | rar | sintodo | do = SA = 2 MR 


since 9 = M/(2nR3). 
(b) If I(b, a) denotes the moment of inertia of a hollow sphere of outer and inner radii b 
and a, then I(b, 0) is that of a solid sphere of radius b and obviously I(b,0) = I(b,a)+J(a, 0). 


Therefore 9 b® _— a? 


| Om 
I(b,a) = 1(b, 0) — I(a, 0) = FF 0(b? — a?) = 2M 


since 9 = M/V = M/ [Sn(b® — a°)]. 


10.12 xx The area of the triangular ends is A = 3a? and 
= M 2 2 _ M 2 M y) ‘ 
= f(r yav=Z fatds fay +S fac [yay (i) 


These two integrals take a little care (You need to draw a picture and decide on the limits 
of integration.) The result is that they are equal and 


[tds fay = faz [yay = viat/6. 


Substituting into Eq.(i), we get I,, = ;Ma?. The two products are zero, In, = Iy, = 0, 


because the prism has reflection symmetry in the ry plane. 


10.13 xx (a) The equation L, =I, implies that J ¢ = —mgasin d ¥ —mgad¢. This implies 
SHM with angular frequency w = ,/mga/I and hence period t = 27,/1/(mga). 

(b) The period of a simple pendulum is w = ,/g/L and these two periods are equal if 
LL =I/(ma). 


10.14 (a) The moment of inertia of the wheel is ly = ;M,R? = 0.05 kg-m?’, and, from 
Problem 10.11, that of the ship is J, = 2M,(0° — a®)/5(b® — a3) = 1.23 x 10° kg-m?. By 
conservation of angular momentum, w, = Wywly/I; = 4.08 x 10-4 rpm, and the time to turn 
through A@ = 10° is A@/w, = 68 minutes. 

(b) The KE given to the flywheel is 7), = Sy, = 274 J, and, as you can easily check, 
that of the ship is totally negligible. If the designers of the ship were very conscientious, they 
could have arranged that this energy could be recouped when the turn is complete (by using 
it to recharge a battery, for example), but, assuming it goes to waste, the energy needed for 
the whole maneuver is 274 J. 
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10.15 xx (a) I= %Ma’. [See Example 10.2, Eq.(10.47)]. 


(b) The initial energy of the cube is pure PE and, since the CM is a height a/./2 above 
the table, Ex, = Mga//2. The KE just before impact is Iw? and the PE is Mga/2. 
Therefore, by conservation of energy 


a 1 a Og 
— == — 2,42 — i —_— — ; 
ay gMa Ww + Mg5 whence w \f 5 (v2 1) 


10.16 xx (a) The moment of inertia of the cube about any edge is worked out in Example 
10.2 and is given by (10.47) as $Ma?. During the collision, kinetic energy will be lost (the 
collision is inevitably inelastic), but the angular momentum L, about the edge of the step 
is conserved. (I take the x direction as that of the incident velocity, 

as shown, and y into the page.) Just before the collision 

the angular momentum is }> mara X V = MR x v, so 

that DL, = Mav/2. Just after the collision, the cube is “i 
rotating about the edge of the step and Ly = Iyyw>o = 2 

<M a*w,. Equating these two expressions for L,, we find ~~ 

that wy = 3v/(4a). 


O 

(b) If the initial speed is small, the cube’s rotational motion about O will stop before the 
CM has passed the step, and the cube will fall backward. If v is big enough, the CM will pass 
the step and the cube will roll forward. At the critical speed that divides these possibilities, 
the CM will just come to rest vertically above O. Since mechanical energy is conserved in 
the rotational phase of motion, this critical speed is determined by the condition 


5 yywo. + Mga/2 = Mga/vV2. 
(The height of the CM above O is a/2 initially, and a/./2 when the CM is vertically above O.) 
Substituting for w, from part (a), we can solve for v and find vei, = [8(V2 — 1)ga/3]*/”. 


10.17 x* The moment of inertia for rotation about the z axis is I,, = @ [dx [dy fdz(a*+ 
y”), where the integral runs through the interior of the given ellipsoid. If we make the 
suggested change of variables, then dz = ad€ and so on, and the integral becomes 


Tee = gabe f dg f dn fat (ae? + On? 


= gabe G [a fan fuer [a fan face?) (ii) 


where the boundary for these new integrals is the unit sphere €? + 7? + ¢? = 1. Each of the 
two integrals in the second line can be easily evaluated. For example, in fdé {dn [d¢ &* the 


integral [dn [d¢ gives the area of a disk of radius ,/1 — €’, so that 


[ag [om face =n [ eae == 
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The second integral in (ii) is the same, and we conclude that 
| A 1 
i= qRomabe(a" 4.57) = =M(a + b) 


where I got the second equality by substituting 9 = M/(¢zabc). (If you don’t remember 
that the volume of an ellipsoid is < mabe, you can find it by doing the integral [dV using the 
same changes of variables.) Notice that for a sphere of radius R this reduces to the familiar 
I, = =MR?. | 

ae 5 


10.18 xxx (a) The angular momentum (about the pivot) just after impact is LD = [dt = 
Fbdt = £b. This is the same as Iw, so w = £b/I. Therefore the CM velocity is ve, = aw = 
a&b/I, and the total momentum is P = Mvgn = Maéb/T. | 

(b) The total impulse delivered to the rod is +7 and this is equal to the total momentum 
P = Maéb/I. Therefore, 7 = P — € = (Mab/I — 1)é€. 

(c) The impulse at the pivot is zero if and only if Mab/I = 1, so the sweet spot is at 
b, = 1/Ma. 


10.19 x (a) Because 
W=(Wz,Wyw,) and r=(z,y,z) 
it follows that 


wxr=(wyz-—w i Se. — Wyt) 
and hence y 2, Wz %, Way y 


Ir xX (w xX ro = y(Wey — WyL) — z(W,2 — We2z) = (y? +27)Wy — CYWy — T2W,. (iii) 
This is exactly the x component of Eq.(10.35), and, since the other two components work 
the same way, we’ve proved (10.35). 
(b) By the BAC — CAB rule, r x (w x r) = w(r-r) —r(r-w), so 


Ir x (w xr) = We(2? + y? + 27) — 2(twe + ywy + ZW). 


On the right side, the first and fourth terms cancel and the remaining four reproduce the 
right side of Eq.(iii). Once again the other two components work the same way, and we’ve 
proved (10.35). 


10.20 x (a) If we use A to denote the set of all points of the first body, then A is the union 
A= BUC and, from the definition (10.37), 
1 => malyd + 22) = So malyd + 22) + D malyd + 22) = 12, + 1%. 
acA aceéB aceC 

The other two diagonal elements of I work in the same way, as do the six off-diagonal elements 
as defined by Eq.(10.38). Therefore, I“ = I? +I°, as claimed. 

(b) If Ais the result of removing C from B, then B = AUC and, by part (a), 17 = 14+I°, 
whence I4 = 18 —I°. 
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10.21 «x Let us start from the given expression and show that it’s elements are equal to 
the usual definitions (10.37) and (10.38). First 


i / o(r* ~ xa)dV = / o(x” + y*)dV 


which is exactly the definition (10.37) (in integral form). The two other diagonal elements 
work the same way. Meanwhile, 


Toy = / o(0 — ty)dV = — / o(xy)dV 


which is exactly the definition (10.38). The other off-diagonal elements all work the same 
way, and we’ve shown that the proposed definition agrees with the original one. 


10.22 «x (a) From (10.37), Ine = >> me(y2 +22) = ml yZ2+ >> 22). In the first sum 
in the last expression, four of the points lie in the plane y = 0, while the other four have 
Ya = a; thus this first sum is 4a?. The same applies to the second sum, and we conclude 
that Ing = 8ma’?. The other two diagonal elements are clearly the same. Similarly, from 
(10.38), Lay = —mM >> ZaYa. In this sum, four of the points lie in the plane x = 0, and of 
the remaining four points, two lie in the plane y = 0. This leaves two points, both with 


La = Yo =a. Thus J, = —2ma’. All the remaining off-diagonal elements are the same, and 
the inertia tensor is as shown on the left below. 
8 —2-2 4 0 0 
I(part a) = ma*|—-2 8 —2 and I(partb)=ma’|0 4 0 
—2-2 8 0 0 4 


(b) As in part (a), Ine = 95 Ma(y2 +22) =m y2Z + 22), but now all eight terms in 
both sums are the same and equal to (a/2)*. Therefore I; = 4ma* = Iy, = I,,. Because the 
body has reflection symmetry in all three coordinate planes, all of the off-diagonal elements 
are zero, and the inertia tensor is as shown above right. 


10.23 xx Since the whole body lies in the plane z = 0, the four products of inertia involving 
z are all zero, Ine = Iyz = Ize = Izy = 0. For example, 


oe — MNoaLaqwX~a = (0). 
For the same reason, 


Lon + Lyy = So ma(Ye — 2) a yy iiel, + o. = Sales + YQ) = I,. 
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10.24 xx (a) For rotation about P, the moment of inertia 
Inn = >) Mo(ye + 22). From the picture, you can see 

that rg =r, — A, so that x, = 2’, — € and so on. 

Therefore 


lex = J mal(yf, — 0)? + (2, - OF 
= So malyy” + 27) + So maln? + 0) 
- 27 S— May — 26 maz, 


The first sum on the second line is just [°™. The second is M(n? + ¢*), and the last two are 
zero by (10.7). Thus 


A = (€,7,0) 


Tyg = [9 + M(n? + C7) (iv) 


as claimed. The other two diagonal elements work the same way, as do the six off-diagonal 
terms; for instance, 


Lyz = Ty, — Mn. (v) 
(b) In Example 10.2(b) we found I for a cube in (10.52), which gives 
[ir =eMa° and =P =0. 
In part (a) of the same example, we found I for for the same cube rotating about a corner, 
which is displaced from the CM by A = (—a/2, —a/2, —a/2). There we found in (10.49) 


Ing = 2Ma? = Ma? +2M(-a/2)* and Iyz = —; Ma’ = 0 — M(—a/2)(—a/2). 


As you can easily see these are precisely the relations (iv) and (v) with 7 = ¢ = —a/2. 


10.25 «x (a) As in (10.45) 


a b Cc 
Teg, =| dz | dy | dz o(y? +27). 
—a —b —c 


This is the sum of two terms, each of which is easily evaluated. For example, the first term 


is a 4 ‘ 8 1 
o | ac | y” ay | dz = —oab’c = — Mb’. 
—a —b —C 3 3 


The second term works the same way, and we conclude that I,, = 3;M(b° +c’), with 
corresponding results for [,,, and J,,. Since the plane z = 0 is a plane of reflection symmetry, 
it follows that the four off-diagonal elements J,,,--- that involve z are all zero. Since the 
other two planes are likewise symmetry planes, we see that all six off-diagonal elements are 
zero. Thus the the whole inertia tensor (which I’ll rename I™ since it is for rotation about 
the CM) is 

1 b>+c? 0 0 


m= 3M 0 +a? 0 
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(b) The “generalized parallel axis theorem” gives the inertia tensor I with respect to 
axes through an arbitrary pivot, in terms of the tensor I referred to parallel axes through 
the CM. The displacement A = (£,7,¢) from the CM to the corner A is just (a,b,c). Thus, 
Teg = Ite + M(t? +c?) = $M(b? +c’), with similar results for the other two diagonal 
elements. The off-diagonal elements of I™ are all zero, so Iy, = —Mbc, and so on. Thus the 
whole inertia tensor with respect to A is 


1 4(b* +c?) —3ab —3ac 
l= 7 —3ba A(c? +a?) —3bc 
—3ca —3cb 4(a? + 0?) 


(c) If w is parallel to the x axis, then w has components w, 0, and 0 and, carrying out 
the indicated matrix multiplication, we find that L = Iw has components $M(b? + c?)w, 
—Mabw, and —Macw. 


10.26 xx (a) Consider a small volume element between p and p+dp, between ¢ and ¢+dé@, 
and between z and z+ dz. As long as it is small in all three directions, it is approximately 
rectangular and has volume dV = (dp)-(pd@)-(dz). Thus f dV f = [ pdo [ d¢ f dz f. Note 
that the order in which we do the three integrals doesn’t matter, as long as we’re careful 


with the limits. 
M h 20 Rz/h 
Dj of’ dV = a dz | do | prdp. (vi) 


(b) 
The limits on these three integrals can be understood with reference to Figure 10.6: If we 
do the z integration last, then clearly z runs from 0 to h; in any case, ¢ runs from 0 to 27; 
and with z and ¢ fixed p runs from the z axis (p = 0) out to a radius r = Rz/h. If we now 
replace V by V = 47 R?h, and do the ¢ integral (= 27) and the p integral (= }.R*z*/h*), we 


t 
as 7 SMR phy SMR 
oe ORE J 10 | 


(c) lee = @ (y° + 2°)dV = @ y’dV +0 | z?dV. If you compare the first term here 


with the middle expression of Eq.(vi), you will see that the former is just half the latter. 
(Remember p* = z* + y”.) Thus 


‘ sr al 3M R? | 3Mh? 
leo = Het 5 f Paz | dp | pdp= 4 
0 0 0 


20 0 
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10.27 «xx Let the mass density of the cone be a 
(mass/area) and let us use the cylindrical coordinates 

p and ¢ to specify positions on the cone. (We could 
equally use z and ¢, but p and ¢ are marginally more 
convenient.) If we imagine dividing the surface into 
strips as shown, and the strips into small increments 

of angle d¢, then the element of area is dA = | 
(do/sina)(pd¢). The moment about the z axis is then 


R p2 
" ,pdpd R* 
Ie = f ofa? +y*)dA =o | / p” EO Oe (vii) 
0 Jo 


sin a 2sin @ 


since the ¢ integral is just 27 and the p integral is R*/4. The area of the cone is A = 
aR*/sina. (You can check this by doing the integral A = [dA if you want.) Thus 
onR?/sina = M, the total mass. Therefore, [,, = MR?/2. 

The other two moments, J, and I,,, are equal by rotational symmetry, and 


eae. [ow + 27) dA. 


The first term here is the same as the second term in (vii), where the two terms are equal 
(by rotational symmetry again). Thus the first term of J. is just half of J,,. In the second 
term of I,, we can replace z by ph/R (by similar triangles), and we see that the second term 
is h*/R* times I,,. Putting these together, we find that 


Tne = Tyy = (§ + A7/R?) Iz = GM(R? + 2h’). 


Finally, all of the off-diagonal terms are zero by rotational symmetry about the z axis. 
Therefore 
, (R?+ 2h?) 0 0 
I=-M v (R?+ 2h?) 0 
: 0 0 2R 


10.28 xx We know from Problem 10.12 (see that solution) the I,, = }Ma’. The reflection 
symmetry in the xy plane ensures that J, = J,, = 0 and the reflection symmetry in the yz 
plane that J,, = 0. Next 

24 42 M [2 M [ ,2 2: 
Ten = 0 | (Y + 2°)dV = 7, ydV + 7; z°dv. (viii) 


Comparing with the solution to Problem 10.12, you can see that the first term here is equal 
to Sez - -=M a’. The integral in the second term is easily evalated to give Ah? /12 = Vh?/12. 
Therefore Ip = 4Ma? + <;Mh?. To find Iy, we simply replace y by z in Eq,(viii), and we 
find that Ly, = Iz2. Thus 
1 4a? 0 0 
I=—M | 0 2a*h? 0 
210) 0 2aPh? 
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10.29 x That Oz is a principal axis means that if w is along Ox then L is also along Oz. If 
we think in terms of matrices, this says that if w is a column with entries w,0,0, then L = Iw 
is a column whose second and third entries are also zero. This requires that Lye = Ig = 0. 
Similarly, that Oy and Oz are principal axes requires that I, = I, = 0 and I,, = yz = 0. 
This leaves I with J,., [,,, and I,, down the diagonal and zeroes everywhere else. 


10.30 x Choose the zy plane to contain the lamina. Then, according to Problem 10.23, 


Tne Iny 0’ 
I= | Tye Iyy 0 
00 ly 


If w points along the z axis, then w has components (0,0,w), and L= Iw = (0,0, L,w) 
(both to be thought of as column vectors), which also points along the z axis. Therefore the 
Z axis 1s a principal axis. 


10.31 «x (a) Ifthe z axis is an axis of rotational symmetry, then we saw in Example 10.1(c) 
that I, = Iy, = 0. Therefore, if w = (0,0,w), then L = (z,w, Iy,w, I,,w) = (0,0, [,,w) and 
Z iS a principal axis. 

(b) Let us choose any two perpendicular directions in the plane z = 0 as our z and y axes. 
Because Z is an axis of rotational symmetry, the xz plane is a plane of reflection symmetry, 
and this implies that J,,, = 0 [Example 10.1(b)]. Therefore all off-diagonal elements of I are 
zero, and the x and y axes are principal axes. 

(c) Ine = f o(y? + 27)dV and Iy, = f o(x* + z*)dV. Now consider a rotation through 
90 degrees about the z axis. On the one hand this interchanges y and zx (but leaves z 
unchanged), but, because of the rotational symmetry, it doesn’t change the body at all. 
Therefore, the two integrals are equal and J,, = Iyy; that is, A1 = 2. 


10.32 «x (a) Let us choose the principal axes as our coordinate directions. Then 
‘1 = [ow +z7)dV and A= [ oe’ + 27)dV. 
Adding these two equations, we get 
Ay + Ag = [oe + y*)dV + 2 | ozrav > [oe + y*\dV = d3. 


(b) The “>” in the above relations is an “=” if and only if all parts of the body have 
z= 0, that is, the body is a lamina lying in the plane z = 0. 
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10.33 xxx (a) First 

(is So mare =; SS maw X Ty)*. (ix) 
Now, for any two vectors, a-b = abcos@ and |a x b| = absin 9, so (a:b)? + (a x b)? = a2b?, 
which is the required identity. Substituting into (ix), we get the required result 


= 1S malw’r? — (w-r,)?]. (x) 


(b) L= Maka <Vvo= So mala x (Ww X Tq) 
= = So m,|w W(Lo'Ta) — La(W-La)]. (xi) 


(c) If we dot Equation (xi) with w we find 
wL= So malw’r? = (w-r)?| = 2T, 


as given by (x). Therefore, 
T = wL. (xii) 
The second identity concerns the translation between vector and matrix notations. It 


may help to have a temporary notation that distinguishes between vectors and matrices. Let 
us agree to identify matrices with an underscore. Thus if r = (x,y,z), I shall write 


az 
r= /1Y 
Zz 


Similarly, I shall write the inertia tensor as I and the angular momentum (column vector) 
as L = Iw. To see what the vector dot product looks like in matrix notation, consider the 
following (as usual, a tilde denotes the transpose): 
b, 
ab = [az a, az] | by | = Geb, + ayby + a,b, =a-b. 

In other words, the vector dot product a-b is the same as the matrix product ab of the 
row representing a and the column representing b. Substituting into Eq.(xii), we see that 
fi Sw -L = 5a Iw, as claimed. 

(d) With respect to the principal axes I is a diagonal matrix with the principal mo- 
ments Aj, Az, and A3 on the diagonal. Therefore L = Iw is the column with elements 
AyW, AqW9, A3W3 and T' = sw L — (Aw? ae Agu? + Agwe ). 


10.34 * The matrix I is given in Eq.(10.72) and I— X1 in the next equation. Thus 
8u-A —-d3u —d3p 1 -3u —dp 
det(I—A1) =|] -3u 8u4-A —38u | =(Qu—A)}1 8u-A —3y 
—3u —du 8u-AdA 1 -—3u 8u-A 
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1 —3p —3p 
=(2u—2)}0 lw-rA OO | = (Qu—A)(11p— A) 
0 0 lip.— A 


where, for the second equality, I added the second and third columns to the first and factored 


out the resulting (2u — A), and, in moving to the second line, I subtracted the first row from 
both the second and third rows. 


10.35 xx (a) 
on So malya + 22) = 0+ 2m(a? + a?) + 3m(a? + a?) = 10ma? 


i= ys Mo(z?2 +22) = m(a?) + 2m(a?) + 38m(a?) = 6ma? = I, 
Lge S| Ma(Ya%a) = 0 — 2m(a?) — 3m(—a*) = ma? 


Le) Malet.) =0F0t0=0= i, 

Therefore 10 0 0 
I=ma’?| 0 61 

0 16 


(b) For convenience write the eigenvalues of I as 1 = ma?X’. Then 
10-x O 0 
(I— 1) = ma’ 0 6-X 1 (xiii) 
v 1 6— 2 
This has determinant det(I — 41) = (ma’*)°(10 — 4’)(7 — X’)(5 — X’).. Therefore the three 
eigenvalues (that is, the three principal moments) are | 


A, =10ma?, »A»=7ma?, and A3 =5ma’ 


To find the corresponding principal axes, we must substitute A;, Az, and A3 in turn into (xiii) 
and solve the equation (I — Al)a = 0. For the first eigenvalue, this gives three equations, 
0 =0, —4a, + a3 = 0, and ag — 4a3 = 0. Therefore, ag = a3 = 0 and a= (a;,0,0). Thus for 
a unit vector in the direction of the first principal axis we can take e; = (1, 0,0); that is, the 
first principal axis is the x axis. The other two principal axis are found in the same way to 
be 


€2 = ~5(0,1,1) and e3= (0, 1, -1). 


In this case, the second axis points toward the mass 2m, and the third toward the mass 3m. 
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10.36 xx (a) The three masses are equal, m; =m). = m3 = m and their positions are 
r, =a(1,0,0), re=a(0,1,2), and rz =a(0,2,1). 

Therefore 
Ine = D> Malyg + 22) = ma?(0+54+5) = 10ma? 
Ly = > Mo(a? + 22) = ma?(1+4+1) = 6mea? 
Tez =) Me(a2 + yZ) = ma?(1 + 1+ 4) = 6ma? 

y = — >) MeLaYa = —ma?(0+0+0) =0 

z= — >) MeLaza = —ma*(0+040) =0 

z= —) MeYa% = —ma*(0 + 2+ 2) = —4ma? 


5 
or I= 2ma? | 0 
0 


ete tg 


(b) As you can check, the characteristic equation is 
det(I — A1) = (10ma* — \)*(2ma? — 4) = 0 


Therefore, the principal moments are A; = Ap = 10ma?’ and A3 = 2ma?. If we set A = 10ma?, 
the equation (I — A1)w = 0 yields three equations, 0 = 0, wy +w3 = 0, and wy + w3 = 0, of 
which only one is independent. Thus there are two independent eigenvectors with \ = 10ma?, 
which we can take to be e; = (1,0,0) and e2 = (0,1, —1)/V/2 or any other two perpendicular 
directions in the plane of these two. If we set \ = 2ma?, the equation (I — \1)w = 0 yields 
three equations, w, = 0, we — w3 = 0, and —wg +w3 = 0. There is just one independent 
eigenvector with A = 2ma”, which we can take to be e3 = (0, 1, 1)/V2. 


10.37 xxx (a) Since all mass is confined to the plane z = 0, 


1 l—a« 
does [ovaa ae a dx | y’dy =0/12 =2. 
0 0 


Ty, is the same, and from Problem 10.23, we know that 
Lez = Leg + Lig = 4. 
I,, and Iy, are both zero, and 


1 l-—z 
Iny =~ [ oxydA=-c | cde | y dy = —1. 
0 0 


Therefore 


2-1 0 
T= )—1 20 
0 0 4 


(b) The characteristic equation is det(I — 41) = (1—A)(3—A)(4—A) = 0, so the principal 
moments are A; = 1, Ap = 3, and A3 = 4. If we set A = A; = 1, the equation (I — Al)w =0 
implies the three equations w, — wy = 0, wy — Ww. = 0, and ws = 0; thus, the corresponding 
principal direction is e, = (1,1,0)/W2. Setting A = A and A = 43 in turn, we can similarly 
find the other two principal directions to be e2 = (1,—1,0)/V2 and e3 = (0,0, 1). 
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10.38 xxx (a) I shall use the notation suggested, with matrices indicated with an underline. 
In particular, the (3 x 1) column representing a vector a is a, and the scalar product a-b 
of two vectors is the matrix product ab. Now consider the following: Since I e, = r7e;, it 
follows that 2 is 
ec; Ie, = ec, Ae; = Aie; "ej. (xiv) 


On the other hand, sin the left side of Eq.(xiv) is a number, it is equal to its own transpose, 


ce 
and, since (ABC)=CBA, . a 

©, LE; = E LE, = AGES; (xv) 
where in the last step I have used the symmetry of I (that is, I = I) and that e, is an 
eigenvector of I with eigenvalue 4;. Comparing (xiv) and (xv), we see that 


(A; — A; )e:-e; = 0. 
Thus if A; # A;, it follows that e;-e; = 0. 

(b) If all three eigenvalues are different, then it follows the all three eigenvectors are 
orthogonal. Now suppose that e| was a different eigenvector with the same eigenvalue )j. 
By part (a), both e; and e}, have to be orthogonal to e2 and e3. Therefore e; and e; must 
point along the same direction. 

(c) If Ay = Ap = A, say, the proof of orthogonality in part (a) breaks down. In this case, 


Te,;=Ae, and lIe,=Ae, 


with the same eigenvalue A. If a is any vector in the plane of e; and eg, then a = ae, + Seg 
and likewise for the corresponding (3 x 1) matrices. Therefore 


ITa=I(ae, +e.) =ale, + Ble, = arte, + BAe, = Aa. 


We conclude that any vector in the plane of e; and eg is an eigenvector of I with the same 
eigenvalue 4. That is, any direction in the plane is a principal axis with same principal 
moment. Thus, if e; and eg are not orthogonal, we are free to use any other two vectors in 
the plane that are. 

(d) Any vector a can be written as a linear combination of the three independent vectors 
€1, ep and es. If Ay = Ag = Az, then the same argument just given shows that a is an 
eigenvector with the same eigenvalue. That is, any direction is a principal axis with the 
same principal moment. 


10.39 x According to Eq.(10.83), the rate of precession is 2 = MgR/(A3w), where R is the 
distance from the tip to the CM of the cone, R = sh, and A3 is the moment of inertia about 
the cone’s axis, Aj = 4 Mr? [Eq.(10.59)]. Therefore 2 = 5gh/(2r*w) = 21 rad/s * 200 rpm. 


10.40 xx (a) Multipying the first of Equations (10.86) by A1a1, the left side becomes 
\ ww, which is the same as $d(A/w,’)/dt. Therefore 
d 


= (APw;?) = 21 (Az — Ag)wiwaws. 
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Similarly, the second and third equations give 


d d 
di (Ajw) = 2r2(A3 = Ay )W1W2W3 and di (Ajw;") = 2A3(A1 ~ Az )W1WqW3. 
Adding these three equations and remembering that L = (Aj, A2qw2, A3W3), we find that 
dL?/dt = 0. 


(b) If, instead, we multiply the first of Equations (10.88) by w;, we find that 


ld 
9 dt (Aw) = (Ao = A3 )W WoW. 
Adding this to the corresponding two equations for the second and third components, we 
find that ld d 
9 dt Ow = AW ie A3ws ) == Gg Ltot = 0. 


10.41 «x Choose axes 1, 2, and 3 to be the principal axes through O, with axis 3 perpen- 
dicular to the lamina. (By Problem 10.30, this is a principal axis.) By Problem 10.23, the 
corresponding principal moments satisfy A; + Az = A3. The component of w in the plane of 
the lamina has magnitude squared w,? + w,”, whose time derivative is 


S (we + wy') = wii + WoW». (xvi) 
Now, by Euler’s equations, 
AW = (Ag — Az )weW3 = —Aj WoW 
where the second equality follows from the result of Problem 10.23. Thus, 
| Wy, = —WqW3 and similarly Wa = +W3W). 
Substituting into Eq.(xvi), we conclude that 


d 2 2, jd — 0 
—(w ae We ) = —W1Wo9W3 + WoW3W, = U. 


dt 


10.42 x The inertia tensor for the book (sides a = 30, b = 20, and c = 3, all in cm) can 
be evaluated as in Example 10.2. With the origin at the CM, all off-diagonal elements are 
zero, and the diagonal elements (which are the principal moments) are A; = M(b* + c*)/12, 
and so on. If the book’s spin axis is close to the shortest symmetry axis (the z axis), then 
according to (10.91) the frequency of wobble is given by 
dirs (0? + c?)(c? + a?) 
2 ,2\(p2 _ 2 
i ate A (xvii) 
(a? + c?)(b? + c?) 
Putting in the given numbers, we find 2 = 0.968w3 = 174 rpm. If the book is spinning about 
the longest (x) axis we have only to swap A, and 3, and we find 22 = 0.614w3 = 111 rpm. 
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10.43 xx (a) From (10.94) we see that 
w* = w? cos*(Nt) + w2 sin? (Nt) + we = w?2 + w2 = const, 
since both w, and w3 are constant. 
(b) From (10.94) and (10.95), we see that w, L and e; lie in a plane and, as seen in the 
body frame, w and L precess around e3 with angular frequency (10.93) 


A3 — Ai 


y= 
since (from Problem 10.23) A3 = 2A; and w3 =wcosa. As seen by me (in the “space” frame), 
the vector L is fixed and w precesses around L with frequency Q, given by Eq.(10.118) in 


Problem 10.46 
2 Fh Oy ae 
Gag W250 Os Ag)sin'a __ a oe 


¥ 4— 3sin2a. 


W3 = WCOS 


10.44 xx Because A; = A, Euler’s equations (10.88) simplify. In particular, the third 
equation reads A3W3 =I, which is easily solved to give w3 = w39(1 + 2(Gt), where wo is the 
initial value of w3; and the constant @ = ['/(2A3w30). That is, the spin about the symmetry 
axis accelerates linearly. 

The first two Euler equations (10.88) now become (remember A; = 2) 


—A3—A1 — A; 


W3W9 = —O(1 = 2(t)w and We = 433 


W3W, = +O(1 +- 2Bt)wy 


w= 


where the constant Q = wy39(A3 — Az)/A1. Setting w; + iw. = n, we can combine these 
two equations as 7 = i0(1 + 2Gt)n, which can be solved by separation of variables to give 
1 = wypei2E+Ft*) | oy 

Wy = Wig cosQ(t+ Gt?) and we = uyosin Q(t + Gt"). 


Thus, while w3 accelerates, the component of w in the xy plane precesses with a fixed 
magnitude w 19 but at an increasing rate. 


10.45 xx (a) From Equation (10.93) the rate of precession of w about the earth’s axis e3 
is QL = w3(A1 — A3)/A1 = 0.00327w3. The period of this precession is 
27 1 27 

=O, O00s a, 
because 27/w3 = 1 day. This is very nearly, but not quite, the claimed 305 days. The 
discrepancy is because 277/w3 is actually 1 sidereal day (the time for one rotation of the 
earth relative to the stars), and a sidereal day is less than a solar day (what we normally 
consider to be a day) by about one part in 365. Thus 306 sidereal days are equal to about 
305 solar days. 

(b) From Fig.10.9 we see that tana = w,/w3. Since a is tiny (a = 0.2 arcseconds + 107° 
rad), this means that wy < w3 and hence w = |w| * ws. Similarly from (10.95), Z = |L| = 
L3 = A3W3. Therefore the rate of precession of w in the space frame, as given by Eq.(10.96), 
is Q, = L/A, & A3w3/A, & w3, and the corresponding period is 7, = 27/Q, © 2m/w3 = 1 day. 


Tb 
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10.46 xxx (a) Referring to Figure 10.9, you can see that 
Q, = (angular velocity of the vector w relative to the body) 
and 
w = (angular velocity of the body relative to the space frame). 
Therefore 
Q, = (angular velocity of the vector w relative to the space frame) = Q, + w. 
(b) Let us take the component of the last equation perpendicular to e3. Since Ny is 
parallel to e3, this tells us that 
(O,)1. = WL. (xviii) 


Again referring to Fig.10.9, you can see that this is the same thing as 0,sin@ = wsina, 
which is the requested result. 

(c) The result of part (b) immediately implies that Q, = (wsina)/sin@, which is the 
first requested expression. Alternatively, note that ZL, = Lsin@, but also, from (10.95), 
Ly = AywWo. Therefore w, = wo = (Lsin@)/A;, and Eq.(xviii) can be rewritten as 2, sin@ = 
(Lsin@)/A,. This gives us Q, = L/A1, which is the second requested expression. 

Finally, from Eq.(10.95), 


L=4/dAfw2 + Azw? = wy/ A? sin’a + Af costa = w4/ AP + (A? — A?) sin’a. 


Substituting this into the previoius result, 2, = D/A, gives the third requested expression. 


10.47 x** Once the mountain has been added, the earth has only one axis of symmetry es, 
which goes through the mountain. In accordance with (10.93), the angular velocity w now 
precesses about the mountain at a rate (), (as seen by us on earth), where (if M denotes the 
mass of the earth and m = 107°M that of the mountain) 


Op aie a = ee = cosa 
PD EMR? OM : 
The distance d = 100 mi moved by the pole in time ¢ is d = (Rsina)Q,t. Therefore, 
d 2Md 


— 


(Rsin a)Qy ~ 5m Rw sin a cos @& 


or, putting in the numbers (including w = 27/day), t = 3.68 x 10° days = 1000 years. 


10.48 xx (a) Starting from Eq.(10.97), we get (see Fig.10.10 to check the expressions for 
the various unit vectors) 
w = ¢& + bel + Yes 
= $% + 6(—sin d& + cos d¥) + Y[cos 6% + sin O(cos dX + sin ¢¥)| 
= (—Osing + wsin 6 cos ¢)& + (6 cos ¢ + w sin O sin d)¥ + (6 + cos 6)z. 


CHAPTER 10. ROTATIONAL MOTION OF RIGID BODIFS 165 


(b) Starting from Eq.(10.99), we get 
w = (—dsin O)e’, + del, + (hb + bcos O)es 
= (—¢sin 0)(cos pe; — sin pep) + 6(sin pe, + cos peo) + (vb + dcosO)eg 
= (—dsin§ cosy + Osin pe, + (dsinO sin y + 6 cos per + (wb + bcos b)e3 


10.49 xx Equation (10.100) gives the angular momentum L of the top in terms of the basis 
vectors e}, e5, and e3. To find L, = L-Z we need to know the scalar product of each of these 
three vectors with z. These are easily read off from Fig.10.10 as 

e,:Z=-—sind, e,Z2=0, and  e3-%=cos@. 


According to (10.100) | . a 
L = (—A;, dsin Je; + A10e5 + A3(~ + bcos A)Jez. 


Taking the dot product of this with Z, we get 
L, = L-%= ,¢sin?6 + 3 (a) ++ cos 0) cos @ 


which is Eq.(10.102). Finally, using (10.101) we can replace (y) + dcosO) with L3/Ag to give 
L, = \,¢sin*6 + L3cos 8, which is (10.103). 


10.50 xx Equation (10.99) gives w in terms of the basis vectors e}, e,, and es, 

w = —dsin de’, + Oe, + (1) + dcos O)e3. (xix) 
Unfortunately, if A; # A2, we need to rewrite this in terms of the principal axes e), e2, and 
es. From Fig.10.10, you can check that 

ei =e,cosw—egsiny and e,=e,siny+e_cosy. 
When these are substituted into (xix), we get 
w = —(dsinO cosy — Osinw)e; + (dsin Asin p + 6 cos w)e, + (w+ bcos A)e3 
and hence 
ii = Aw? +- 5 Apt +. 5 Age 


— 11 (¢sin 6 cos a — Osiny)? + 1r9(d sin @ sin + 0 cos)? + + da(1p + cos 6)?. 


10.51 * From (10.105) we find 
E=T+U =1),(¢?sin’6 + 6?) + 1)3(p + pcos)? + MgRcos 6 
(L,-—L3cos@)? Le? po 
—___—.—— + — + MgRoosé = 5A,@ + Veg (é 
De” (9) 


where, in moving to the second line, I used (10.104) to replace d by (L3 — L, cos @)/(X; sin?6) 
and (10.101) to replace (yf + dcos@) by Ls3/A3. The value of Ug in the last expression is 
easily read off from the previous one and agrees exactly with Eq.(10.114). 


= 1),6 + 
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10.52 xx (a) If @ is constant (0 = 0), the expression (10.100) for L simplifies to 
| ge —, sin 6 e’, ++ Lz €3 


where I have used (10.101) to replace A3( + ¢cos 6) by D3. Next, using Fig.10.10, I shall 
read off the horizontal component Ly,, of L and then replace ¢ by the value found in (10.112) 
for the fast steady precession: 


oe — 1 dsin 0 cos 6 + D3 sin@ = Se sin@cos@ + L3sin@ = 0 
Ai cos 0 


That is, L is in the vertical direction. (Since the value used for db is only approximate, the 
same is true of this result — L is close to the vertical.) 

(b) Because L is vertical, 0 is the angle between L and e3, so Lz = Lcos@, and (10.112) 
becomes Q. = L3/(A; cos@) = L/A1, which is the same as the rate Q, found in (10.96). 


10.53 xx (a) We can write Eq.(10.110) for 2 as aN? + 62 +c = 0 if we define a = A, cos 9, 
b = —A3W3, and c= MgR. The two solutions for {2 are, of course, 


ex —b+/b? — 4ac 
nn) 


If b? >> 4ac, the solution with the minus sign is approximately 0 ~ (—b—b)/2a = —b/a. The 
solution with a plus sign requires a little more care. With b* >> 4ac, we have Vb? — 4ac = 
b(1 — 4ac/b?)!/2 = b —2ac/b, so the second solution is Q + (—b+b— 2ac/b)/2a = —c/b. The 
condition for the validity of these two approximate solutions is just that b? >> 4ac. 

(b) If we put back the values of a,b, and c, the two solutions become 2 = —b/a = 
A3w3/(A, cos?) in agreement with (10.112) and Q = ~—c/b = MgR/(A3w3) in agreement 
with (10.111). The condition b* >> 4ac for these to be good approximations translates to 
rAJwe >> 44,MgRcos8; if we assume ; and 3 are not too different, this condition is 
roughly $A3w,’ > MgRcos@ (I’ve dropped a factor of 2) or, even more roughly, that the 
KE of rotation is much greater than the gravitational PE. 


10.54 xxx (a) The function we have to plot is (if we omit the constant term) 
(L, — L3cos 0)? (10 — 8cos 0)? 
21 sin? 2sin*6 
if we put in all the suggested numbers. This function is plotted from # = 0 to 1.5 rad in the 

left picture. 
Ver 20 


Ueg(@) = + MgRcosé = + cos 6 


18.802 
40 7 0.645 0.65 
18.800 
20 06 0.7 
; 05 1 15 6 (rad) 19 


(b) The top can precess steadily with 9 = const, only at the angle 0, for which U.g(@) 
is minimum. From the left picture it is clear that 0, is somewhere near 0.6 or 0.7 rad. The 
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middle picture zooms in on the range from 0.5 to 0.8 rad, and, from this one, it is clear 6, 
is near 0.65 rad. The right picture zooms in again and from this one it’s clear that 0, is 
between 0.649 and 0.650m, probably closer to the latter. Thus, to three significant figures 
6, = 0.650 rad or 37.2°. 


(c) If we put all these numbers into (10.115) we get for the rate of precession 2 = 9.92 
rad/s. The approximate formula (10.112) gives 0 = 10.0. 


10.55 xxx (a) With Z chosen in the direction of L and given by (10.98), 
L = Lz = —Lsinde, + Lcos es. (xx) 
_(b) Comparing this with Eq.(10.100), L = (—Ai¢sin @)e), + A, Oe), + A3(W + bcos O)e3, we 
find the following three equations: 
Md¢sind=Lsindé, 6=0, and rA3(b+¢cosd) = Lcos8. (xxi) 


(c) The second of Eqs.(xxi) implies that 6 is constant. Cancelling the sin @ from the first 
equation, we see that ¢ is constant, ¢ = L /A;. Since ¢ is the rate at which the body’s axis 


precesses about the space axis Z, this agrees with the prediction (10.96), Q, = L/A1, for that 
same rate. 
(d) According to (10.99) 
w = (—dsin Ae’, + (Wb + dcos A)e3. (xxii) 


We aleady know that the coefficient of e| is constant, and, by the third of Eqs.(xxii) the 
coefficient of e3 is also constant. Therefore, both w3 and |w| are constant, and so, therefore, 
is the angle between w and e3. 

From Eqs.(xx) and (xxii) it is clear that both L and w lie in the plane defined by e}, and 
e3. Therefore, L, w, and e3 are coplanar at all times. 


10.56 xxx (a) Because EF = 16? + Ueg(9), it is clear that at no time can U.g(0) exceed 
E. Now, if you look carefully at (10.114), you will see that, because of the factor of sin*0 in 
the denominator, Ueg(@) + co as 6 + 0, unless Lz; = L,. Therefore, unless L3 = L, the top 
cannot pass through the position 9 = 0, and, conversely, if the top does visit 6 = 0, L3 and 
L, must be equal. 

(b) Setting oo = L, = A3W3 in (10.114) we find that 
(A3W3)?(1 — cos 8)? 


MgRcosé 
Ven (9) = 2A; sin”d oe 
_ (Asws)? (67/2)? o° (Asws)° Q 
2) =i Mg ii + const = ; a a —4MgR 6° + const 


where, in passing to the second line, I coded everything through order 0@?. 
(c) Oscillations of 9 about 6 = 0 will be stable if and only if the coefficient of 0? in Ueg(@) 
is positive. Thus if w3 > 2,/MgR)1/A? = wmin the equilibrium at 6 = 0 will be stable. If 


W3 <Wmin, lt is unstable. 
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10.57 xx* (a) Writing the KE as the sum of that of the CM plus that of the rotation about 
the CM, we get 


L= $M(X?+Y*) + tA (¢? sin? + 6") + LAS™(b + bcos 0)? — MgRcosé 
where A{™ and A3™ are the principal moments for rotation about the CM. [Compare Eq.(10.106).] 
By the parallel axis theorem (Problem 10.24) the moments about the CM are related to those 
about the tip as follows: | . 
ASM = SP and «= AS = ATP — MR’. (xxiii) 
(b) Clearly the motion of X and Y is independent of that of 0, ¢, and 7, and the position 
(X,Y) moves like a free particle with X and Y constant. 


(c) The rate of the fast precession is given by (10.112) as OQfast = Agw3/(A1 cos @). In view 
of the relations (xxiii), you can see that N&, > 02", (for given @ and w3). That is, the fast 
precession is even faster when the tip is free to move. 

The rate of the slow precession is given by (10.111) as Qstow & MgR/(A3w3), and, since 
Asm = A3, this is the same whether the tip is fixed or not. However, (10.111) is only an 
approximation. If we keep the next term in that approximation, we find 


MogR Ai MgRcosé 

| (As)? | 
(To check this, do Problem 10.53 and keep one extra term.) Thus the slow precession is a 
little slower when the tip is free to move. 


slow ~ y W 
343 


Chapter 11 


Coupled Oscillators and Normal 
Modes 


I covered this chapter in 4 fifty-minute lectures. 


Like its predecessor (Chapter 10 on rigid bodies) this chapter is an excellent opportunity 
for our students to learn some interesting physics and to hone their skills with matrices. 
Classical coupled oscillators are conceptually simple, but also quite fascinating (though I did 
have one student complain that he was getting bored with pendulums and masses on springs). 
There are also several opportunities to bring experiments into class to tickle the students 
interest. A pair of simple pendulums coupled by a weak spring can illustrate beautifully the 
behavior of weakly coupled oscillators, as described in Section 11.3, and brought applause 
from one of my classes. 

There is a brief mention of normal coordinates at the end of Section 11.2 and a much more 
detailed discussion in Section 11.7. The latter is a bit more sophisicated mathematically and 
could — though it saddens me to suggest this — be omitted on a first reading. 


Solutions to Problems for Chapter 11 


11.1 * (a) When the two carts are in equilibrium, the tensions in the three springs must 
be equal, so 
ky (Ly — t,) — ko (Do —_ £5) — k3(L3 — 3). 


(b) The net force on cart 1 is 
F(on cart 1) = —ky(x1 + Ly — £1) + ko(%2 — 21 + Le - ly) = —kyx1 + ko(x2 — 21) 


because the term involving L;—@, cancels that involving L2—£2. This is exactly the expression 
(11.1), derived on the assumption that the springs were unstretched in equilibrium. The force 
on cart 2 works similarly. 

ee 
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11.2 xx Let x; and zr be the extensions of the two springs from their unstretched lengths, 
and 2j9 and X29 their values at equilibrium. The displacements from equilibrium are 


Yi=%1—-2Z%19 and Y=L2— Log. (i) 
The net downward forces on the two masses are 
Fy = mig — kyr, +ko(%2-21) and Fy =mgg — ko(x2 — 24), (ii) 
and the conditions for equilibrium are 
mig = kyL19 — ke(%20 — 210) and meg = k(x29 — £10). 
Using (i) to eliminate x, and x2 from (ii), we find that 


miyi = Fy = mig — ki(yi + X10) + kelye — yi + (220 - £10)| 
= —kyy, + ko(yo — y1) 


where, in the second line I used the equilibrium consition to cancel several terms. Similarly 


MY = Fo = meg — ko(xq — 23) 


= —kp(y2 — 1). 
The last two results combine to give the matrix equation My = —Ky where 
| my ¢ = ky + ke —ke 
M=|"j bl wal K=| . ng 


11.3 * Using the matrices M and K given in Eq.(11.5), we find 


aK uiM)= [BTR me | 
[Compare Eq.(11.14).] Hence 

det(K — w*M) = MMW — [m4 (ke + kg) + mo(ki + k)|w? + (kike + kikg + koks) 
This is zero when 


Bie = : {mC ar ks) =I mo(ky = ko) 


21M 


ef m7 (ke + k3)? + me (ky + kp)? + 2myMo(k.e aa ki ke = kik3 = kyks) } 


Therefore, these are the two normal frequencies (squared). 
If m, =m, =m and k; = ko = ky = k, these reduce to w? = (k/m)(2 + 1) in agreement 
with Fiq.(11.15). 


a 
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11.4 xx (a) Putting m; = m2 and k, = kg in (11.5), we find that the mass and spring- 
constant matrices are 


m 0 kj +k, —k 
M = _ |*1 2 2 
¥ od aud kK | —kp nek 


and hence 
(K _ w?M) _ i + kg - muy —kp | 


—kp ky + ko oa mu? 


The determinant of the last matrix is det(K — w*M) = (mw? — k,)(mw* — ky — 2k2). The 
two normal frequencies are the roots of the equation det(K — w?M) = 0 and are ,/k,/m and 


V (ki + 2k2)/m. If I set ki = ky = k, these reduce to the results (10.15) for all three springs 
equal. 


(b) The motion in each normal mode is determined by the vector a satisfying the eigen- 
vector equation (K —w*M)a = 0. For w = w this is easily seen to be exactly the same as for 
the equal-spring case; in particular, the motion is as given by (11.18) and as shown in Figure 
11.2. The two carts oscillate in phase with equal amplitudes, so that the middle spring is 
undisturbed. This means its strength is irrelevant and we get the same motion with the 
same frequency whatever the value of ky. For the second mode, with w = wy, the motion is 
again the same as for the corresponding mode of the equal-spring case, namely (11.20) and 
Figure 11.4. This is a little subtle: In this mode, the middle spring does change length, and 
the frequency does depend on the value of ky. Nevertheless, the motion is independent of kp 
since the symmetric arrangement, with the outside springs equally stretched and the middle 
one compressed, or vice versa, leads to equal (but opposite) forces on the two equal-mass 
carts and allows them to oscillate with equal amplitudes exactly out of phase. 


11.5 ** (a) The quickest way to find the equation of motion for the system of Fig.11.10 1s 
to set kg = 0 in Fig.11.1. With m; = m2 and k; = ke as well, the mass and spring-constant 
matrices are given by Eq.(11.5) as 

m O | 


2k —k 
Om 


—k k 
If we define w, = ,/k/m and hence k = mw,’, the characteristic equation becomes 


det(K — w*M) = m?(w* — 3wZw* + wi) = 0, 


M=| and K=| 


so the normal frequencies are given by w? = w2(3 + V5)/2. 
(b) If we substitute w = w, = wo1/(3 — V5)/2, the equation (K — w’M)a = 0 yields 
Gy = a,(1 + V5)/2 = 1.62a,. Thus the first normal mode has the form 
¢,=Acos(wjt—d) and 22 = 1.62Acos(uyt — 6). 
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where A and 6 are arbitrary constants. In the first mode the two carts oscillate in phase, 
the second one with the larger amplitude. Similarly, in the second mode, we find a, = 
a,(1 Pe /5)/2 = —0.62a, and so 


tT, = Acos(wat—6) and 22 = —0.62A cos(wot — 6). 


where (in general) A and 6 are different constants. In this mode the two carts move 180° 
out of phase, and cart 2 has the smaller amplitude. 


11.6 xx (a) In this case 
_ (5k-—mw* —2k 


= 2 — 
(K — w"M) —2k 2k—mw? 


with determinant det(K — w*M) = (mw? — k)(mw* — 6k). Thus the two normal frequencies 
are W, = \/k/m and we = ,/6k/m. 

(b) The motion in each normal mode is determined by the vector a satisfying the eigen- 
vector equation (K — w*M)a = 0. For w = w this gives aj = 2a;, so the two carts oscillate 
in phase, with the second cart’s amplitude equal to twice that of the first. If w = wa then 
a2 = —a,/2, so the two carts oscillate exactly out of phase, with the second cart’s amplitude 
equal to half that of the first. 


11.7 xx (a) Since Acos(wt — 6) = Acoswtcosdé + Asinwtsind = Bcoswt + Csinwt, we 
can immediately rewrite (11.21) in the given form. 


(b) From the given form, you can see that 
_ | By + Be 
x(0) = Fs a 4 


but we are given that 2;(0) = r2(0) = A and %,(0) = £2(0) = 0. Solving for the coefficients 
in (ili), we find that 


and x(0) = ieee 7 oe 


WC; — WoC 


(iii) 


B,=A and Bo = Cy. = Cz =U. 


Substituting into the given form, you can see that this solution happens to be the first 
normal mode, a result we could have anticipated since the system started out with 2, = Zo 


and Ly = £9. 


X4 Part (b) X4 Part (c) 
t t 
0 0) 
30 30 
X 
X2 4 2 . 
t 
0 0 
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(c) In this case the initial conditions are 2;(0) = A and x2(0) = 2;(0) = 22(0) = 0. 
Putting these into the left side of (iii), you will find that 
B, = By = A/2 and Ci = C, = 0. 


This is an equal mixture of the two normal modes and produces the graphs shown in the 
right-hand figures above. 


11.8 xx (b) The initial positions and velocities are given by Eq.(iii) of the solution to 
Problem 11.7. Given that x,(0) = r2(0) = 0 and £2(0) = —%,(0) = vo, the coefficients in 
(iii) are 
B, = Bye Cy, = 0 and Cy = —U5/Wr. 
This solution is the second normal mode, as you probably foresaw. 
Part (b) Part (Cc) 


TAAAAAI AS! dpe 
“SEPA PP! PaAait 


(c) In this case the initial conditions are z1(0) = z2(0) = 21(0) = 0 and £2(0) = 
Putting these into the left sides of Eqs.(iii), you se find that 
U fe) 
Be By 0: Ce wd Ce = 
1 2 1 wt 2 2/3w 


This is a mixture of the two normal modes and produces the graphs shown on the right 
above. 


11.9% (a) With identical masses and springs, the two equations of motion (11.2) are 
me, = —2kx, +keq and mit. = kx, — 2k7z2. 

If we add these two equations and define ; = 5 (x4 +2), we find that €, = —ké,. Similarly, if 

we subtract the second equation from the first ae define €) = 5 (£1 — T2), we get b>) = —3kE). 

These equations for €; and &) are uncoupled, as claimed. 

(b) The general solutions of the equations of motion for €; and 5 are £; = A; cos(w,t—4;) 
and £, = A» cos(w2t — dy), where A;, Ag, 6, and 42 are arbitrary constants, uw, = \/k/m, and 
Wy, = \/3k/m. Therefore 

= Ey + &5 = Ai cos(wyt = 6) + A» COs(Wat a 69) 


and 


= Ey = E5 = Aj cos(w;t = 6;) aes Ao cos(Wot a 69) 
in agreement with Eq.(11.21). 


eS 
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11.10 x (a) As in Section 5.4, let us define 6 = b/2m and w?2 = k/m. Then the equations 
of motion are %, = 264, — Qw a a wears 
Ho = —20% + wa, — Qw2 29. 
(b) If you take first the sum and then the difference of these two equations, you should 


& a —26€, a we Ey and == ~2B€, = 8w 2 


These two equations for €; and & are uncoupled, as advertised. 


get 


_ (c) The equation for € is exactly the equation (5.28) that we found for a single damped 
oscillator and has the solution (5.37), which we can rewrite as 


&,(t) = eP*( By cos wt + Cy sinwyt) 


where w, = ,/w? — 62. Similarly, 
€5(t) = e~?*( By cos wat + C2 sin wt) 


where wy = ,/3w2 — 62. The expressions for x,(t) and x(t) follow at once by adding and 
subtracting these expressions for £,(t) and &(t). 

(d) The given initial conditions imply that & (0) = (0) = A/2, with both derivatives 
zero. Therefore, By = By = A/2, Cy = GA/2u, and Cy = BA/2w», from which you can write 
down €,(t) and &(¢), and thence x(t) and z9(t) as shown. These plots of x(t) and x2(t) are 
complicated because each is a combination of both normal frequencies, but you can clearly 
see the effects of the damping. Plots of €,(t) and &(¢) would be much simpler — looking 


just like Figure 5.11 for a single damped oscillator — since each contains just one frequency. 


X4 X2 
1 1 


107 107 


11.11 xx (a) As in Section 5.4, let us define G = b/2m and wf = k/m. Then the 
equations of motion are 
Ly = —2624 — Qu? ry + WL ar (FL /m) COS Wt : 
‘ ; 9 , (iv) 
Po = —20%. +0721 — 20522. 
(b) If you take first the sum and then the difference of these two equations, you should 
ane 266, + wf, = focoswt and f+ 2 Bo + Bw bo = fo cost, (v) 


where f, = F,/(2m). These two equations for and & are uncoupled, as advertised. 


(c) The equation for &, is the same as Eq.(5.57) for a single driven oscillator and can be 
solved in the same way. We write €:(t) = Red,(t) and try a solution of the form ¢,(t) = 


get 
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Cie". Substituting this guess into the first of Kqs.(v), we find that it is a solution provided 
(—w* + 2iBw + w2)C, = fo. Thus we have found a solution with C, = A,e~ where A, is 
given by the resonance formula (5.64) 
2 
A 2 bec J re) . 

1 (w? — w.2)2 + 462w?2 (vi) 
and the phase shift 6, is given by (5.65). To this particular solution we can add any solution 
of the corresponding homogeneous equation, and the general solution has the form 


€1(t) = A; cos(wt — 6,) + Bie~* cos(w;t — 6)) 


where B,; and 6, are arbitrary constants, determined by the initial conditions, and the 
frequncy of the transient is w; = ,/w2 — 87. The second of Eqs.(v) can be solved in exactly 
the same way giving an analogous expression for &(t), the only important differences being 
that the amplitude of the particular solution is given by 


2 
DS Bey ie as 
Ay = (R302)? + ABP wi) 


and the frequency of the transient is wy = ,/3w/? — (?. 


(d) If 8 < wo, it is evident from Eq.(vi) that A; has a sharp maximum close to w? = w2 
and, from (vii) A; has a sharp maximum close to w? = 3w2 


(e) If both carts are driven in phase with the same driving force, then both of the 
equations of motion (iv) contain the term (F,/m)coswt. Therefore the equation in (v) for 
€; has the same form as before (except that f, = F,//m now) but the equation for €, which 
comes from taking the difference of the two equations (iv), contains no driving force at all. 
Therefore, £; shows the same resonance as before (with twice the amplitude), but £ shows 
none. 

The reason for this difference is easy to see. The mode represented by €, has the two 
carts oscillating exactly in phase, while in that of they oscillate 180° out of phase. By 
driving them in phase, we are driving mode 1 but not mode 2. 


11.12 xxx (a) The force of viscous drag is 6m(%2 — £1), to the right on cart 1 and to the 
left on cart 2. The equation of motion for cart 1 1s 


mi, = —ka,+Pm(t@o-%1) or 2+ Wor + Br, — Bro = 0 
and that for cart 2 is 
MZ = —kxo = Bm(x2 = £1) Or L9 + W 2x5 = Bx, > BX = (), 


These two equations combine as a single matrix equation ¥+w/x + GDx = 0, where D and 


x are the matrices 
1 -l _ | 7 
a 1 | and <= ie 


0 
| 
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(b) If we substitute the proposed complex solution z(t) = ae™ into the matrix equation 
of motion, we find the a must satisfy 


(7? +w2)1 + BrD]a = 0. (viii) 
This has nontrivial solutions only if the deteminant of the matrix in brackets is zero. That 
1S, 

det[{(r? + w2)1 + BrD] = (r? +w2)(r? + w2 + 26r) =0 

Thus the values of r that give a solution are r =r; = iw, and r=1rg = —B+i,/w2 - B= 
—( + iw. [There are actually two more solutions with the opposite sign to the imaginary 
part, but these give the same actual motion x(¢).| If we put r = r, in (viii) we find that 
a, = a2 = A, say. Thus the first mode has x(t) = x(t) = Acos(wot — 6), and the two 
carts move together with equal amplitudes. Because cart 2 is stationary with respect to cart 
1, the drag force is zero and the motion is undamped. If we put r = ro in (viii) we find 
that a; = —a) = A, say, and the second mode has 2;(t) = —22(t) = Acos(u,t — d)e~™. In 
this mode the two carts move in opposite directions and the drag force causes the motion to 
damp out. 


11.13 xxx (a) The two equations of motion in the form (11.2) are 
MIX = —br1 = (k + ko)x4 + kore and MZ = —bxr + kox1 = (k -+ ko) x9 , (ix) 


If we add these two equations, we find that 
mé, = —b6,— hk, or & +266 +026 =0 


where I have introduced @ = b/2m as usual and w’ = k/m. Similarly if we subtract the 
second of Eqs.(ix) from the first we get 


by + 2B, + web = 0 
where w = (k + 2ky)/m. The equations for £ and £9 are visibly uncoupled. 
(b) The solutions of these two equations are given in (5.38), though they are slightly 
more convenient in the equivalent form 


£, =e F(Bycoswyt+Cysinw;t) and & =e (Bo coswet + C2 sinuy!), 


where w, = \/w2 — 6? and wo = ,/wi? — f?. 

(c) The initial conditions imply that (0) = (0) = A/2, and hence that By = By = 
A/2. The initial velocities are a little more complicated since €,(0) and €(0) both contain 
two terms, one proportional to @ (from differentiating the factor et However, to the 
extent that @ <w,, we can ignore these factors and the initial conditions tell us simply that 
C1 = C4 = (0). Thus 
ry =O +b, = (A/2)e (cosw t+ coswet) and x2 = £,—& = (A/2)e (cos wyt — cos wy). 
Putting in the given numbers we get the two plots shown below, where you can see how 
the energy is transfer back and forth between the two carts and, at the same time, slowly 
dissipated. 
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0 
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11.14 xx (a) The kinetic energy is T = imL?(d? + $2). The gravitational potential 
energy of either pendulum has the form mgL(1 — cos ¢) = smgL¢”, and the spring’s PE is 
ska? = SkL?(¢o — ¢1)*. Putting these together, 


L = bm1?(b? + 62) — gL ($? + 42) — BL? (2 — 1)? 


from which we get the Lagrange equations: 


dy = —Wo “bi + (k/m)(b2 — 1) 
by = —Wo “bo — (k/m) (2 — 1) 
where I have divided through by mL? and introduced the natural frequency for either pen- 
dulum (without the spring) given by w,.? = g/L. 
(b) From the equations of motion, you can write down the “mass matrix” M and “spring 
matrix” K, and thence the matrix 7 
Wo? +k/m — w* —k/m 


oe 2 — 
Pe ae —k/m Wo? + k/m—w?* 


The determinant of this matrix is (w. 7—w*)(w, 7+2k/m—w?), and the two normal frequencies 


are 
Wy=W and we = V/Wo?+2k/m. 


The corresponding motions are found by solving the equation (K — w*7M)a = 0 with w set 
equal to w, and w, in turn. For the first mode, this gives the eigenvector a = A(1, 1) (actually 
a 2 x 1 column, of course). This means that in the first mode the two pendulums oscillate in 
unison (in phase with equal amplitudes). In this mode the spring is unstretched, its presence 
is irrelevant, and the frequency is just the natural frequency for a single pendulum. 

For the second mode, a = A(1,—1), and the two pendulums oscillate with equal ampli- 
tudes but exactly out of phase. Notice that, in either mode, the two pendulums behave just 
like the two carts of Section 11.2. 
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11.15 xx Combining (11.38) and (11.37), we find 
L= (my =f mo)Leo? + mL Lodbidby cos(¢, — 2) + imyLe by 

— (m1 + m2)gL1(1 — cos $1) — mogLe(1 — cos 2). 
Since 

OL 53 

ee a (m, ae mM) L; 1 + Moly Lo cos(¢, = 2) 

Oh 
the ¢; equation is 
(m1 + m2) L7¢1 + m2L1L2¢2 cos(¢; — ¢2) — m2LLo¢2(d1 — d2) sin(¢, — ¢2) 


= —m2L,Lo¢1 92 sin(d1 — $2) — (m1 + me)gL; sin dy. 
Since the first term on the right cancels the second to last term on the left, this simplifies 


slightly to 7 
(m4 aig m)L7o, + moLy Loo cos(¢1 a ps) a ML Lob} sin(¢, ae 2) 


= —(m1 + m2)gLy; sin ¢4. 
In the same way the ¢2 equation is 
mL1L2¢, cos( — ¢2) + meL2dbo — mL, Lo? sin(¢, — $2) 
= —mogle sin Do. 


If both @, and ¢2 are small, then cos(¢, — $2) = 1 and sing = ¢ (for either angle). Also the 
last term on the left of both equations is the product of three small quantities and can be 
neglected. With these approximations, the two equations here reduce to precisely Equations 
(11.41) and (11.42). 


11.16 xx (a) The matrices M and K are given in Eq.(11.44) and the determinant of 
K — w’M is easily evaluated to give 


det(K = w?M) = MoLy Lo [71 Ly Low" — Mg(Ly + Lg)w” al Mg’| 


where M = m,+mg,. The normal frequencies are found by setting this equal to zero and 


2p _ Malla + La) + (MPPs + = mM Tila? (x) 
2m LL 


(b) Putting m,; = m2 and L; = L2 = L, we find w? = (2+ V2)g/L in agreement with 
(11.47). 
(c) In the limit that m, — 0, Eq.(x) becomes 
2 g g g 
= ———|(D, + Lo) + (L, — L2)| = = —., 
Ww ILE, 1 + Lo) + (Li — Le)| mo a 
The first of these corresponds to the very light lower pendulum oscillating at its natural 
frequency while the upper remains unaffected and stationary. The second has the upper 
heavy pendulum swinging at its natural frequency, unaffected by the presence of the very 
light lower one. 
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11.17 xx (a) From (11.44) we find 


M=mi?| ¢ - and K = mbtw2 | § 4. 


1 1 O 1 
whence 2 2 2 
we —w —wW 
K — w*M = mL’ | a ) ee a (xi) 
and det(K — w*M) = m?L*(4w? — 3w2)(2w? — 3w?). Thus the normal frequencies are 
af = Su? and w= Su? 


If we put w = uw, in Eq.(xi), the equation (K — w*M)a = 0 implies that 3a, = ag. If we put 
W = W,, we find 3a, = —a,. Thus, 
1 


for the first mode, a= A, ; 


| and for the second, a = A» he 


where A; and Ag are arbitrary complex constants. In the first mode the pendulums oscillate 
in phase with the amplitude of the lower one three times that of the upper. In the second 
mode the pendulums oscillate exactly out of phase with the amplitude of the lower one three 
times that of the upper. 


(b) The general solution is a sum of the two modes given above. The initial conditions 
that $,(0) = 0 while ¢2(0) = a and ¢, = ¢2 = 0 require that 


GE il a al! a nc 


which imply that A; = —Ap = a/6. Putting in the time dependent exponentials and taking 
the real part, we conclude that 


2] =< (Jomo [Somos 


Because wy = V2wy, this is not periodic. 


11.18 xx Let the equilibrium length of the first two springs 
be L and that of the one that connects the two masses /2L. 2 
Let x and y be the displacements of the two masses y 
from their equilibrium positions, as shown. The total KE 
is T = 3m(z? + y’) and the total PE is 

U = tk(a? + y?) + $k'z’, 
where z is the extension of the diagonal spring. Given 
that we are interested in small displacements, the L ae 


extension z can be calculated as follows: 
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(L+2)2+(L+y)?—-V2L = ./21? + 2L(¢ + y) — 


= /2L (Vi +(z+y)/L— 1) x J2L-43(2 +y)/L 


where for the last expression on the first line I dropped terms higher than linear in z and y and 
for the final expression I used the binomial approximation for the square root. Substituting 
into U we get 


U = sk(a* ty") + gk (ety)? = 5 [CR + 4 /2)0* + (b+ k'/2)y? + ky] 


The matrices M and K can be read off directly from the expressions for T and U. Thus, 
M = m1 and 


— [(k+k'/2) — k’/2 on, _ | (K+K'/2) — mv”? ki’ /2 
Pot. Go Ceaeeoy ee k /2 (b+ k!/2) — mu? 


From this last we find det(K —w?M) = (mw? —k)(mw*—k—k’). Thus the normal frequencies 
are Wy = \/k/m and wy = \/(k + k')/m. 

The corresponding motions are determined by the vector a satisfying (K — w7M)a = 0. 
For the first mode (w = w,) this gives a, = —a9. That is, in the first mode the two masses 
oscillate with equal amplitudes but out of step (as xz increases y decreases and vice versa). 
For small oscillations, this means the length of the diagonal spring is constant, so its presence 
is irrelevant. In the second mode, we find a; = az and the two masses oscillate in step (both 
x and y increase and then both decrease). In this mode the second spring changes its length, 
which increases the frequency compared to the first mode. 


11.19 xxx (a) The PE (measured from the equilibrium positions) is 


U = 4k? + MgL(1—cos¢) & ska? + +MgL¢’. 


a) 
The KE is a bit trickier because the velocity of the bob M is the vector sum of the velocity 
z of the support and L¢ of the bob relative to the support. In general these are in different 
directions, but as long as ¢ remains small they are essentially parallel, and the KE is 


T imi? + 4M(é + Ld)? = 3(m+ M)a? + ML2d + $ML'¢?. 
From these you can write down the Lagrangian £ and the two Lagrange equations. The x 
euuanone (m+ M)é+ ML¢ = —ke 
and the @ equation is : 
MLi+ML’?¢ = —MgL?. 
We can write these as a single matrix equation, Mq = —Kaq, if we define 


£ —_|m+M ML _{[k 0 
a=| ; M= | ML er ane malta 
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(b) With the given values, the matrix (K — w?M) is 


2—2w* —w? 
K-w'M = —u* | 
which has determinant det(K — w*M) = 2(1 — w*)? — w* = wt — 4w? + 2. The normal 
frequencies are the zeros of this determinant and are 


w= V2-V2=0.77 and w= V24+V2 =1.85. 


The motion in each corresponding mode is given by the equation (K — w?M)a = 0. For the 
first mode, this gives aj = \/2a1, so the cart and bob oscillate in phase (both moving to the 
right and then both moving to the left), with the bob’s amplitude (of motion relative to the 
cart) \/2 times bigger than the cart’s. For the second mode, ay = —V/2ay, so the cart and 
bob oscillate exactly out of phase, again with the amplitude of the bob equal to ./2 times 
that of the cart. 


11.20 x ‘The picture shows the rod as seen from vertically above, in its equilibrium position 
(dashed) and at an arbitrary small displacement (solid). The three coordinate directions are: 
x to the right, y toward the top of the page, and z vertically up, out of the page. The CM 
of the rod has coordinate x, while (y,, 21) and (ye, Z2) refer to the two ends of the rod. The 
angle a measures the rotation of the rod. The positions of the CM and of the end 1 are as 
indicated in the picture (at least if the displacements are small). 


Mv y2 AF 


(X% —> 5 


“(6 +X, yt) Z1) 


The angle a is not an independent variable, because a = (y; — y2)/2b. Similarly the 
coordinates z; and z2 are not independent, being determined by the fixed length of the 
strings. For example, the length of string 1 is ,/z? + y/? + (I — z:)?. Because this is also 
equal to 1, we see that (for small displacements) z; = (a? + y,’)/2l1, with a similar expression 
for z2. Thus the PE is 

21 + 2 7 mg 


S10 Zan SG se Gy (a + uy a Ys) 


; : 2 2 
2, (Wt Y¥ 1/1 o\ (ua 
+ (252) ]+2 Go) (452) 


ac tia, toe, 1 
341 342 3 A192 


while the KE is 


ee ere mer es oy ee 
T= smug, + 5lae = 
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and the Lagrangian is, as usual, £ = T’— U. The three equations of motion are (after a little 
simplification and setting g/l = w/) | 
L= wen [x equation] 


Qin + Ho = —3w"y1 [yn equation| 
iit + 2ijo = —38wy2 [ye equation] 


The x equation is completely uncoupled from the other two, and the first normal mode has 
the devise oscillating in the x direction only just like a simple pendulum, with frequency w., 
as you probably anticipated. The equations for y; and yo are coupled, but if you add them 
you will find that #, + j. = —w2(y1 + y2). This says that the whole pendulum can oscillate 
in the y direction just like a simple pendulum, with frequency w,. Finally, if you subtract 
the yp equation from the y;, you will find that #, — j2 = —3w2(y1 — y2). This says that the 
me can oscillate in a twisting motion (ends 1 and 2 moving oppositely) with frequency 
3Wo- 


11.21 « Let us focus our attention on a single coordinate q;. ‘The double sum that defines 
U contains n? terms because both j and k run from 1 to n. We can divide these n? terms 
into four groups: first, a single term with 7 = k = 7; second, (n — 1) terms with j = 7 but 
k #7; third, (n — 1) terms with 7 #47 but k =7; and finally (n — 1)* terms with both j and 
k not equal to 7. This gives 


U = sKua? + 3 S- Kindide + 5 S> Kyau + 5 Ss" Ss" OTL: (xii) 
k#i j#i j#t kft 
= 5 Kid,” + Qi Ss Ki + 2 Ds Sy KRG Uk - (xiii) 
i#i jx keh 


Here, in passing from (xii) to (xiii), I replaced the dummy index k in the second term on 
the right of (xii) by 7 and used the fact that Kj; = K,; in the third term. We can now 
differentiate with respect to q; to give [note that the whole third sum in (xiii) is independent 
of q;, so its derivative is zero.| 


U = Kg + S- Kis - » Kiji. 
j#t j 


11.22 x The position of any one mass relative to its equilibrium position is 


(x,y) = |Lsin ¢, L(1 — cos ¢)| 


The gravitational PE of mass 1 is therefore Uf" = mgL(1 — cos¢,), with corresponding 
expressions for the other two masses. The length of the first spring is 


d, = \/(d. + Lsin dy — Lsin ¢,)? + (Lcos 2 — Lcos ¢,)? (xiv) 
where d, is the unstretched length of either spring. The PE of spring 1 is therefore 


2 
Uy? = $k(d, — do)* = $k ( (d, + Lsin dg — Lsin ¢,)? + (Leos ¢2 — L cos $1)? — d, (xv) 


CHAPTER 11. COUPLED OSCILLATORS AND NORMAL MODES’ 183 


with a corresponding expression for U;? (just replace ¢. and ¢; by ¢3 and ¢). The total 
PE is then ‘ ; < 3 : 
U = US + US + US + U7? + U;Z?. (xvi) 


If all three angles are small the gravitational PE’s simplify as usual to UP ~ jmgL¢? 
and so on. The length (xiv) becomes d; = d, + Ld, — Ld, and the PE (xv) becomes 
U;? = skL*(¢q — ¢1)” with a corresponding expression for U5”. Putting all of these into 
(xvi) (and setting m = L = 1) we obtain the approximate expression (11.68). 


11.23 xx Equation (11.73) asserts that w/ = g, w? =g+k, and w7 = 9+ 3k in a system 
of units where L = m = 1, that is, a system in which the unit of length is Z and the unit of 
mass is m. Taking the difference of the first two results of (11.73), we see that w,4 —w’ =k 
or 
k 
2 


enn | i 
eae (xvii) 


in asystem of units where the unit of mass ism. Now, as you can easily check, the dimension 
of k is [k] = MT~? while that of w is [w] = T~'. Therefore, [k/(w. — w,?)] = M, and (xvii) 
asserts that k/(w” — w,7) is a mass whose value is 1 in our special units where m = 1. 
Therefore its value in any system is 


k 
2 2 


and w~ =w?+k/m=g/L+k/m. Similarly w? = g/L + 3k/m. 


= mm 


11.24 xx If we let the strings have length L, when both masses are in their equilibrium 
positions, then when the first mass is at position y, the length of the first string is L = 
JLi+y? » L(1+ ty?2/L2). The string is stretched by an amount d = 5y;/L, and, 
with the tension T essentially constant, its PE is therefore T’d = sur l/ L,. Using the same 
argument for the other two strings, you can check that the total PE is 


U= S(yy + (yr — y2)? + y9|T/Lo = uy — yiye + Yo |T/Lo 
and the Lagrangian 
L= sm(Uy +90) — [y? — yrye + y¢ |T/Lo. 
The matrix (K — w*M) is 


— yy? = 
(K — wM) = 2T/L, — wm diy gor 


—T/L, 2T/L,—w*m 


The eigenvalues are w? = T/(mL,) and w, = 3T/(mL,). For the first mode, the vector 
that describes the motion is a = A(1,1) (actually a 2 x 1 column), and the two masses 
oscillate in unison. For the second mode a = A(1,—1), and the two masses oscillate with 
equal amplitudes but exactly out of phase as shown on the next page. 
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First Mode Second Mode 


an slatohahals ML pieiaie” 


11.25 xx ‘The mass and spring constant matrices are 


m QO 0 2k —k 0 
M= {0m 0 and K = | —k 2k —-k 
00m QO —k 2k 


from which we find 
det(K — w*M) = (2w2 — w’) (2 —~ /2)w?2 - uw (2 + /2)w2 — | 


where I have introduced the shorthand, wy = ,/k/m. Thus the normal frequencies are 


W1 = Wo xia 9 We = WoV2, and W3 = Wy \f/2+ V2 


In the first mode, the eigenvector a has a, = a3 = ao/ /2, so all three carts oscillate in 
phase, with the middle cart’s amplitude \/2 bigger than the outer two. In the second, a, = 0, 
while a; = —a3, so the middle cart is stationary, while the first and third oscillate exactly 
out of phase. In the third mode, a, = a3 = —a2/ /2, so the first and third carts oscillate in 
phase, while the middle one is exactly out of phase with amplitude /2 times bigger. 


11.26 xx The moment of inertia of the hoop about its edge is J = 2mR?, so its KE is 
T, = 51 ¢2 = mR?$2. The speed of the bead is (for small oscillations) just v2 = R(¢1 + ¢2), 


so its KE} is T2 = $mR? (1 + ¢2)?. Therefore 
l= smR?(3by + 2d12 + $2). 
The total PE is 
U =U, + U, = mgR(1 — cos ¢1) + mgR|(1 — cos ¢,) + (1 — cos ¢2)] & gmgR(2o; + $5) 


for small oscillations. Therefore the matrices M and K are 


jPod 7 ye el oe 

M=mkR cal and K =mP*w, ret 
where w, = 1/g/R, the frequency of a pendulum of length R. From these you can check that 
det(K — w?M) = ee —w*)(w? — 2w), so that the natural frequencies are given by 
orS SW, and w,? = 2w2. If we substitute w = w into the equation (K — w*M)a = 0, we 
find a; = ag. Thus j in the first mode the two angles oscillate in phase with equal amplitudes; 
that is, the bead and hoop oscillate together, with the bead stationary relative to the hoop. 
Substituting w = wa, we find ag = —2a, so the bead and hoop oscillate 180° out of phase 
with the amplitude of ¢2 twice that of 4. 
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11.27 xx (a) The Lagrangian is 

L=T-U=sm(ap + 47) — $k(21 — 22)? = SM(&f + £9) — $k(x? — 2ayrq + 27) 
so the matrices M and K are 

1 0 1 -l 
M = = 2 
mio | and K me | | 

(where w = k/m) and det(K — w?M) = m?w?(w? — 2w?). Therefore, the two normal 
frequencies are w; = 0 and wo = V2. 

(b) If we put w = wo, the equation (K — w?M)a = 0 requires that ay = —a,. That is, in 
mode 2, the two carts oscillate exactly out of phase while their CM remains stationary. 

(c) If we put w = uw, = 0, the equation (K — w*M)a = 0 reduces to Ka = 0, which 


requires that ag = a ,; that is, a = fF (times any constant). If we try a solution of 


1 
the form x(t) = af(t), then the equation of motion M& = —Kx becomes f = 0, so that 
f(t) = 20+ vot. In this mode the separation of the two carts is constant and their CM moves 
with constant velocity. The mode is possible because neither cart is attached to any fixed 
point, so there are no external forces; total momentum is conserved, and one possible motion 
is uniform motion of the CM with no internal motion. 


11.28 xx (a) For small oscillations, the KE is 
T = ime? +iM(z4+ Le’) =i(m+ Me? + MLid +i MDP? 
while the PE is U = MgL(1—cos ¢) = ;MgL¢@?. Thus if we take x and ¢ as our coordinates 
(in that order) the matrices M and K are | 
MM 1+A L 0 O 0 O 
M= |") =a iu | and K=| [=a | 


ML ML? iy iF 0 MgL 0 Lew? 
where I have introduced the mass ratio \ = m/M and the frequency w, = ,/g/L. Therefore 


R= 0M) = Me a aye 


and (as you can check) det(K — w*M) = ML*w?|Aw? — (1+ A)w2]. The normal frequencies 


are Ww, = 0 and wy = wor/(1 + A)/X. 

(b) If we set w = w, = 0, the equation (K — w7M)a = 0 reduces to Ka = 0, which 
; (times any constant). If we try a solution of the 
form x(t) = af(t), then the equation of motion Mk = —Kx becomes f = 0, so that 
f(t) = 2 + vot. In this mode, the cart moves with constant velocity, while the pendulum is 
stationary relative to the cart. 

If we set w = wp = 0, the equation (K — w*7M)a = 0 requires that (1 + A)a, = —Lag, 
so x = Acos(wot — 6) and @ = —Acos(wet — 6)(1 + A)/L. In this mode, the cart and bob 
oscillate in opposite directions leaving their CM stationary. 


requires that ag = 0; that is, a = 
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11.29 xxx I'll introduce the following notations: 
L, = unstretched length of either spring 
To = distance of rod below ceiling in equilibrium 
(r, d) = position of CM of rod 
a = angle between rod and horizontal 
For small oscillations: 
[, = (length of spring 1) = r — ba 
Ly = (length of spring 2) + r + ba 
r=T)+e, where ¢€ is small. 
In equilibrium, the total tension in the two springs must balance the weight of the rod, so 


2k(r>o — Lo) = mg. (xviii) 
Spring 1 is stretched by the amount L;—Lo, so its PE is U; = $k(Li—L,)? = $k(r—L,—ba)’. 
Similarly, spring 2 has PE U2 = Sk(Le —[,)* = sk(r —L,+ba)*. Therefore, the total spring 
PE is 
Usp = U,+U,= k(r — eye + kb?a? 
= k(ro —L, + €)* + kb? a? 
= const + 2k(ro — Lo)e+ ke? + kb?a?* (xix) 
Meanwhile the gravitational PE is 
Ue, = —mgr cos ¢ & —mg(ro + €)(1 — ¢*/2) & const — mge + mgrod¢*/2 (xx) 


where in the first approximation I set cos ¢ = 1— ¢?/2 and in the second I dropped all terms 
with products of three or more small quantities. The total PE is found by adding Eqs.(xix) 
and (xx). By Eq.(xviii), the terms linear in € cancel, and we find 


U = Usp + Ugr = ke? + $mgrog” + kb*a’. 
The KE is . 
T = kmv? + dw? = bm(7* +1779?) + $10? & Emée + $mr 7b? + gmb*a’. 
The Lagrangian is £ = T' — U, as usual. 
The r equation is mé = —2ke. This says the rod can oscillate vertically up and down, 
with angular frequency w; = ,/2k/m. The factor of 2 is because both springs are being 
stretched or compressed. 


The @ equation is mrod = —mgr.. This says the rod can swing sideways like a simple 
pendulum with angular frequency w2=1/g/To. 
The a equation is smb?a — —2kb*a. This says the rod can oscillate (up on the left 


and down on the right, then vice versa), with angular frequency w3 = ,/6k/m. Notice that 
because £ involves no cross terms (no terms involving more than one variable) the three 
Lagrange equations are uncoupled. That is, the three coordinates r, @ and a are already 
normal coordinates and oscillate independently. 
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11.30 xxx I'll use units such that m and k are both equal to 1. With these units the 
natural frequency wy = ,/k/m of a single cart on a single spring is just w) = 1, and when 
we calculate the normal-mode frequencies they’ll come out in units of w,. The matrices M 
and K are 


1000 2-10 0 
0100 =f O 1 © 
rae Naa ON Ee a Ie eat 
e004 0 0 -1 2 


The normal-mode frequencies are the solutions of the equation det(K — w?M) = 0 and 
the corresponding motions are specified by the corresponding solutions a of the equation 
(K —w*M)a = 0. The results are 


where w* is given in units of w2 = k/m. In the first mode all four carts oscillate in phase. 
In the second, carts 1 and 2 are in phase with one another, but out of phase with carts 3 
and 4. And so on. 


11.31 xxx The three equilibrium positions are located at 120° 
to one another, as indicated by the dashed lines. 

The three masses are m, = 2m and m2 = m3 = M, 

and their positions are their angles ¢; and so on from 

their equilibrium positions. The total KE is 


i smR?(29? a o} a $3) 
and the PE is 3 
U = 5kR? [(¢1 — $2)? + (¢2 — 63)? + (¢3 — 61)? 
To simplify the writing, Pll use units with m = k = R = 1. This means, in particular, that 


the unit of frequency is w. = ,/k/m, the frequency of a single mass m on a single spring. 
The matrices M and K are 


2 0 0 2-1 —l 
M=/]0 1 0 and K=j,|-1 2 -1 
0 0 1 = <=) -2 


and 
2(1—-w*) -1 -l 
K —w’?M = A Dee as 
—] a] 2G 
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Therefore, as you can check, det(K—w*M) = —2w?(w?—2)(w?—3) and the normal frequencies 
are W, = 0, wo = V2, andw3 = V3. (In arbitrary units the last two would be wy = V2w,, and 
W3 = V3wWo.) If we put w = 0 in the equation (K — w*M)a = 0, we find that a; = a, = a3. 
Thus, in the first mode the three masses move with constant speed around the hoop at their 
equilibrium separation. (Compare Problems 11.27 or 11.28.) If we put w = wy», we find 
a, = —a_ = —az3; thus, in the second mode, mass 1 oscillates one way while the other two 
oscillate the other. Finally, with w = ws3, we find a; = 0 and a, = —as, and in the third 
mode, mass 1 is stationary, while 2 and 3 oscillate 180° out of phase. 


11.32 xxx [ll introduce the notation 4 = M/m for the ratio of the two different masses, 
and I'll use units with m = k = 1. With this arrangement, any frequencies are measured 
in units of w = ./k/m, the natural frequency of a mass m on a spring k. The total KE is 
T = $(47+Aé?+4?) and the PE is U = $k(x1 — x2)? + $k(x_ —23)?. The matrices M and 
K are 


1 0 0 1 -l 0 
M=|0 A 0 and K=;-1 2 -!Il 
001 62% 4 
and 
l—-w* —-1 0 
K-wM=| -1 2-2 -1 
0 —-1 l1-w’? 
Therefore, as you can check, det(K — w7M) = —w?(w* — 1)(Aw* — 2 — X) and the normal 
frequencies are w; = 0, w2 = 1, and w3 = ,/(2 + A)/X. (In arbitrary units the last two would 


be wg = Wo, and w3 = ,/(2 + A)/Aws.) 

(b) If we put w = w. = 1 in the equation (K — w*M)a = 0, we find that az = 0 and 
a, = —ag. Thus, in the second mode the center atom is stationary, while the outer two 
oscillate with frequency w, and equal amplitudes but 180° out of phase. If we put w = w3 in 
the equation (K — w*M)a = 0, we find that a; = a3 = —a9(A/2). Thus, in the third mode, 
atoms 1 and 8 oscillate in phase with the same amplitude, while the center atom oscillates 
180° out of phase with amplitude 2/, times that of the others. 

(c) If we put w = 0, the equation (K — w*M)a = 0 becomes Ka = 0, and we find that 
Q, = @2 = a3. As in Problem 11.27, if we try a solution of the form x = af(t), the eqution of 
motion implies that f = 0, so all three atoms move with the same constant velocity separated 
by their equilibrium separation. 


11.33 * From (11.78) aq) = 4 and a2) = a If r is any 2 x 1 column, r = * 


then by inspection 
alae ie 
5 AD 


y 
C= a2) 


CHAPTER 11. COUPLED OSCILLATORS AND NORMAL MODES 189 


11.34 xx 1 1 1 


ai=]|1l], ag=] 0}, ag = ]-2]. (xxi) 
—1 1 
If x is an arbitrary 3 x 1 column (with elements x1, 22, 23, or ¢1, 62, ¢3 for pendulums) then 
we can try expanding x in terms of the three eigenvectors (xxi), 


xX = €1a(1) + €2a2) + €3a(). (xxii) 


This gives three equations for the three coefficients &, &9, &3, 


Eotfot&gs=%1, €§-2=2%. and €&-&+&=23. 
These are easily solved to give 


_ @1 + Lo7 L3 Ly — 73 L1 — 2%. + 73 
f= ] G2 = ) ? 


3 6 

If you substitute these values into the right side of Eq.(xxii), you can check that you do indeed 
get x. Thus we have successfully expanded an arbitrary x in terms of the eigenvectors (xxi). 

Normal coordinates are supposed to have the property that any one of them can oscillate 
while the other two remain zero and that this motion is one of the normal modes. For 
example, if €, oscillates while 2 and €3 remain zero, then the condition £ = 0 implies that 
£1 = £3 and then the condition €3 = 0 implies that 7, = rz» = x3. When & = (41 +224+23)/3 
oscillates, this means that 21, Z2, and 23 all oscillate in phase with equal amplitudes, and 
this is indeed the first mode of Fig.11.14. You can check that the other two modes work 
similarly. 


and E3 = 


11.35 xx (a) The first normal mode has ¢; = ¢ and the second has ¢; = —¢2. Thus if we 
define £; = ¢; + ¢2 and £5 = ¢1 — do, the first mode is an oscillation of €, with € remaining 
zero, and the second mode is the other way round. 

(b) The gravitational torque on either pendulum has the form I'gay = —mgLsing © 
—mgL®@. The tension in the spring is approximately kL(¢2 — ¢,) and the velocity of either 
bob has the form v = Ld. The equations of motion in the form I¢ = T read (after a little 
tidying up) 
1=- (¢+=) b+ = $n — 2661 and by =~ 41 — (¢+=) b2 — 202 


where 23 = b/m. Adding these equations gives an equation for €; and subtracting them 
gives a separate equation for £4: 


= 6 —~2B& and &=- € cia =] bo — 20E.. 


(c) These equations can be solved as in Section 5.4 to give 
Ey = Ave? cos(wyt a 6) and E5 = Ase Cos(Wet 7 62) 
where w; = /(g/L) — G? and w. = \/(g/L) + (2k/m) — B?, and Aj, 61, Az, 62 are constants 
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determined by the initial conditions. Both modes die out exponentially with the same decay 
constant 8. In mode 1 (€ = 0) the two pendulums oscillate with frequency w,. In mode 2 
(€, = 0), they oscillate out of phase with frequency w7. 


Chapter 12 


Nonlinear Mechanics and Chaos 


This chapter is the first of the five chapters of Part II of the book. I tried to make all of 
these chapters mutually independent. Thus you can cover this chapter without covering any 
of the other four, and you can cover any of them without including this one. On the other 
hand, it was my plan that students should know most of the material of Part I (Chapters 
1-11) before tackling any of Part II, though even this is not true in every case. In particular, 
you could cover Chapter 12 immediately after Chapter 5 on oscillations, if you’re eager to 
get to some truly modern mechanics quickly (just as you could launch into Chapter 13 on 
Hamiltonian mechanics immediately after Chapter 7 on the Lagrangian approach). 

Because the mathematics of chaos is distinctly harder than anything else in the book, 
this chapter is much more qualitative and descriptive than any of the others. For similar 
reasons, it is much more selective. In fact, the only mechanical system that I cover in any 
detail is the driven damped pendulum, and I entirely omit discussion of chaotic Hamiltonian 
systems. I know that this omission will offend some practitioners of chaos, but I felt it was 
much more important that the students’ introduction to the subject center on systems that 
they could really understand. 

It would be eminently possible to cover just some of this chapter. You could stop after 
Section 12.5 on sensitivity to initial condition, or after Section 12.6 on bifurcation diagrams. 
Or you could cover Sections 12.1-12.6, and then, omitting the sections on state-space orbits 
and Poincaré sections, jump to 12.9 on the logistic map. 

As usual, there are some experiments you could bring into class. There are several 
cheap toys that show chaotic behavior. If you happen to have one of the beautiful chaotic 
pendulum made by Daedalon, that would be a sensation. You could also show several 
computer simulations. 

I confess that I never covered any of the chapters of Part II in class. Instead, they were 
assigned as term projects, with one fifth of the class studying each of the five chapters. All 
of the chapters produced some excellent reports and solutions to end-of-chapter problems, 
though, as you might guess, the chapter on chaos really excited more of the students than did 
any other. In particular, several students produced some beautiful bifurcations diagrams. 
(But be warned that a couple of students put more energy into finding canned programs on 
the Web than into doing the problems themselves!) 
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Solutions for Problems for Chapter 12 


12.1 * (a) The equation ¢ = 2\/z — 1 can be separated as dx/(2./x — 1) = dt, which can 
be integrated to give /z — 1 = t+k. Solving for x we see that the function x(t) = (t+k)?+1 
is a solution of the original equation for any value of the constant k. 

(b) Clearly the function x2(t) = 1 satisfies the original equation and, equally clearly, it 
is not of the form 2,(t) for any choice of the constant k. 

(c) If v3 = Axi, then #3 = At, = 2AV/z, —1 = 2A,/23/A — 1 which is not equal to 
2/2t3—-1 unless A = 1. Similarly, if cr, = Bro = B, then x4 = 0, which is not equal to 
2/24 —1 unless B = 1. Finally, if 7; = 71+ 49 = 2, +1, then #5 = ¢, = 2x, —1 = 2/25, 
which is not equal to 2,/z5 — 1. 


12.2x The equation ¢ = 2,/z can be separated as dx/(2,/x) = dt, which can be integrated 
to give /z =t+k. Solving for x we see that the function z = (t + k)? is a solution of the 
original equation for any value of the constant k. The initial condition that x(0) = 0 implies 
that k = 0, and we have as one solution of the problem (differential equation plus initial 
condition) z,(¢) = t?. On the other hand, it is clear by inspection that x2(t) = 0 is another 
solution. 


12.3 x (a) If x, and 22 are solutions of (12.6), then 
pl, +qti +7241, =0 and pro+qt%o+7rr = 0. 
If we multiply the first of these by any constant a, and the second by ag and add, we find 
p(a,£1 + agX_) + q(ay%1 + Ge%2) + 7(a121 + ax) = 0. 
That is, the function a,271 + a2Z2 is also a solution of the same differential equation. 
(b) If x, and 22 are solutions of the proposed nonlinear equation, 
pi +qt+r/z =0 (i) 


then 
pt, + qt, +rf/t,=0 and pto+qta+7/Lo = 0. (ii) 


Let us consider whether the function « = xr, + 29 is also a solution of this same equation. 
To this end we try adding the two equations (ii) to give 


pé + qé+r(/21 + /£2) = 0. (iii) 
This equation is nearly, but not quite, the proposed equation (i). Unfortunately, unless 
either x or 22 is zero, \/%1 + \/Z2 # V/%1 + 2. Thus because z = 21 + Zz satisfies (iii), it 
does not satisfy (i), and the superposition principle does not hold for the nonlinear equation 
(i). [Another, slightly simpler, way to show the same thing would be to prove that az, does 
not satisfy (i) unless a = 0 or 1.] 
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12.4 x (a) If both x and z, satisfy the inhomogeneous linear equation (12.59), then by 
subtraction we find that x — z, satisfies the homogeneous equation 


P(é — tp) + Q(& — fp) + 1(Z— Zp) = 0. 


Now, we know that any solution of this homogeneous linear equation can be written as 
a linear combination of any two independent solutions x; and x. Therefore, x — ip = 
121 + A2X2, which is the required result (12.60). 


(b) If both x and z, satisfy the proposed nonlinear equation, then, proceeding as before, 
we find that 


p(é — #p) + q(t — tp) + r(V2— Yi) =0. 


Because \/t — ,/fp # ./£—Zp, this means that x — zp does not satisfy corrresponding 
“homogeneous” equation, and we do not get a result corresponding to that of part (a). 


12.5 x Because cosxz = 5 (e’* + e~**), 


3 (e"* a Zeix ua 3e7 a era 


COS t= 


i 
8 
i 
4 


[5 (e%" +e") + 8(e* + e7*)] = $(cos 3x + 3cos 2). 


12.6 xx 


All of these three solutions certainly approach the same attractor. 


12.7 xx The solutions with the initial conditions (b) and (c) merge within about 3 cycles 
and oscillate nearly sinusoidally about 6 = 0. The solution (a) is much slower to settle down 
and eventually oscillates about 6 = 27. To check that all three solutions do really have the 
same long- term behavior, you could plot 6(t) — 27 for solution (a); when this is done, all 
three agree perfectly (on the scale shown) after about t = 8. 
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ee 
y=1073 y = 1073 


: HA | AA 


Having drawn part (b), we can see that, in fact, the motion has settled down after just three 
or four cycles. The long-term motion has period 2. (This is especially clear if you hold a 
horizontal ruler up to the plots.) 


12.9 xx 


4 


4 


2 


SS) 


_ Mann 


Ot 


ATi SUL 


—2n 


The left plot agrees well with Figure 12.5(a). From the right plot it is pretty clear that the 
period is 2. [Important note on precision: Although chaos has not set in, the solution is quite 
sensitive to initial conditions and hence also to rounding errors. I found the curves shown 
using Mathematica’s NDSolve function, starting with the default precision of 15 significant 
figures. I then increased the precision to 16 (WorkingPrecision + 16), and again to 17, and 
on to 21 in integer steps. ‘The curves for precision 15 and 16 looked quite like one another, 
but when I increased the precision to 17 the curve changed radically. From then on it made 
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no visible change, indicating that the rounding errors had probably become negligible (for 
the range 0 < t < 50) 


12.10 xx 


¢(0) = -3 
10 


—10 


y = 1.073. 


I chose just three different initial conditions, all with ¢(0) = 0 but with (0) = —3, 0, and 
m™, as indicated. The most obvious features are that the initial behaviors are very different, 
but that all three curves eventually become the same, within multiples of 27. A remarkable 
feature is that the curves for ¢(0) = —3 and 0 quickly approach one another, so that from 
t ~ 1 to 8 it is hard to say if there is any difference, but the two curves then move rapidly 
apart, ending up three complete revolutions (that is, 67) apart. 


1 1 
12.11 %% (a) (Yt — In) = FI — Mn-1) = GH (%n-1 — Yn-2) 


IN(Yne1 — Yn) 
1 
~—— «© e © ow ore jn—l (Yo — 11). 
Therefore = 
ln fag = Vn) == 1) ne ne V1). —6 : 
n 

(b) The least-squares line has slope —1.54, giving —7 

6 = e'°4 = 4.66, compared with the correct value 4.67 1 2 


12.12 xx (a) As in Problem 12.11, (Y41—n) = (Y2-11)/6"*. Replacing n by n—1 and 
tidying up a bit, we can write this as (Ym — Yn—-1) = C/6” = Ce”, where C’ is a constant and 
« = 1/6. Applying this repeatedly, we find 


Yn = Yn-1 + Ce” = neg t CPT 4 MH ay tC(P +e t---e”). 


Since |e| < 1, this approaches a finite limit as n — oo, 
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Y=HENtC(e+e+---). 
Taking the difference of the last two equations, we see that 

Yn = Yo — C(ert? + et t2 4..--) 

= 7 —-Ce(e+e+---)=y—- Ke” ¥n 

where kK = C(e+e*+---). Since «= 1/6, this 
is the required relation. 1.08 
(b) The four data fit the straight line beautifully. 
‘he vertical intercept of the least-squarres line is 0.2 


at 1.08286, in excellent agreement with the value 1.07 
Yc = 1.0829 claimed in (12.20). 


12.13 x The crests in Fig.12.13 fall pretty close to a straight line with positive slope, 
confirming that the crests of Ad grow exponentially. From the graph we see that Ad(0) = 
10-4 and Ad(14.5) = 1. According to Eq.(12.26), Ad(t)/A¢(0) = e™. Therefore 


_1, (A@®)_ 1,1) 2 
‘= ra( ca) ~ 145 (aa) ~ 0.08 


12.14 xx 
The crests in the graph of ; 0 2 4 6 8 
log |A@(t)| increase linearly with ; 
t, indicating that Ad(t) grows “2 10 
exponentially. This is the -4 10" 
behavior that we expect when —6 10° 
the motion is chaotic. loglAa(t) _8 10°8 Ae(t)| 
“40 y = 1.084 ar 
12.15 xx 
From ¢ = 0 to 5, the o- ¢ t 6 it 
crests of log |A¢(t)| decrease - 102 
perfectly linearly, confirming 4 
that A¢g(t) decreases expo- | 4 10 | 
nentially. ~6 10° 
log |Ag(t)| JAd(t)| 
-8 10° 
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12.16 xx (a) The uncertainty Ad(0) (the amount by which we recognize the true value of 
¢(0) may differ from our measured value) is 10-® rad. According to (12.26), A¢(t) grows 
exponentially, A¢(¢) = A¢(0)e™, and the maximum tolerable uncertainty is Admax = 1072. 
Therefore the time horizon tmax is determined by the condition Admax = Ad(0)e*™=* or 


1 ( LO max 


tmax = ~ | 
rr \A¢(0) 


(b) If we reduce ¢(0) from 10~° to 107° rad, the argument of the natural log in Eq.(iv) 
increases by a factor of 10° and tmax = 1 x In(10") = 16.1. The improvement by a factor of 
1000 in the initial accuracy has increased tax by a factor of only 1.75. 


2110") 921 (iy) 


12.17 xx (a) The pendulum rolls through —27 each cycle, with a regular looking oscillation 
superposed. 


(a) d+2nt (b) 


(b) In the plot of é(¢) + 27t, with the rolling motion subtracted out, we can see clearly that 
the oscillations become very regular after two or three cycles. 


12.18 xx log [Ad 

There is no disputing that log |A@| decreases 2 4 6 8 
with time, and, while it does so somewhat errati- 0 
cally, one could probably say that it decreases 
approximately linearly. Therefore A@ decreases “2 y=13 
approximately exponentially, as expected for j 


nonchaotic motion. 


12.19 * (a) The general solution is r = Acos(wt — 6) and 
hence « = —wAsin(wt — 6), where w = ,/k/m, and A 

and 6 are arbitrary constants. These are the parametric 
equations of an ellipse in the plane of (xz, x). In the 

upper half plane (z > 0), x is increasing and the orbit 
moves to the right; in the lower half plane (z < 0), 

x is decreasing and the orbit moves to the left. 

Therefore, the orbit is traced clockwise. 
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(b) B = $ka* + $maz* = const, which is the equation of an ellipse. 


12.20 x (a) According to Eq.(5.38) the general motion has x 
t = Ae~* cos(wt — 6) and = —wAe- sin(wt — 4). 
In state space (the two-dimensional space with coordi- X 
nates x and «), these are the parametric equations 
for an ellipse whose radius is shrinking exponentially. 
As time advances, the point representing the particle 
moves clockwise around this curve. 


(b) As t + co both x and & approach zero. Thus the attractor is the origin of state 
space, x = x = 0. In terms of energy, this is because the damping force dissipates the energy, 
so that & = smi" -{- kx" — 0. This requires that both x and « tend to zero. 


12.21 xx (a) Here are the values of x; for three different initial values, x9 = 0, 3, and 100. 


LO Ly LQ 23 LA D5 a L28 L29 L30 
0 100 0.54 0.86 0.65 0.793 --- 0.7391 0.7391 0.7391 
3 0.99 0.55 0.85 0.66 0.791 --- 0.7391 0.7391 0.7391 
100 0.86 0.65 0.80 0.70 0.765 --- 0.7391 0.7391 0.7391 


For all three initial values x9, the sequence converges on the attractor 7 = 0.7391. 


(b) The attractor must be a solution 
of the fixed-point equation f(z*) = 2*. 
In the present case, this is cos(x*) = 2", 
which has exactly one solution, 
xz* = 0.739085, and this is stable since 
F(z") <1. x* = 0.739085 —“\¢gg(x) 


12.22 x* (a) The map is 24:1 = f(x,) where f(x) = x*. Thus the successive values are 
£0,206 ,%o,Lo9°° 
and x; = (t)?". A point 2x* is fixed if and only if f(x*) = 2*, that is, 2*” = 2*. Therefore 
there are just two fixed points, x* = 0 and z* = 1. To find whether a fixed point is stable, 
we have only to check whether |f’(z*)| < 1. At the first fixed point, z* = 0, we see that 
f'(a*) = 2x* = 0, so the fixed point at 0 is stable. At the second fixed point, x* = 1, we see 
that f’(a*) = 22* = 2, so the fixed point at 1 is unstable. 
(b) Since x; = (zo)”", we see that x, — 0 if and only if |zo| < 1, that is, -1 < % <1. 
(c) Similarly, x; — 00 if and only if |zo| > 1. These results show why the fixed point 
z* = 1 is unstable. If zo is exactly 1, then, of course, all of the x; = 1. But if we make 7 a 
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tiny bit bigger than 1, then x, will eventually move off to infinity, and if we make zo a tiny 
bit smaller than 1, then x; will eventually move off to zero. 


12.23 xx (a) and (b) The fixed points x* must satisfy 
z* = f(x*); that is, they are determined by the 
intersections (if any) of the line y = x and the 
curve y = f(x), where, in this case, f(x) = rsin7z. 
As you can see from the picture, there is always a 
fixed point at x* = 0. Because the slope of the 
curve y = f(x) at x = 0 is f’(0) =1r7, we see that . 
when r < 1/7, the only fixed point is at x* = 0, 0 
but if we increase r until r > 1/7, then a second 
fixed point appears. The value of r at which this happens is evidently ro = 1/7. 

The test for stability is that | f(«*)| < 1. Thus the fixed point at z* = 0 is stable provided 
f'(0) = ra <1 and unstable if rm > 1. Therefore this first fixed point becomes unstable at 
the same value ro = 1/7 at which the second fixed point appears. 


(c) The second fixed point at x* > 0 is stable as long as | f’(a*)| < 1. As we increase r, 
this fixed point becomes unstable at the value r = r; for which f’(z*) = —1. This transition 
is determined by the two equations 
fe leo thatis: sina par 
and | 
f'(a*)=-1  thatis, ryrcos(rz*) = —1. 


These two simultaneous equations for r; and x* can be solved numerically in several ways. 
(One straightforward method is to use Mathematica’s FindRoot.) The result is that r) = 
0.71996. 


12.24 xx 


0 ss) 10 15 0 <) 10 15 0 s) 10 15 


(a) When r = 0.1, x, approaches 0, consistent with the result of Problem 12.23 that 
when r < 1/n = 0.32 the only stable attractor is 2* = 0. 

(b) When r = 0.5, x; approaches 0.5, consistent with the result of Problem 12.23 that 
when 0.32 < r < 0.72 there is only one stable attractor given by rsin(az*) = z* (which, 
with r = 0.5 happens to give z* = 0.5). 

(c) When r = 0.78, x, does not approach any one limit. This is consistent with the 
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result of Problem 12.23 that when r > 0.72 there is no stable attractor. Instead 4 oscillates 
between two fixed values. 


12.25 xx When r = 0.6, x 
approaches a single attractor at 
x* = 0.58. When r = 0.79, 2; is 
exhibiting period 2 oscillations, 
bouncing between 0.49 and 0.79. 
By the time r = 0.85 the period 
has doubled again to period 4, 
and when r = 0.865 it is period 8. 


12.26 xx As suggested, I’ll assume that f(x) = rd(x). If our map is the logistic map, then 
o(x) = z(1—2). For the sine map, ¢(x) = sin(7x). The same conclusions apply to any map 
for which ¢(z) is a single arch, but to be definite I’ll consider explicitly the familiar case of 
the logistic map. [ll first plot the functions f(z) and g(x) = f[f(x)] for six successive values 
of the growth parameter r = 0.8, 1.5, 2.5, 3, 3.5, and 4. Then I’ll discuss why they behave 
the way they do. In the plots I have shown f(z) as a solid curve and g(x) with dashes. I 
have also shown the 45° line, whose intersections with f(x) are the fixed points. Because 
both f(z) and g(x) are symmetric about the line x = 0.5, we actually need to analyze their 
behavior only for 0 < x < 0.5. 

As the growth parameter r increases, the arch of f(x) steadily rises. For each value of r, 
if we let x move from 0 to 0.5, f(x) increases monotonically from 0 to a maximum, fax at 
z = 0.5. While r < 1 (first picture) the curve of f(z) is entirely below the 45° line, and its 
only intersection with that line is at x = 0; that is, the only fixed point of the map is x = 0. 

When r > 1 the initial slope of f(x) (namely r) puts f(x) above the 45° line. Thus f(z) 
has to intersect that line a second time (as the curve bends back down to 0 at x = 1) anda 
second fixed point has materialized (second picture). 

Until we reach r = 2, both of the curves f(z) and f[f(z)| continue to be simple arches. 
But once r > 2, the arch of f[f(x)| developes a dip at its top (third picture). To see why 
this happens, note that once r > 2, the maximum fmax = 7/4 > 0.5. Thus as we take x 
from 0 to 0.5, f(z) increases from 0 to 0.5 and then on to fmax. Now, as f(x) goes from 0 
to 0.5, f[f(x)] increases from 0 to fmax, and then as f(x) moves on from 0.5 to fax, f[f(x)| 
decreases from fmax to f[fmax|. Hence the dip at the top of the curve for f|f(z)]. 

As we increase r from 2 to 4, the dip in f/f(zx)] gets steadily deeper. (As r increases, 
fmax increases beyond 0.5 and so f|fmax| gets smaller.) Eventually when r = 4, fmax = 1 
and f[fmax| = 0, so the curve of f|f(x)| dips all the way back to zero, as in the final picture. 
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r=08 r=15 r=25 
1 1 1 
PP ctu iA : 
0 1 0 1 0 1 
r=3 r=35 r= 4 
o-+ (A o- 
0 1 0 1 0 1 


Somewhere between r = 2 and r = 4, the curve of f[f(x)] has to cross the 45° line in the 
downward direction, causing two new fixed points appear, as in either of the last two figures. 
This crossing occurs when the curve of f|f(x)] is tangent to the 45° line at the upper fixed 
point x*. Since f[f(x)| is tangent to the 45° line its slope is 1 and by (12.57) f(x*) = —1, 
which means that x* is just about to become unstable. Therefore, x* becomes unstable 
exactly when the two two-cycles materialize. (For the logistic map this occurs when r = 3 
as in the picture on the bottom left.) 


12.27 xx (a) Because f(x) = rz(1— 2) 
fl f(z) =rf(e)[l — f(y = r?2(1 — 2)[l — re(1 — 2) = —r?2[re? — Qre* + (1+r)2— I. 
Therefore 
xe — flf(x)] = z[r32° — 2re2? +177(r + 1)e+(1—-71’)| 
=a2(r2e—r+1)[r?°2*-r(r+)ae+r4+]] 
in agreement with (12.61). 
The fixed points of f|f(a)] are the zeroes of this expression. The first two are x = 0 and 
x = (r —1)/r, which are just the two known fixed points of f(z). The other two are the 
zeroes of the quadratic expression in square brackets and are 


ee Deere lr a4) ae Dae ees) 
7 2r? 7 2r 
in agreement with (12.62). Because these are fixed points of f[f(z)] but not of f(x), they 


have to be the two points of a two-cycle of f(z). 


La, Xb 
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(b) It is always true that 0 <r < 4. If, in addition, r < 3, the product inside the square 
root is negative and both x, and zx, are complex. Therefore there are no real two-cycles for 
r<3. 

(c) Putting r = 3.2 in our expressions for 1, and x», we get the two values 0.51 and 0.80, 
in apparent agreement with Fig.12.37. 


12.28 xx (a) The two fixed points z, and x» of the two-cycle are given by (12.62). The 
derivative of the double map g(z) = f|f(x)| at either fixed point is given by (12.57) as 
g' (La) = g' (to) = f'(xa)f'(2y), and, because f(x) = ra(1— 2), its derivative is f’(x) = 
r(1 — 2x). Putting all this together we find (skipping a bit of algebra) 


g (La) =r*(1 — 2%4)(1 — 2Xp) = 4 + or — r2 


(b) The two-cycle is stable if |g’(z,)| < 1. Thus the boundaries of stability are the values 
of r for which g'(r,) = 4+ 2r—r? = +1. These two equations have four roots, r = 3 or —2, 
and 1+ /6, of which only two, r; = 3 and r, = 1+ V6 = 3.449 lie in the relevant range, 
0<r<4. It is easy to show that g’(xz,) moves from 1 to —1 as r moves from 3 to 1+ V6. 
(Just sketch the graph of 4+ 2r—r?.) Thus the stable two-cycle comes into existence when 
r =3 and becomes unstable when r = 1 + /6. 


12.29 xx (a) See solution to Problem 12.11. 


IN(ne1 — Tn) ; 
(b) From the values of r,, in Eq.(12.58) we can 2 4 6 
calculate the following: 0 n 
n 1 2 3 4 D -4 
In(fn41—Tn) —0.800 —2.358 —3.897 —5.426 —7.013 —8 


A least-squares fit to the line In(rz41 — rn) = In(K) — nIn(d) yields In(K) = 0.7497 and 
In(d) = 1.5495, whence 6 = 4.71, compared with the accepted value 6 = 4.67. The data and 
the best-fit line are plotted above. 


12.30 xx 
QO 10 20 30 40 QO 10 20 30 40 QO 10 20 30 40 
0 t 0 t 0 


101 r-26 ™ r= 33 


In all three graphs the vertical axis shows log |x, — 24]. 


(a) With r = 2.6, log |x} — x,| decreases linearly, so the difference |x, — x,| decreases 
exponentially. 
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(b) With r = 3.3, log |x, — x,| decreases roughly linearly, so the difference |z/, — L+| 
decreases roughly exponentially (with a small period-two oscillation superposed). 


(c) With r = 3.6, log |x,—2,| increases roughly linearly, so the difference |r, —x,| increases 


roughly exponentially. 


12.31 «x«x* 


log |x'—x| 


(a) With x) = 0.4 and x5 = 0.5, the difference x, — x1; remains pretty constant with a 


small periodic oscillation. 


(b) Here with xp = 0.45 and xf = 0.5, the difference |x; — z,| 0 exponentially. 


To understand these different behaviors, consider the case of a period-2 orbit x; with 
fixed points x, and 2. We could launch a second orbit x; so that it was exactly one period 
out of step with the first. (Just take x, = x9.) Then every time the first orbit is at r,, the 
second is at x, and vice versa. Thus |x; — z;| will be a constant. On the other hand, if we 
launch the two orbits sufficiently close, they will eventually get into step and |x}, — z;| will 


approach zero. 


12.32 **«x 

For 0 <r <1, there is just one stable fixed 
point at 7 = 0; with r in this range, z; always 
approaches 0. For 1 <r < 3, there is still only 
one stable fixed point, but it now increases 
with r. At r = 3 the second fixed point 
becomes unstable and a two-cycle takes over. 
At r = 3.45 the two-cycle becomes unstable 
and a four-cycle takes over. Near r = 3.5 you 
can just make out the four-cycle becoming 
an eight-cycle. 


12.33 xxx See Fig.12.41. 


1.0 


0.5 
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12.34 xx«x 


1.0 


oooeoll 
0.8 censetenenee teat > 


0.6 0.7 0.8 0.9 1 


For r < 0.715 (about) the sine map has just one stable fixed point. Near to r = 0.715 a 
period doubling cascade begins, and chaos sets in somewhere about r = 0.87. The general 
appearance of this bifurcation diagram for the sine map is remarkably like Fig.12.41 for 
the logistic map. For instance, the sine map has a prominent window of period three near 
r = 0.94, very similar to the period-three window of the logistic map near r = 3.84. 


Chapter 13 


Hamiltonian Mechanics 


A couple of colleagues tried to persuade me that Hamiltonian mechanics is the most im- 
portant topic covered in this book and should be introduced sooner than Chapter 13. I 
certainly agree that Hamiltonian mechanics plays a crucial role in several areas of contem- 
porary physics — plasma physics, accelerator design, chaos theory, and more.! But I would 
argue that Lagrangian mechanics is at least a strong contender for the rank of “most im- 
portant topic” and, since it seems to be an unavoidable prerequisite for the Hamiltonian 
formalism, it certainly has to come first (in Chapter 7). Moreover, the Lagrangian approach 
(like the Hamiltonian) is a tremendous intellectual leap for our students, most of whom need 
lots of exposure to it before they feel truly comfortable and are ready for the next large leap. 
This is why I put Chapters 8 to 12, all but one of which make liberal use of Lagrangian 
mechanics, before this chapter. However, I did design this chapter so that it could be read 
immediately after Chapter 7. If your students were well prepared and seem on top of La- 
grangian mechanics after studying Chapter 7, you could jump directly to Chapter 13 and 
introduce them to the third great formulation of classical mechanics right away. 

A sad thing about teaching Hamiltonian mechanics at this level is that most of the 
advantages of the Hamiltonian formalism seem too advanced to be appreciated by most of 
our students. Nevertheless, I have tried to introduce several of the more advanced concepts, 
such as phase space and Liouville’s theorem and to hint at some of the great versatility of 
the approach, such as the possibility of making canonical transformations. As I’ve already 
confessed, I didn’t cover any of Chapters 12 through 16 in lecture, but the several students 
who chose to study this chapter for their term project seemed to enjoy it and to come away 
with some appreciation for the power of Hamilton’s beautiful invention. 


‘On the other hand, I do not agree with the oft heard view that classical Hamiltonian mechanics is a 
prerequisite for the study of quantum mechanis. Many of us learned quantum mechanics quite satisfactorily 
long before we knew about the classical Hamiltonian. 
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Solutions to Problems for Chapter 13 


13.1% L= 3m’, p= O0L/0¢ = mi, and H = pz — L = p?/2m. The Hamilton equations 
are | 
t£=OH/Op=p/m and p=-—dH/dxc =0, 


with solutions p = p, = const, and + = 2 + uot, where Up = p/m. 


13.2 * The Lagrangian is £L = 3mz? + mgz, so p = OL/O% = maz, and H = pt —- L = 
p’ /2m — mgx.The Hamilton equations are 


t=OH/Op=p/m and p=-—dH/dOr = mag. 


Combining the two Hamilton equations, we find that < = g as expected. 


13.3 x The moment of inertia of a uniform disc is J = 5M R?, and its kinetic energy is 
slw? = gl t*/R?. Therefore, £L = (Mm +m2+5M)a?+(mi—me)gz, p= (my +m+3M)z, 
and H = px — L = p*/2(m, + m2 + 5M) — (m1 — m2)gx. The Hamilton equations are 


& = OH/Op = p/(m+me+3M) and p=—dH/dzr = (m —mo)g, 


and the acceleration is 4 = g(m1 — m2)/(mi + m2 + $M). 


13.4 x The two original coordinates are x and y, and the constraint equation iszt+y+aR 
= const. Thus the equations for x and y in terms of the generalized coordinate x are x = x 
(of course) and y = —z + const, both of which are independent of time. © 


13.5 xx Since p = R is fixed and z = c@, there is just one generalized coordinate, which 
we can choose to be ¢. The bead’s kinetic energy is T = $mv? = 3m(z? + R’¢’) = 
+m(c* + R?)¢*, the potential energy is U = mgz = mgc¢, and the generalized momentum 


is p = OT/0¢ = m(C + R?)d. From these we find the Hamiltonian: 


te ge Ge P 
2M(C 
and the two Hamilton equations: 
OH. Dp OH. 
? Op m(c?+ R?) — ad 
Combining the last two, we can find d and thence 


Cc? 


IST 
where in the last expression I have introduced tha pitch a of the helix. (The bead rises a 
height 2c in a horizontal run of 27R, so tana =c/R and sina = c/Vc? + R?.) 

According to Newton, we could argue that the bead’s tangential acceleration 1S Gtang 
gsina (the well known acceleration down an incline) and its vertical component is z 
—Qtang SiN = —gsin’a. 


Z=ch= = —gsin’a 


| 
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It R = 0, then a = 90°, and z = —g, as expected on a vertical wire. 


13.6 xx Let the unstretched length of the spring be / and consider a short segment of spring 
a distance € from the fixed end and of length dé. Since the spring is uniform, the mass of 
this segment is Mdé/l and since the spring stretches uniformly its velocity (when the cart 
has velocity z) is z€/l. Therefore the KE of this segment is 5 M2z?é?dé/I°, and the KE of 
the whole spring is mie @ 
_ 2 2 

The total KE of cart plus spring is T = 5 Meg”, where meg = m+ M/3. Therefore 
the Lagrangian for the system is L = Meg” ~ ska, the generalized momentum is p = 
OL/dz = meek, and the Hamiltonian is H = p*/(2m.¢)+3kx*. The two Hamilton equations 
are £ = OH/Op = p/mMeg and p = —OH/Oxr = —kzx. Combining these last two, we find 
© = —(k/meg)z, from which it follows that the cart oscillates with angular frequency w = 


\/(k/me), which is the claimed result. 


Les ae 


13.7 xxx (a) The height of the track is y = h(x). Therefore the distance traveled by the 
car in a small displacement is 

ds = \/dx? + dy? = 1+ h'(2)?dz. (i) 
It follows that the car’s speed satisfies v? = (1 +h”)z?, so the Lagrangian and generalized 
momentum are 


OL 


L=ime*[1+h'(x)’]—mgh(x) and p= an > ma[1 + h'(x)’]. (ii) 
The second equation is easily solved for ¢ and the Hamiltonian is 
2 
Pp 
ey pe ee h 
H = xp ae 
(b) Hamilton’s equations are 
2R/hN 

ae : and p= cle! BE ee mgh! = m(z*h'h" — gh’) (iii) 


~ Op m1 +h) dz m(1 +h?) 


where in the last step I used Eq.(ii) to replace p by p= mi(1+ h”). 

Before we do anything with this Hamiltonian result, let us look at the Newtonian pre- 
— mé = Fang = —dU/ds = —mgh!/V1 + h?, (iv) 
where, in the last step, I wrote U = mgh and I used Eq.(i) to replace ds by dzv/1 + h'2. To 
replace s by z, note that 


dds d (dz hi hx? 
__dds_d (du >) _, 3 hha 
saan h 7 aa 7" sia ay” 
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Inserting this result into (iv) and solving for % we find that, according to Newton, 
gh! 4 h! h! 7 
Lane * W) 

Let’s now see that we get the same result from the Hamilton equations (iii). From the 
first of Eqs.(iii) we find 
d i os d p 7 p p 2h'h"s 
dt dtm(1+h?) m(1 +h?) m(1+h?)? 
If we use the second Hamilton equation (iii) to eliminate p and the second of Eqs.(ii) to 
eliminate p, this is easily seen to be exactly the same as the Newtonian result (v). 


There is a much simpler way to accomplish the same result, though it may seem a cheat 
at first sight. Hamilton’s equations, like Lagrange’s from which we derived them, are true 
with respect to any choice of generalized coordinates. Therefore we can handle the same 
problem using as our generalized coordinate s, the distance measured along the track. If 
we do this, then the Lagrangian is £ = més? — U(s) and the generalized momentum is 
p = OL/0s = ms. Thus the Hamiltonian is H = p*/(2m) + U(s) and the second Hamilton 
equation is p = —OH/0Os = —dU/ds or msé = —dU/ds in agreement with the Newtonian 


result Eq. (iv). 


13.8% Since U =0,£=T-—U = jm(#? +9’? +2). Therefore, p, = O0L/0% = ma, 
and similarly p, = my and p, = mz, and finally H = p-r—£L= p’/2m. The six Hamilton 
equations are 
pees: = and pe 
OD, ™m 

with similar equations for the y and z components. We can combine these into two vector 
equations r = p/m and p = 0, with the expected solutions p = const = p, andr =r, + Volt 
where v, = p,/m. 


13.9x The Lagrangian is £2 = T'—-U = sm( x? + 4°) —mgy, and the generalized momentum 
has components p, = OL/0z = mz and p, = OL/Oy = my. Therefore, the Hamiltonian is 
H=pr—-L=(p2+p7)/2m+mgy. The Hamilton equations are 


<= pz/M, Y = py/™M, Pe =0, and Py = —™mg. 


The first two of these simply reproduce the known relations for p in terms of r. The third 
says that the x component of p is constant, and the last that p, changes at the expected 
rate —mq. 


13.10 x The KE is T = $m(a* + y*). If we choose the PE to be zero at the origin, 
UV = — J, F-ar = ska? + Ky. The generalized momenta are given by p = mr and the 
Hamiltonian is 
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ft 2 2 1 2 
H = 5 (Ps + py) + ska + Ky. 


The two Hamilton equations for x are 

. OH Dz OH 

C= = = 
which combine to give = —(k/m)z. Thus z oscillates in SHM, x = Acos(wt — 6), with 
angular frequency w = ,/k/m. Meanwhile, the two y equations are 


OH Dy OH 
=>7—-=— and p=-~—=-kK 
ODy mM es Oy 
which combine to give j = —K/m. Thus y accelerates in the negative y direction, y = 


—$(K/m)t? + vyot + Yo, with constant acceleration —K/m. 


13.11 * Let’s measure x along the tracks (in the direction of travel), y crossways, and 
z vertically up, all three relative to the car. The ball’s velocity relative to the ground is 
(V+z, y, Z), so the Lagrangian is £ = T-U = gm[(V + 2)? + y’ + 27] — mgz. The 
generalized momentum has components 

OL 


Pa m(V a z), Py = my, and = p,=mz 


Ox 
(Notice that, perhaps unexpectedly, the generalized momentum is the momentum relative 
to the ground, not to the moving car.) We can solve for ¢ = (p, — mV)/m and then 
2 
H=p,t+p,y+p.2-L= a — prV +mgz. 

From this, you can derive the expected equation of motion (as you could check), but our 
point here is to note that H is not equal to the energy 7’+ U (neither relative to the car nor 
relative to the ground), because 


(T + U) = om(z? + 9? + 2°) + mgz 
2 


(rel to car) 
= 5 — PaV + ymV? + mgz ¢ H. 


and ; 


p 
Ca U) (re) to ground) = 5,, + 9 ee 


13.12 * As generalized coordinate I’ll use the bead’s position z relative to the axis of spin, 
as measured in the frame of the rod. The bead’s PE is zero and its KE (relative to the 
ground) is T = 4m(a? + 2?w?), so L = 5m(z* + x*w*) and the generalized momentum is 
p = 0L/0z = mz. Therefore the Hamiltonian is 
2 
W = pt —-L= 2 — Amara. 
2m 7 


210 CHAPTER 13. HAMILTONIAN MECHANICS 


This is not equal to the energy 7’+ U (neither relative to the rod nor relative to the ground), 
because 


(T+ U) (rel to rod) ~ gmk = -— #H. 
and 


| 2 
Sma" + ¢7w*) = = + 4max*w*? £H. 


(P+ U) (rel to ground) ~ 2 


13.13 ** The KE is T = 4m(R?¢? + 2”), and the PE is U = 4kr? = 1k(R? + 2?). Thus 
the two generalized momenta are 


and the Hamiltonian is ; 
1 1 
H=T4+U=— (42) 4 =e(R? 4+ 2’). 
2m 2 
The two Hamilton equations for z are 


,H_m ~, .»_ oH 


= dG pss aes 
Op, ™ P Oz . 
These two combine to give Z = —(k/m)z, which shows that the motion in the z direction is 
SHM with frequency w = ,/k/m. The two Hamilton equations for ¢ are 
OH. Pe : OH. 
Op, mR? on’ ae Op 


The first of these simply repeats the relation between d and po. The second tells us that 
py (namely, the z component of angular momentum) is constant and hence that the motion 
around the cylinder proceeds with constant 9. 


13.14 *x According to Eq.(13.32), z= p./m(c* + 1), 
so Z can vanish if and only if p, = 0. According to energy 
(13.33) 


in es Dé 
nails Z =. 
2m Fe +1) " 3, tees 


Therefore, if p, = 0 it must be that 


Imerze |" Zmrin Zmax 
To find how many values of z can satisfy this 
equation consider the graph of the LHS plotted against z. When z — 0 or z — oo it is 
clear that the LHS approaches +oo. By differentiating it, you can check that its derivative 
vanishes exactly once, so the graph of the LHS has the simple cup shape shown. If E < Emin, 
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no motion is possible. But if H > Emin, the equation had exactly two solutions, shown as 
yaar A Maar 

As the mass mass moves around the cone, ¢ = po/(mc*z?) always keeps the same sign 
(always positive or always negative). Thus the mass always moves in the same direction 
around the cone. Meanwhile z moves down to zmin and up tO Zmax, oscillating between the 
two. 


13.15 xx According to Eq.(13.24) 
H = H(q,P,t) = Dd Pitil q,P,t) — £(q, 4(q, P, 2), t). (vi) 
Differentiating with respect to q;, we ‘find 


OH Og; OL OL OG; OL d OL 
j : | 


Ogi ” Ogi 04; 04 Og: dt 04; 


where, in the second expression, I replaced 0£/0q; in the second sum by p;, so that the two 
sums cancelled, and for the third equality I used Lagrange’s equations. Differentiating (vi) 
with respect to p; we find 


f AL 4 
et Do At D5, Ba =! - 


where, in the second sum of the seas expression, I replaced 0£/04; by p;, so that the two 
sums cancel. 


on 


13.16 xx For asystem with just one degree of freedom, (13.24) reads 
H = pq(q,p,t) — L(q, 4(a 7, t), t). 
ou _ dg _[alag, aL] __ aL 
ot dt | dq dt Ot| Ot 
where, in the second term of the second expression, I replaced OL/0q by p, so that the 
first two terms cancelled. (Remember that, in the Hamiltonian approach, the independent 


variables are g,p, and t; thus, in evaluating 0/Ot, we hold q and p fixed.) 
The case with n degrees of freedom proceeds in exact ~ starting from (13.24): 


OH Og; OL a4; , OL) _ _a£ 
Ot ~ 2? 7 Ot |e ae Ot Ot 


Therefore 


13.17 x** (a) From (13.32) we see that z = 0 if and only if p, = 0, and from (13.34) that 


this implies that 2 9 1/3 
Pg Pg 
g OF 24> 
m*c?g 


2,3 
MCZ, 


(b) If we combine the two equation (13.34) to give Z and then put z = z, + €, we find 
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— met+1) mce2+1) 


- wary nets (1%) -™] =a 
mic? +1) |mc?z3 a mc?(c? + 1)z4 
where in passing to the second line I used the binomial approximation for z~? and where, in 
the first expression of the second line, the first and last terms cancelled because of the result 
of part (a). This equation implies that ¢ oscillates in SHM. . 
(c) The last equation of part (b) —" that the frequency of these oscillations is 


_  P¢ 
= mez? ¥ +1 = V3b07 


where for the second equality I used (13.32) to i Po by mc 226, and for the third I 
replaced c/+/c? + 1 by sina where a is the half-angle of the cone. 

(d) For w to be equal to go, it must be that sina = 1//3 or a = 35.3°. If this is the 
case, the height z will return to its initial value in the time for one complete orbit around 
the cone. Therefore the orbit is closed and is (approximately at least) a circle, tilted at a 
small angle €max/CZo- 


= 3d, sin @ 


13.18 xxx (a) According to (7.103), £ = $mt? — q(V —¢-A). Therefore, the generalized 


momentum has p, = O£L/0z = mz + qA;z, with similar expressions for p, and p,. Thus 
—qA . 
p=mr+qA_ or ane este iy (vii) 
The Hamiltonian is ae 


p-qA _ 1 p—gA : p—gA 
a — | teed —e—w os eee 
H=pr—-L=p:-— 5m ( (Vv 


mm 
1 2 
= 5—(p—gA)’+qV 


2m 
(b) Hamilton’s equations are 
~ Op, mM BUC Us 7 Ft (rage Ma 5a -%| 


with similar equations for y and z. Combining these two equations we find 


stn ag gl Ol 
ye Pe EG TN Loe Be J VA Or OE 
= OV i OA; 7, oA, _ OA; OA; 7 =) 
ae ie Ox Ot z Ox Oy Oz Ox 
which you can recognize as the z component of the Lorentz-force equation m¥ = q(E + v x B). 
Since the other two components work in exactly the same way, we’re home. 
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13.19 x The KE is T = ¢m(az? + y’) and the PE is U = U(r) = U( V2 ++ y). Thus the 


Hamiltonian is 
ee — (p2 + py) +U (Va? +9"). 


Clearly neither 0H /Ox nor OH/ sd is zero (unless U is a constant); that is, neither x nor y 
is ignorable. 


13.20 x (a) U(r) =—f F-dr = —F-r. Therefore 


p? 
+ 
H=-—-_-—Fr _ Pet Py _ 

= m 
(b) If we choose our x axis in the direction of F, then F,, = 0 and the coordinate y is 


ignorable. 


Bat = LY: 


(c) If neither axis is parallel to F, then neither F, nor F, is zero, and neither OH/Ox 
nor 0OH/Oy is zero, so neither of the coordinates is ignorable. 


13.21 xx (a) The KE is T= 4MR? + dye? = 4M(X? 4+ Y?) + du(7? +17¢?), and the PE 
ig. = sk(r —1,)*. The generalized momenta are P = M R, Dr = pr, and pg = urd, so the 
Hamiltonian is 


1 2 2, 1 Po 1 2 
H = (Pe Page (n+ 2 ) +446 be. 


The CM coordinates X and Y are ignorable, because there are no external forces, so that 
total momentum is conserved. The coordinate ¢ is ignorable because the force between the 
two masses is central, so their angular momentum is conserved. ‘The coordinate r is not 
ignorable, because there is a radial force. 


(b) The two Hamilton equations for X are 
OH 


OH. re tee _ 
~ 6P,  M and Fr=— oy = 


with corresponding equations for Y. These four equations say that the CM position R. moves 
like a free particle, with constant velocity. The two equations for r are 


OH p, | OH p§ 
ep ere ts = =+* —k(r—1,), 
a and sp, ae ae (r — 1,) 
and the two @ equations are 
OH  D¢ OH 
2S d 6 
’ Ope = par? He 86 


which last says that pg is conserved as expected. 


(c) The two r equations combine to give the familiar radial equation 
2 


8 Po - 
ic =p. = “a k(r — 1). (viii) 
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In the special case that pg = 0 this shows that r executes SHM about the equilibrium length 
r =1l,. The CM moves with constant velocity while the two masses oscillate toward and 
away from the CM. 


(d) If py 4 0, the radial equation (viii) is no longer linear and cannot be solved in terms 
of elementary functions. In this case, the two masses still oscillate in and out, but not in 
SHM, while they orbit around the CM with constant angular momentum. 


13.22 xx (a) According to (13.14) H(q, p) = pg(q,p) — L(a, d(a,p)), so 
OH se OL OL Og OL 
qq “a Og 4 ~ Og 

where the first and third terms in the middle expression cancel because p = OL/04q. 

(b) According to (13.24), 


H = H(a,p,t) = Lops q,p,t) — £(q, 4(a, p, t), t)- 


SO 


—-S Odj _ 


= Pia Aq; 


aE aL aq] aL 
Od: Oq; Oi Od: 


where the two sums cancel because p; = OL ; 0g;. 


j 


13.23 x** (a) The gravitational PE is Uz. = Mgy —mgy — mg(x+y) + const = —mgz if 
we drop the uninteresting constant. The spring PE is harder. If we let /, denote the spring’s 
natural, unloaded length, then k(l, — 1.) = mg and if x’ denotes the spring’s true extension 
(from its unloaded length), then /, + 2’ =1, +2 so 
m 
gf =24(le—b)= 2+ 
Thus the spring PE 1s 


Uspr = aka” = 5k (2 ae my = tke” + mgz + const. 
If we add this to U,, = —mgzx, the terms in mgz cancel and (dropping another uninteresting 


constant) we get U = Uy + Uspr = 5 kx” as claimed. 
(b) The KE is T = 4My? + dmy? + gm(é + 9)? = 5m[3y? + (z + y)*], from which we 
find the momenta, or ; ar _— 
Pe= ap =mety) and py = a y 


whence 


. Dx 1 
t+y=— and Y= 37 (Py ~ Pe). 
From these we can calculate the Hamiltonian, 
1 > — Dy)? 1 
oe ee en er 5 92] + Sha 
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Because this doesn’t depend on y, the coordinate y is ignorable. This is traceable to the fact 
that the total mass on each side is the same. 


(c) The Hamilton equations for x are 


OH 1 OH 


me 3, (APs —p,) and p= =a —kzx (ix) 
and those for y 
Y= 5p = Bm Pu Po) aaa Fae (x) 


The initial conditions are that z(0) = zo, y(0) = yo, and «(0) = y(0) = 0. These imply 
that p,z(0) = p,(0) = 0, and, because p, is constant, p, = 0 for all time. Combining the 
two equations (ix) and setting p, = 0, we find that % = 4p,/3m = —4kx/3m. Therefore 
«= 2, coswt, where w = ,/4k/3m. Next, from the first of Eqs.(ix) (with p, = 0) we find that 


(oe Sma a —2mwZo sinwt and finally, from the first of Eqs.(x), y = —p,/3m = GWLo sin wt, 


so y = —42_coswt + const = Yo + 7£o(1 — coswt). 


13.24 * The new variables are defined as Q = p and P = —q. So 


Papa 

Pog =P) OP 
ane OH On 
| a LL 
Op OQ 


These are precisely Hamilton’s equations with respect to the new variables. 


13.25 xxx (a) The new variables Q and P are defined so that 
q=v2PsinQ and p=v2PcosQ (xi) 


and we are promised that the old variables g and p satisfy Hamilton’s equations. So now 
consider this: 


Cit. COG. OME TD 2s 
0Q 0¢0Q) Op dQ” 


1d d | . 
= —(pp + qq) = ee +q’) = =, (P cos? Q + Psin? Q) = —P. 


This proves the Hamilton equation for P. Next 
OH OHOq OHOp _. 1, 1 
OP OgoP' OpoP * Ga sn) - (ip cos) 
2 2 2 
.g ,.p p d/q pd PA 8 ; 
= —nN-— —=S ss —— — | — = ——— —f{, = = ’ 
Pop {2p oP ai (4) ee eee 
Here in moving to the second line I used Eqs.(xi), and for the final equality I used the second 
of Eqs.(xi). This proves the Hamilton equation for Q. 


—p(V2P cos Q) — g(V2P sin Q) 
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(b) H = (p*/2m) + $kq? = $(p* + q’) because m =k = 1. 

(c) H = 3(p? +9’) = $(2P cos’*Q + 2Psin*Q) = P. We see that Q is ignorable and that 
the new Hamiltonian is just P (so that conservation of P is just conservation of energy). 

(d) The Hamilton equation for Q reads Q = OH/OP = 1, which implies that Q = (t— 6) 
where 6 is an arbitrary constant. Substituting this into the first of Eqs.(xi) and putting 
P= E, we find gq = V2Esin(t — 6), which correctly describes an SHO with energy E and 
frequency w = ,/k/m = 1. 


13.26 « ‘The potential energy is P 
U = — ff Fd = tke", 
and the Hamiltonian is 


2 
p ee x 
H = —4+ -kax* = LE. 
2m zn 4 
In the two-dimensional phase space, with coordinates 


x and p, this defines the flattened ellipse shown. 


13.27 x* The position and momentum of an object in free fall are z = xo + (po/m)t + $gt? 
and p= p, + mgt. ‘Thus the positions in phase space of the eight points in Fig.13.6 are as 
follows: 


time 0 time t 
Lo Po Mt p 
Ay 0 0 A sgt? mot 
Bo xX 0 B X + sgt? mat 
Cs X P C X+4+(P/m)t+ sg? P+mgt 
ey 0 P D  (P/m)t+4gt? P+mgt 


Inspecting the data in this table, you can see the heights of the two points D, and C, above 
the x axis are both equal to P, so the lines D,C, and A,B, are parallel. Since both of 
these lines have the same length (X), A, B.C,D, is a parallelogram. (In fact it is also a 
rectangle,but this doesn’t matter here.) In the same way, the lines AB and DC parallel and 
of equal length, so ABCD is also a parallogram. Again from the data in the table you can 
check that both parallograms have bases equal to X and heights equal to P. Thus both have 
area X-P. In particular, their areas are the same. 


13.28 xx (a) The potential energy is 
= - | Fads = — kz’, 
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which gives the inverted parabola shown. If E > 0, 

the mass can go anywhere. It can come in from the 
left, slowing down, and move out to the right, speeding 
up again, or vice versa. 

If & < 0, the mass is excluded from the interval 
between the two turning points. It can come in from E<0 
the left, slowing to a halt at the turning point, and 
then reverse out; or similarly from the right. 


(b) The Hamiltonian is 


turning points 


p Li % 

1S a 5 he a Be 
In the phase space, with coordinates x and p, this is the equation of a hyperbola. If EF > 0 
the hyperbola is as shown in the left 
picture. The upper curve shows a y P 
mass coming in from the left, passing 
through, and going out on the right. X X 
The lower curve shows a mass going 
from right to left. If E < 0, the 
hyperbola is as shown on the right. 
The left curve shows a mass coming 
in from the left and reversing out; 
the right curve shows a mass coming in from the right and reversing out. 


E>0 E<0 


13.29 x 
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13.30 x The crucial point is that n is defined as the outward 
normal trom the surface. Thus if the velocity v is pretty 
much in the same direction all over the surface, then 

n:vot will have opposite signs on opposite sides of the 

surface. 


13.31 x 
(a) Ifv = kr = (ka, ky, kz), then V-v = K( 5 a of at =) 2]. 
(b) Ifv = k(z,z,y), then V-v = (= at - A a) = 
(c) Ifv =k(z,y, 2x), then V-v = K( 5 ze = Se =) 
(d) Ifv = k(x, y, —2z), then V-v = K(S + = — 2 =k(1+1—2)=0 


13.32 xx (a) With v = (k,0,0), V-v = 0k/Ox +04+0=0. This flow is sketched in the 
left picture. Fluid is flowing into the square on its left, but out on its right, and these two 
effects cancel. ‘To put it another way, the square as a whole is moving to the right, but its 
front and back are moving at the same speed, so its volume doesn’t change. 


(b) With v = (kz,0,0), V-v = kOx/Ox =k. This flow is shown in the middle picture. 
Fluid is flowing into the square on its left, and out on its right. Since the speed of flow is 
greater on the right, there is a net outflow. The square as a whole is stretching. 

(c) With v = (ky, 0,0), Vv = kOy/Ox = 0. This flow is shown in the right picture. Fluid 
is flowing into the square on its left, and out on its right. The speed of flow is greater near 
the top, but the net flows on the left and right cancel. The square as a whole is becoming a 
parallelogram, but its volume isn’t changing. 
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13.33 xx ‘The divergence theorem asserts that 


[vnaa= [ vvav. Gn 
S V 


(a) If S is a sphere of radius R centered on the origin, then the unit normal n points 
radially out from the origin, so n = f, and the surface integral on the left side of Eq.(xii) is 
easily evaluated (with v = kr): 


LHS = | vndA= / kr-tdA=kR f aA = ankR? (xiii) 
S S S 


Because V-v = 3k, the volume integral on the right side of Eq.(xii) is easily seen to be 
4 
RHS = / V-vdV = 3k / dV = 3k (Gre) = ArkR® (xiv) 
V V 


in agreement with (xiii). That is, this example confirms the divergence theorem. 


(b) If S is not centered on the origin, then the normal n is not the same as f and the 
integrand v-n in the LHS of Eq.(xii) is a somewhat complicated function of position on the 
sphere. his makes the surface integral harder to evaluate directly. On the other hand, 
the volume integral in the RHS can be evaluated exactly as berfore in (xiv). Therefore, the 
surface integral has the same value as before, 47k R°. 


13.34 x (a) In rectangular coordinates, the vector v is 
kt kr ,/2@ & & 
yeaa aaa): 


The divergence V-v involves three derivatives, of which the first is 


OVg O 2 1 3 Or 1 Bees oS ; 
= At Ae pene =—— een ey est cae Fay Mama ego ee os 
Ox ne &, ‘ € Y pd =| : € vp =) [ (r ey) 


with corresponding expressions for the other two derivatives. Therefore 


OV, Oy : Ov, k 


Me oe te [(r? — 827) + (r? — 3y*) + (r? — 327)| 
= 5 [r? — (27 + y* + 2°)] =0 


(b) If we use spherical polar coordinates (r,6,¢), then only the r component of v is 
different from zero; specifically, v, = k/r?, while vg = vg = 0. The expression inside the back 
cover for V-v has three terms, but, in the present case, two of them are zero, and we’re left 
with 


220 CHAPTER 13. HAMILTONIAN MECHANICS 


13.35 xx The initial volume occupied by the beam is Vj = (tRZL,)[n(Ap_.)?2Ap,]. (This 
is the volume in phase space.) By Liouville’s theorem, this volume can’t change. Thus when 
R shrinks (with L, and Ap, fixed), Ap, has to grow. In the long run, this means that R 
will increase again. 


13.36 xx ‘The velocity in the 2n-dimensional phase space is 

OH. OH OH OH 
where the last equality follows from Hamilton’s equations. The 2n-dimensional divergence 
is Viv = yo Ov;/O0z;, and each of the first n terms in this sum exactly cancels the 


corresponding one of the final n terms, so that V-v = 0. If now V denotes the volume of an 
arbitrary closed surface, then, according to (13.59), dV/dt = 0, which is Liouville’s theorem. 


V=Z=(qh,°°° Ons Dig Bn) = ( 


13.37 xxx (a) As discussed, the surface integral on the left side of Eq.(13.63) has the form 
I, +-++++J¢, where I, = [ g, n-vdA and so on. Now, on the surface 5, the outward normal 
is n = —xX, while on So, n= x. Therefore, 


~ Z+C — ZEC 
+h= -{ iy f AZ Uh X ez )+ | iy f dzvz,(X + A, y, z) 


={ ar ay f en eae ee er es ax) 


X+A df 


(b) By the fundamental theorem of calculus, f(X + A) — f(X) = / ao so the 
X+A du, io 


integrand in (xv) is [ Aa dx. 


(c) Combining the results of parts (a) and (b), we see that 


are fo 2 Oe Ov, 


Adding this to the saree aaa for a other two pairs of integrals, we conclude 
that the surface integral of (13.63) is 


Ov,  OVy | Ovz | 
[vnaa TL+::++I1¢ (@+e+E) V [ V 


which is the divergence theorem. 


Chapter 14 


Collision Theory 


It is a little unusual to have a separate chapter on collision theory in a book of this type. 
My decision to do this reflects in part my interest in the subject, but mainly a conviction 
that if one’s going to introduce the subject at all, one had better do it properly. Ideas like 
the differential cross section and the relation of CM to lab frames are just too subtle to 
be introduced in a couple of sections at the end of a chapter. Sections 14.1-14.3 introduce 
the basic ideas of the scattering angle, the impact parameter, and the various total cross 
sections (total elastic and inelastic cross sections, and so on). Sections 14.4-14.6 are about 
the differential cross section and how to calculate it, including hard-sphere and Rutherford 
scattering as examples. While all of Sections 14.1-14.6 treat the target as fixed, Sections 
14.7 and 14.8 (both advertized as omittable) take up the different cross sections in different 
reference frames and derive the crucial relations (14.45) and (14.56) between the lab and 
CM cross sections. 


Solutions to Problems for Chapter 14 


14.1 x The area of a blueberry is 0 = mr* = rd?/4 = 1/4 cm* = 0.79 cm’. The density of 
targets (number/area) is Niar = Ntar/A = Ntar/(7D?/4) = 0.034 cm~*. The probability of a 
hit in one try 1S Ntaro = 0.027. 


14.2 * (a) With r = 5 fm = 5 x 10% m, the cross section is 0 = mr? = 25m x 107% 


m? x 0.8 barns. 
(b) If = 0.1 nm = 1071° m, the cross section is 0 = mr? = 7 x 107° m* = 3 x 10° barns. 


14.3% The density is 9 = 0.07 g/cm’, the length of the tank, L = 50 cm, and the mass of 
an H atom is my = 1.66 x 1072” kg. The number density (number/volume) is 0/my, so the 
target density (number/area) is | 
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: oL (0.07 x 10° kg/m*) x (0.5 m) 
hin = nimber density | fs = e K eS 28 3 
: ( ity) ce 1.66 x 10-27 ke 2.1 x 10° atoms/m 


eS SSS SSeS SSS fs SSS 


14.4 ** As in Bq.(14.3), niar = ot/m, so 


(8.9 x 10° kg/m*) x (1075 m) 


Nsc¢ = Nincn arJ — 10° x 
oo 63.5 x 1.66 x 10-2" kg 


x (2.0x10~*8 m”) = 1.69x10° particles. 


14.5 xx The target density is m4, = (number density) x thickness, where in an ideal gas 
of nitrogen the number density is 2 x (6.02 x 10°°)/(22.4 liters) = 5.38 x 10° particles/m?. 
(Remember that a mole of gas occupies 22.4 liters and that each Nz molecule has two atoms.) 
Thus ntar = 5.38 x 10%* particles/m?. Therefore 


Nec = NincMtard = 10°* x (5.38 x 10°* m7?) x (0.5 x 107-78 m?) = 2.7 x 10” particles. 


14.6 xx The probability that any one target will be struck by a projectile is 
prob(any given target is struck) = ninco. 
Therefore, with Niar targets in all, the expected total number of strikes is 


Nec = Ntar X prob(any given target is struck) = MtarNincd. 


14.7 * A sphere of radius R at a large distance d subtends a solid angle AQ = A/d*? = 
aR?/d?. For the moon this gives AQmoon © 6.45 x 107° sr, and for the sun, AQsun © 
6.76 x 107° sr. Because AQynoon © AQsun, the moon and sun appear to be about the same 
SIZe. 


14.8% AQ=A/r? = (1 mm?)/(10 mm)? = 0.01 sr. 


27 T 
14.9% Q= fa = / dé | (sin@)d0 = 2n|—cos an = Ar. 
0 0 


14.10 x 
27 7 
= [Zn = vf dp | sin@ d0(1+3cos 6 +3cos*#) = ona. | du(1+3u+3u*) = 8705. 
0 0 


—1 
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14.11 xx The target density is 


ot — (10.5 x 10° kg/m*) x (1076 m) 
mr ar? = Se ie oe 22 —2 
er Mg 108 x (1.66 x 10-27 ke) papas te 


and the solid angle subtended by the counter is AQ = (0.1 mm?)/(10 mm)? = 1073 sr. 
Therefore, the number of alphas scattered into AQ should be 


do 
Nec = NincTtarzay AQ = (10°°) x (5.86 x 107? m7?) x (0.5 x 10778 m?/sr) x (1073 sr) & 29. 


dQ 
14.12 xxx (a) Since EF = p?/2m and p = V2mE, do/dQ. (mb/sr) 
fG)= as (e*° sin dg + 3e* sin 51) . 
(b) With 59 = —30° and 6, = 150°, 
= [FOP = = (1+ 60058 + 9.c05%8). as a er 


The figure shows the differential cross section in millibarns/steradian. 


h2 27 1 #2 
Ore [ror a =a / dg | (1+ 6u-+ 9u?)du = —— - 160 = 260 mb, 
0 pay 


1 
where the second integral in the third expression results from the substitution u = cos 6. 


14.13 xx In Fig.14.10, let us temporarilly rename as a’ the second of the angles labelled 
a (the angle of reflection), and let the incoming and outgoing speeds be v and v’. That the 
collision is elastic implies that v = v’, and conservation of angular momentum implies that 
muRsina = mvu'Rsina’. Together, these imply that sina = sina’ and hence that a = a’. 


14.14 xx (a) If we consider Fig.14.1 to show a two-dimensional scattering event, then on 
the one hand the definition of the differential cross section (really differential width) is that 
the number of scatterings between 0 and 6 + dé is | 

do 

Nsc = Ninc ar, U0, 

8 
where nar is the density (number/width) of targets. [This is the analog of Eq.(14.17) for 
two-dimensional scattering.] On the other hand, by the familiar argument (modified for two 
dimensions) Nc = Nincttardb. Comparing these two equations, we see that do /do = |\db/d6\, 
where the absolute values signs are because d@ and db were both taken to be positive. 


(b) From Fig.14.10 (considered as a two-dimensional picture) we see that b = Rsina 
and that @ = 1 — 2a or a = $(m — 6). Therefore b = Rsin 5(m — 0) = Roos(@/2), and 
do ab 


R 
ae oye mee a Fo DY)I. 
a lal (9/2) 
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Cee [ <7 do = 2 / (R/2) sin(0/2)d0 = 2R / mon 
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14.15 xxx (a) 


- Note that the angles shown are a = arcsin(b/R) and @ = arcsin(d/R), and the angle of 
deflection on entering the sphere is a— @. By symmetry the deflection on leaving the sphere 
is the same, so the total angle of deflection is 6 = 2(a — £). 

(b) The projectile’s initial energy is }mu2 = p2/2m, while its energy inside the sphere 
is p*/2m — U,. Equating these two, we “find that p = ,/p2+2mU,. The initial angular 
momentum is bp, and that when inside the sphere is dp. Equating these we find that 
d= bpo/ p= 60. . 

(c) From part (a), it is clear that 6 = 2(a@ — @) = 2l{arcsin(b/R) — arcsin(¢b/R)], as in 
Equation (14.60). This is zero when b = 0 (the projectile goes straight through, undeflected). 
As 6 increases from 0 to R, the scattering angle @ increases steadily to a maximum, Ona, = 
mq — 2arcsin€ when b = R, then drops abruptly to 0 and remains zero for all b > R because 
the projectile misses the target entirely. 


da/dQ. 
‘ | Omax 
oN g 


= ax 


Problem . 15(Cc) 
(d) Differentiating (14.60), we find 


a where aD wt oe ae ee ee 
dQ (sin 0)d6/db db JR2—  ,/R? — 626? } 


This is good for 0 < b < R (equivalently 0 < 6 < @max); for 9 > Omax, do/dQ = 0. 


7 b 
(e) - “ee — / —___————- sin 6 d@ = 2 [ bdb = 7R’. 
CSOT , dn sin 6 d@ = 27 , (snd)db db sin 1 1 
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14.16 
* Number of mica sheets!) O 1 2 3 4 «5 + 6 


Counts, Ne. (per min): 24.7 29 33.4 44 81 101 255 
Speed, v (arb. units): 1.0 0.95 0.90 0.85 0.77 0.69 0.57 
Negcv*: 24.7 23.6 21.9 23.0 28.5 22.9 26.9 


The numbers NV,,v* are reasonably (though certainly not exactly) constant. Without knowing 
the experimental uncertainties, we can’t really assess their constancy, but at the time the 
results were considered good confirmation that N,, is inversely proportional to v*. 


paren target: Gold Platinum Tin Silver Copper Aluminum 
Ngc: 1319 EZ 467 420 152 26 
Z: 9 18 50 47 29 13 
N72 021 0.20 019 019 0.18 0.15 


14.18 «x The cross section for backward scattering is found by integrating da/dQ = 
o,/sin*(0/2) over the backward — 0 > 1/2: 


ae sin 6 dé 
> = — gel Oo: 
o(@ > 1/2) [os =o | a ioe sin*(0/2) TO 


O>n/2 


[One way to do the integral over @ is to write sin@ as 2sin(@/2)cos(@/2) and make the 
substitution u = sin(0/2).| 
The number of a’s scattered into the backward hemisphere should be N,.(@ > 1/2) = 
Nincttaro(9 > 1/2). Thus the requested ratio is Ns.(@ > 17/2)/Ninc = Nard (9 = m/2). With 
ot (21.4 x 108 kg/m’) x (3 x 1076 m) 


Sse pee SS 08 10 a 
ae 195 x 1.66 x 10-27 ke = 


and 


kgQ\? _ ( (8.99 x 10° N-m?/ C?) x 2.x 78 x (1.60 x 10-! ), apes 
= ae 4x (7.8 x 1.60 x 10-13 J) | 


the required ratio is ntaro(O > 17/2) = 4rNtarJo = 1.29 x 10-*. The reciprocal of this is 
7750, so the Rutherford model predicts that 1 particle in 7750 would be “reflected” into the 
backward hemisphere, in remarkable agreement with Geiger and Marsden’s observed “about 


1 in 8000.” 
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14.19 xx The figure shows a typical orbit of a projectile. 
The point O is the force center, P is the point of closest 
approach, and let us choose the time t = 0 to be the 

time at which the projectile passes through P. The point 
Q is the projectile’s position at an arbitrary time t and Q’ 
the position at time —t. ‘To prove that the orbit is 
symmetric about the line OP, I shall prove that the 
points @ and Q’ are equidistant from O (that is, 

OQ = OQ’) and make equal angles with the direction 

OP (that is, ~ = yw’). Since Q is any point on the orbit, this does it. 


(a) Under the assumptions on the effective PE, the projectile must have E > 0, corre- 
sponding to the upper dashed line in Fig.8.5. Since Usg(r) + co as r + 0, there has to be 
an min at which EF = Useg(rmin). The projectile moves steadily inward from r = oo until 
it reaches 7pin and then moves steadily outward toward r = oo again. The distance rin 
defines the point of closest approach labeled P in the figure here. 


(b) Since BE = smr* + Ueg(r), it follows that 7? is a single-valued function of r on any 
one orbit. Therefore: the magnitude of 7 at any distance r on the inward trip is the same as 
that at the same distance r on the outward trip: 7(r)in = —T(T)out. It immediately follows 
that the time to move in from r tO Tpin 18 the same as that to move out again from Tpin 
to r. Turning this around, if the times from Q’ to P and from P to @ are equal, then the 
distances OQ’ and O@ are equal. 

Using conservation of angular momentum ¢, we can prove a similar result for the angle ~. 
Since 2 = mr, it follows that w is a single-valued function of r. Therefore 7 is the same 
at any point Q and at the corresponding Q’, which in turn means that the change in w from 
(’ to P is the same as that from P to Q. That is p= y’. 

(c) The symmetry of the orbit now follows as in the first paragraph above. 


14.20 xx As argued in the problem statement, 0 = 1 — 2, and p = [(w/*)dr. Thus all 
that remains is to rewrite this integral in terms of r and the impact parameter b. To do this, 
we use three tricks: First when the anil is far from the target, the angular momentum 
is easily evaluated as 2 = pb = V2mE b. Second, in general ¢ = mry), so 


4 V2nE 
= = /2E/m b/r?. 1 
p= = Oe | nm p 
Third, since $mr? = E — Usg = E-U — €?/(2mr*), 

P= /2/m /E-U — Ee/r? = Jf2E/m V/1— U/E — 64 /r?. (ii) 


Substituting the results (i) and (ii) into the two equations at the start of this solution, we 
find the advertized expression (14.61) for 0. 
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14.21 xx For a hard sphere, rmin = R and, since U(r) = 0 for r > R, Eq.(14.61) reduces 
to , 
= (Or jar 0 du | 

——————— = 7 +2 ———— = 7 — Zarcsin(b/R), 
R \/1 — (b/r)? wRvl—u? (0/ ) 
where to get the second integral I substituted u = b/r. This is quickly solved to give 
b = Rcos(@/2) as in (14.24). 


d=1n-2 


14.22 xxx With U(r) =y/r, Eq.(14.61) becomes 
(b/r*)dr 7 ; : 
1 — (b/r)? —y/Er tmn Yl — ue — yu/ Eb 


where the second integral results from the substitution u = b/r. One way to do this integral 
is to complete the square for the last two terms in the denominator to give 


d=17—-2 =e 


Tmin 


Umin d 
G=1m—2 ee = 7 — 2arccot(y/2E5). 
0 1+ (y/2Eb)? — (u+ y/2Eb)? 
(In doing the last integral, it helps to notice that the denominator is zero at the limit Umin.) 
Solving for b, we find that b = (7/2E) cot(@/2) in agreement with (14.31). 


14.23 xxx Before we use Eq.(16.61) we need to find rmin. This is determined by the 


condition that Ue. = & where : 


e? y pb 1 
=- ce Eb’) —. 

ae 74 a : ya ig tee) (i 
Therefore, the minimum value of r (where U.g = EF) is 


‘min Vy b? ae, 
Notice that this let’s us rewrite Usg as Ueg = E (Tmin/T)*. 
Returning to Eq.(14.61), we can write 


\ 


lo te (b/r*) dr oh dr |r? 1b mb 
TT — =a —_———_——_— el ae preeemernrerrererss” (Sia semen) To ee 
rmin lL — Veg(r)/E rain VL —(Tmin/f)? Tmin 4/0? +9/F 
which we can solve to give b? = Ds Bed a Finally, as you can easily check 
7 FE O27 — 8) 
do 6b |db|_ 1 |d(’)|_ y  m(r-8) 
dQ sind|d0| 2sin@| dO | E62(2n—6@)*sind 
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14.24 xx (a) Weare told that, if m; = mo, then Ha, = 5Oom: To relate the corresponding 
differential cross sections we need to find the derivative | 


d(cos@cm) _ d(cos2Aap) _ d(2cos*Map — 1) 


d(cosOap)  d(cosAan) — d(cos Map) 
Substitution into (14.45) yields the claimed result (14.63). | 
(b) Since (da /dQ)an = R?/4, it follows that (do /dQ)iay = (408 Aap) R?/4 = R? cos ap. 
This is for 0 < Oa» < 7/2. Since no particles are scattered with 0.5 > 7/2, it follows that 
(do /Q)iay = 0 for 7/2 < Aap < 7. Therefore, 


do 27 m/2 1 
Otot — [es (=) = we | ad | cos( Mab) sin(Ojap ) dap = R? - 27 - / udu = nR?, 
0 0 0 


lab 
where the last integral results from the substitution u = sin Aap. 


= 4cos Oiab- 


14.25 xx Consider the right triangle ADF’, whose height 
is DF = p'sin Oem = psin bum (recall that p = p’) 
and whose base is AF’ = Ap + pcos Oem. Therefore 
DF SiN bom sin Gon 
Lh = ee 
AF Ap+pcosOm A+ cosdem 


as claimed. 


14.26 xx From Eq.(14.26) it follows that 


; ae sin*Oamn = A* + 2A COS Oem + 1 
sec Mlab = T+ tan’ tla = 1 cos Oem)? (A+ 008 Bom)? 
dh 
enn a L A + c08 bom 
| ie al sec Olan  VrA2 + 2A COS Gem +1 
Therefore 
d(cos Ohab ) 1 (A + cos Oem) A 7 1+ A cos bom 


d(cOS0em)  JX2 + D\COS0em FL (A? + 2AcO8 bcm + 1)8/2 (A? + 2.08 Bom + 1)8/ 


14.27 xx (a) With \ = 1, Eq.(14.64) reads 


A ee _ Sin Gom __28in(Gem/2) cos(Gem/2) _ _ Sin@cm/2) _ tan(Oem/2). 
1+c0sOem 1+ 0082(Oem/2) — sin’(Aem/2)  COS(Fcm/2) 


Therefore, ab = $9om: 
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(b) Compare the figure here with Figure 14.15. 
Here, with A = 1, the point A has moved out and 
coincides with £. If m, < mg (Fig. 14.15), then 
aS Oom increases toward 7 the point D moves around 
toward & and O45 > 7. But here, with equal masses, 
aS Ocm increases toward 7 the line AD becomes 
tangent to the circle at A and 6,5 > 7/2. 


14.28 xx (a) In the lab frame, the initial momentum of particle 2 is zero, Pypyyg = 0. 
Therefore, conservation of momentum implies that 


Plabl = Piab1 + Plabo- (iii) 

That is, these three vectors form a triangle 
in the appropriate order. Since the first 
two vectors are represented by the sides 
AC and AD, it follows that pj,y5 is 
represented by the side DC’. The angle ap 
is the angle between pj... and the incident 
direction, and this is equal to the angle BCD. 
By looking at the right triangle BC'G, you 
should be able to convince yourself that 
flab = (1/2) — (Acem/2), as claimed. 

(b) If the masses are equal, then A = 1 and the point A in Fig.14.15 coincides with E; 
that is, AC’ is a diameter, and, by a well known theorem of geometry, the angle ADC is 90°. 


(c) If you square Eq.(iii) above (conservation of momentum) and compare the result with 
the equation of conservation of kinetic energy, T; = T,+7}, you will find that pj.) -Pi,po = 9, 
which says that the two final momenta are perpendicular. 


14.29 xx (a) In the CM frame the total momentum is zero, so the two initial momenta 
are equal in magnitude, p; = po and likewise the two final momenta, p, = p,. This let’s us 
write the conservation of kinetic energy (elastic collision) as 


re ae oe ces eae 1 
E=p, Car =f =p, Ca 
which implies that p; = p| and hence that the KE of particle 1 is separately conserved, and 
likewise for particle 2. 

(b) In the lab frame, particle 2 is initially at rest, so that J; = 0. If any kind of collision 
occurs, particle 2 must recoil with 7, > 0. Therefore, particle 2 gains kinetic energy. By 
conservation of energy, the projectile must lose KE, and the separate energies are definitely 
not conserved. 
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(c) In Fig.14.15 you can see that the final momentum of particle 2 is represented by 
the line DC, which has magnitude pj... = 2psin(@m/2). Therefore the energy gained by 
particle 2 (and lost by particle 1) is 


Ape. Plava)® _ 2p? sin? Born/2) 
| 2M2 mg . 
This is to be compared with the original energy of particle 1, which is (in the lab frame) 
(Diab1)” — (1 + A)?p? 


FE = T) an = 
2M} 2m 
Therefore 
AE 2p? sin* (Ocm/2) 2m, A sin* (Oem /2) 
a ma (+Ap (1 +A? 


(d) For given 2 this fractional loss is greatest if On/2 = 90° or 0cm = 180° — what one 
would normally expect in a direct head-on collision. Differentiating with respect to A, you 
can easily check that the corresponding fractional loss is maximum if A = 1, that is, if the 
two particles have equal masses. 


14.30 xx*x From Example 14.5 we know that the CM differential cross section for the hard 
spheres is (da /dQ) on = R*/4 (where R is the sum of the two separate radii). Thus, according 
to Eq.(14.63) the lab cross section is da/dQ = 4cos 0(da/dQ)em = R* cos@. (I'll denote lab 
variables without any subscript.) Thus the number of A particles that emerge into solid 
angle d§)} at angle © should be 

N(A into dQ at 0) = NincNtarR” cos(@)dQ. (iv) 
Now, we know that the A and B particles emerge at 90° to one another. Thus a B emerges 
at angle O if and only if an A emerges at O’ = 1/2 — O, and 

N(B into dQ at ©) = N(A into d0’ at 0’) (v) 
where d{’ is the solid angle at 0’ = 1/2 — © corresponding to dQ at O: 


S) 
dQ’ = sin(Q')d0'd¢' = sin(1/2 — 0)dOd¢ = cos(©)dOd¢ = ae 


—~ dQ (vi) 
sin © 
Substituting (iv) and (vi) into (v), we find 


2) 
N(B into dQ at ©) = NinetarR? cos(O)dQ! = NinctarR? sin(@)— = do 


= N(A into dQ at 0), 
where for the second equality I used the identity cos(O’) = cos(7/2 — ©) = sin(O) and for 
the final line I used (iv) again. We see that the number of B particles emerging into dQ at © 
should be exactly the same as the number of A particles emerging into the same solid angle 


in the same direction. 
A somewhat slicker way to do this problem is to move to the CM frame, as Ill leave you 


to check. 
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14.31 «xx 
9 lab (deg) 
A 0 8 cm (deg) 
Ap B p 0 90 180 
Problem 14.31 (a) (C) 


(a) The two final CM momenta labeled p’ and p” are in different directions, but their 
corresponding lab momenta, represented by the lines AD’ and AD” are in the same direction. 


(b) The lab angle Ojap is 0 if on = 0 and if Og, = 7. In the case Om = 0, the projectile 
passes the target unscattered, and the same is true as seen in the lab; that is, @,, = 0. In 
the case O¢m = 7, the projectile bounces straight back (as seen in the CM frame) — typically 
in a head-on collision. However, in the lab frame, a head-on collision with m, > mz» only 
slows the projectile, which emerges in the forward direction with 6,5 = 0. 


(c) See figure. 


(d) From the figure of part (a), the lab angle 6,,, is maximum when the line AD"D" is 
tangent to the circle. Therefore 6),,(max) = arcsin(p/Ap) = arcsin(1/A). If A = 1, this gives 
the known result that @,p)(max) = 90°. 


Chapter 15 


Special Relativity 


In the planning of this book, this chapter on special relativity was probably the most difficult. 
Should there be a chapter on relativity? And, if so, what should it contain? Although a 
majority of physics departments do not teach relativity as a part of classical mechanics, an 
appreciable minority do. Thus for the sake of that minority it seemed necessary to include 
the chapter, and certainly a majority of the colleagues we surveyed thought so. Therefore, 
we decided to include the chapter. For some of the possible users, this will be the first serious 
encounter with relativity, so it was essential that the chapter begin at the beginning. On 
the other hand, an upper division course should surely take the students to a reasonably 
sophisticated level, so it was essential that the chapter aim higher than the typical freshman 
or sophomore introduction. Therefore, the chapter has to begin at the beginning and take 
the reader at least through the concepts of four-vectors, four-tensors, and a little relativistic 
electrodynamics. The result is that the chapter is easily the longest in the book. 

Fortunately, it is not essential to cover the whole chapter. For an introduction approx- 
imately like a sophomore course you could stop at Section 15.13. In fact, since the most 
glamorous part of relativity for the beginner is the kinematics (time dilation, length con- 
traction, and so on) you could even just cover Sections 15.1 through 15.6 (or maybe 15.10 
so that your students would at least meet the notion of space-time and the light cone). Of 
course, if you have the time, I hope you will cover the whole chapter so your students meet 
some relativistic dynamics, massless particles, tensors, and electrodynaimics. 

There is one notational feature I should mention. It is fairly generally perceived that 
there are just two ways to handle the four-dimensional “length squared” x-x2 = x-x — c’t? 
of a vector x with spatial part x and time component ct. The first is to introduce the 
imaginary fourth component x4 = ict, so that x-7 = ee ne The second is to introduce 
the elaborate machinery of covariant and contravariant vectors, with components x, and x" 
respectively, where z* = x; for 1 = 1,2,3 but x* = —2x, = ct, so that the length squared 
becomes 2-2 = ye rx". The first approach has the undeniable advantage of simplicity, 


‘There is a third possility, to define x-x as the negative of the definition I’m using here. Although, many 


physicists feel passionately about this choice of sign, the difference between the second and third approaches 
is not really an important philosophical or pedagogical issue, and I shan’t worry about it here. 
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but most physicists (though certainly not all) feel that it is dishonest, in that it makes a 
genuinely more complicated situation seem like a simpler one. The method of covariant and 
contravariant indices is honest but costs a distressing amount of time and effort to teach and 
learn. I was surprised to realise that one can go a surprising distance without either device. 
I define the real four-vector z as x = (x, ct) (or, when the distinction becomes important, as 
the column matriz made up of these four numbers). For a while, one has only to define the 
four-dimensional scalar product x-y as zy = 21y1 +y + Layo + L3y3 — vaya and no machinery 
at all is required. If you want to go a little further, it is only necessary to recognize that 
the scalar product can equally be seen as? x-y = Gy, where now y denotes the column 
comprising Y1, Y2,y3, and ys, while z is the row made up of 21, 22,23, and x4, and G is the 
diagonal “metric matrix” with diagonal elements 1,1,1,—1. In other words, to form a dot 
product, we simply sandwich the metric matrix G between the appropriate matrices. It 
turns out that as long as our ambitions go no further than second rank tensors, all of the 
machinery of four-vectors and four-tensors can be handled using matrix notation, without 
introducing either the imaginary fourth component or covariant and contravariant indices, 
and this is what I elected to do. 


Solutions to Problems for Chapter 15 


15.1 * Suppose that the first law holds in a certain frame S. Now consider a second frame 
S’ obtained from S by a Galilean transformation and suppose that the net force F’ on a body 
is zero as measured in S’. By the invariance of force, this means that F = 0 as measured in 
S. By the first law (true in S), this means that the acceleration a as measured in S is zero. 
Finally, since v’ = v — V, with V constant, it follows that a’ =a = 0. In summary, we’ve 
proved that 
(i S0) == (PS0) = a0) Ss: aS 0) 
and we’ve proved that the first law holds in S’. 
Similarly, we can prove that if the third law holds in S, then 


/ = he es = — Fv 
12 E 12 I 21 21 
and the third law holds in S’. 


15.2 xx Conservation of momentum in a frame S implies that 
MAVA +™MBVB = ™McCVGC +MpVp. (i) 


If this law is invariant under the Galilean transformation, this it is also true in any other 


frame S’, 
/ / / 
Mav, + MBV_ = McVe + MpDVp; (ii) 


2'This is, of course, just the matrix equivalent of the familiar statement that z-y = )) yg" Ww. 
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where all velocities in S’ are related to those in S by v4 = v4 — V and so on (and V is the 
relative velocity of the two frames). Subtracting (2) from (1) we find that 


(m4 +mp)V = (mo+mp)V (iii) 
and hence that (m4 + mg) = (mc +mp). That is, the Galilean invariance of momentum 
conservation implies that mass must be conserved. Conversely, if (i) and (iii) are true, then 


by subtracting (iii) from (i) we can prove (ii); that is, conservation of mass guarantees the 
invariance of momentum conservation. 


15.3 x If v = 8000 m/s, then @ = 8000/(3 x 10°) = (8/3) x 107° and 
— 1 
es 

where in the third expression I have used the binomial approximation. Since At = yAto, 

the difference is 


At, — At = (1—7)At, = —36° At = —(3.56 x 107*°) x 3600 s = —1.28 ps. 


where in the third expression I have used the binomial approximation for y and replaced 
At, by At, since the difference is extremely small. The fractional difference is just —30" = 
—3.56 x 10-8%. 


~1+56? =1+4 3.56 x 107”, 


15.4 If @=0.99, then y = 1/,/1— 6? = 7.09. The time elapsed on the moving clock is 
At, = At/y = 1 hour/7.09 = 8.5 min. The difference is At, — At = —51.5 min. 


15.5 x With G = 0.95, the y factor for both the outward and return trips is y = 
1/,/1 — 6? = 3.20. The times for the two halves of the journey satisfy 
Me aah” and Aig = Fate 


so, by addition, the times for the whole journey satisfy the same relation Atg = yAtza. 
Therefore At, = Atg/y = (80 yr)/3.20 = 25 yr, which is the amount by which twin A has 
aged. 


15.6 x Clearly y = 1/\/1 — 6? = 3, so 8 = 1-1/7? = 8/9 = 0.94, and v = 0.94c = 


2.8 x 108 m/s. 


15.7 xx With v = 0.99c, y = 7.09. The half-life (measured in the muons’ rest frame) is 
ty/2(proper) = 1.5 ys, and that measured in the earth frame is ¢, jo(earth) = yt1/2(proper). 
The time of flight measured in the earth frame is T(earth) = h/v, so the number of half-lives 


that have elapsed is 
T (earth) h 


 —=— Ee ee See 

tyjo(earth) — vyt1/2(proper) 

Therefore, the number that survive to the ground should be about N = N,/2” = 650/2°°" = 
420. 


='0:63. (iv) 
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To find the classical answer, we must delete the factor of y in the expression (iv) for n, 
to give n(clas) = yn(rel) = 4.49 half-lives, and N(clas) = 650/2*4° = 29. 


15.8 xx (a) With @ = 4/5, y = 5/3. The half-life measured in the lab is ty/.(lab) = 
yt1/2(proper) = (5/3) x (1.8 x 1078 s) = 3.0 x 10-8 s. 

(b) The time of flight (measured in the lab) is T(lab) = d/v, where d = 36 m is the 
length of the pipe. Thus the number of half-lives elapsed is 

T (lab) d/v 
— tijo(lab) —-yt1/2(proper) =e ~ 

Therefore, the number of pions that survive the journey is N = N,/2” = 32,000/2° = 1000. 

(c) To find the classical answer, we must delete the factor of + in the expression (v) for 
n, to give n(clas) = yn(rel) = 8.33 half-lives, and N(clas) = 32,000/2°*° = 100. 


15.9 xx The time for the helper to reach his assigned position (as measured by the chief 
observer) is t, = d/V. Meanwhile, the time elapsed on the helper’s clock is t, = t./y = 
d/(Vy). Thus the difference is 6 = t.—t, = (d/V)(1—1/7). We wish to see what happens to 
this as V —> 0, and this requires some care (because of the factor of V in the denominator). 
However, as V - 0 we can use the binomial expansion to give | 


| d 1 d d d 
p= 9 (1-1) = 2 0-0-9") = 5 0-0-4") = £8, 


which approaches zero as G — 0. 


15.10 xxx (a) The picture shows two signals 


travelling from the clock to the observer Q. (Y © Q 
The first leaves the clock at position A and i - 
time t4 (as measured in the rest frame of Q), V At 


the second at position B and time tg. The 
times at which @ receives these signals are: 


a (time at which Q sees clock at B) =tg + BQ/c 


(time at which Q sees clock at A) =t4 + AQ/c 
The difference of these is the time At,.. between @’s seeing the clock at A and at B: 


Atsee = tp —ta — AB/e = At — VAt/c = At(1 — 8). (vi) 
Since At = yAt,, where At, is the time elapsed on the clock itself, we can rewrite this as 
1 1 — 
Atsee = yAt.(1 — 8) = —===—— At, (1 — 8) = At, oe 


(1 — 6)(1 + ) 1+6 
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(b) Once the clock is past Q, we can use the same picture except that Q is now to the 
left of both A and B, so AQ is less than BQ. This means that in Eq.(vi) the term —AB/c 
is replaced by +AB/c and Atsee = At(1 + 8). 


15.11 * The stick’s proper length is 1, = 100 cm, whereas I measure it to be 1 = 80 cm. 
Since | = [,/, we see that y = 5/4. Because y = 1/,/1 — 6?, 


1 | 4? [ 9 3 
p y vy? De 25. 5 


15.12 *x The half-life in the pions’ rest frame is the proper half-life, t1/.(proper) = 1.8 x 
10-° s. The length of the pipe as “seen” by the pions is given by the length-contraction 
formula 


That is, v = (3/5)c. 


(length of pipe in pions’ frame) = d/y = 21.6 m, 


where d = 36 m is the length measured in the lab. The time for the pipe to pass the pions 
is therefore T'(7 frame) = (d/7)/v = d/(yv), and the number of half-lives that elapse is 


pe ei, (vii) 
tyjo(7 frame) yvti/2(proper) 
Therefore the number of pions that survive is N = N,/2” = 32,000/32 = 1000, the same 
answer as in Problem 15.8. 
The two arguments, in this problem and Problem 15.8, lead to the same formula, (vii) 
here and (v) in the solution to Problem 15.8. Here the factor of y comes from the length 
contraction of the tube, there the same factor came from the time dilation of the time of 


flight. 


15.13 «x 
(a) (b) 
Pine nae? Frame So Frame S 
1m = 
Yo f Y= Yo 1m Yo { Y=YVo 
/ x x pA 
Xo X = Xo/Y Xo X = Xo/Y 


(a) With @ = 4/5, y = 5/3. In the frame S,, we know the length /, = 100 cm and the 
angle 6, = 60°, so we can calculate x, = 50 cm and y, = 86.6 cm. In the frame S, z is 
contracted (% = z/y = 30 cm) but y is not (y = yo = 86.6 cm). Thence! = ,/az? + y? = 91.7 
cm and 6 = arctan(y/xz) = 70.9°. 

(b) The angle 60° is given in the frame S, so tan60° = y/z = yo/(@o/y) and tan@ = 
Yo/Lo = (tan 60°)/y, whence 0, = 46.1°. From this we find z, = 69.3 cm and y = 72.1 cm, 
and from these we can calculate z = z,/y and y = y, and thence / = 83.2 cm. 
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15.14 xxx A’ 
A J B 
(a) The observer Q sees the two ends of af S on 
the rod by means of light striking his eye at Q, 


one time tg. If AQ > BQ, as in the figure, the 

light from A had farther to travel that that from B, 

so the light from A must have left the rod earlier than 

that from B; that-is, t4 < tg. a 


(b) By the time tg, the back of the rod has moved to a point A’ such 
that the distance A’B = | (the length of the rod as measured at one time, tg, in frame S). 
Since A’B = Il, the distance AB between the two points at which Q sees the two ends is 
greater than 1. 

(c) If the observer Q places himself at the point Q, close to the x axis, the arithmetic is 
quite straightforward. On the one hand, AB = 1+ vAt, where At = tg — ty. On the other 
hand, AB = cAt, because the light leaving A must reach @ at the same time as that leaving 
B atime At later. Eliminating At from these two equations, we find that AB = 1/(1—v/c). 
But AB is precisely the length I... seen by @. Therefore 

l lo /Y ls aap 


fee —T_B “1-6 1-8 (1—@)(1+ 8) =1 aes) 


which is certainly greater than /,. 


15.15 x If we multiply the fourth of Eqs.(15.20) by V and add it to the first, we find that 
a +Vt =ye-—qW’2/e = y1- B)2=J1-6'2 


and hence that z = y(z'+Vt'). In the same way, we can eliminate z to givet = y(t’/+V2'/c’). 
The equations y = y’ and z = z’ follow trivially, and we have derived the inverse Lorentz 
transformation (15.21). 


15.16 x* If you write down the Lorentz-transformation equations (15.20) for r1,¢, and for 
ro,t, and take their difference, you should find that 


Ac' = (Ac —VAt), Ay’ = Ay, Az’ =Az, and At! = (At —VAz/c’). 


nee Frame S 
(a) Frame S’ has velocity V relative to S. 


Therefore X,=0, ty =0 Xo=a, to=0 


t = y(t1 — Ba,/c) =0 and t, = y(te — Bxe/c) = —yBa/c. 
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(b) Frame S” has velocity —V relative to S. 
Therefore 


ty = y(ti + Bri/c) =0 and t, = 7(te + Bx2/c) = yBa/c. 


In frame S the two events are simultaneous. In S’ event 1 is later than 2, and in S” event 1 
is earlier than 2. 


15.18 xx The inverse Lorentz transformation (15.21) applied to the flash and beep of Figure 
15.3 implies that 


Ubeep oa AV Cass a; B2eep/C) and tfash = Y(taash oe BZrasn/C) 
Now, in frame S’ the flash and beep occur at the same place, 80 Zjoo) = Tgasy- Uherefore, if 
we subtract the first of these equations from the second, we find 


AES AA 
which is the time-dilation formula. 


15.19 xx (a) c,=d,tp=d/c tp = —d, tp = a/c. 


(b) 

tp = (tp + tp) = y(1+ B)d 

tr = Y(tp t+ vap/c’) = y(1+ B)d/c 

ip = (Lp + vty) = —y(1 —- B)d Ge Wiese ws : 
tp = (ty + vtp/c’) = y(1 — B)d/c 


Although the two events are simultaneous as measured in 5S", they are not simultaneous in 
S. As observed in S, the two signals start out from the middle of the rocket, but while they 
are traveling the rocket is also traveling to the right at speed v. Thus the front is receding 
from its signal, which must travel more than half the rocket’s length. Meanwhile the back of 
the rocket is approaching its signal, which needs to travel only a shorter distance. Therefore 
this signal arrives first; that is, tg <tr. (In S” the signals again start from the middle of 
the rocket; but since the rocket is not moving they naturally arrive simultaneously. ) 


15.20 « The statement that an object is isolated is surely Lorentz invariant — if one 
inertial observer sees that the object is isolated, all other inertial observers should surely 
agree. If Newton’s first law holds in frame S, this means that an isolated object’s velocity 
v, as measured in S, is constant. Now consider the same object’s velocity v’ as measured in 
another frame S’ traveling with velocity V relative to S. Inspection of the velocity addition 
formulas (15.26) and (15.27), shows that, since v and V are both constant, the same is true 
of v’. That is, the first law holds in S’ as well. 
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15.21 * Let us take our z axis in the direction of the two velocities. Then the velocity of 
the rocket’s frame S’ has V = 5c and that of the bullets relative to the rocket has v/, = 3c, 
with all other components zero. According to the inverse of the velocity-addition formula 
(15.26), 
: UV oe, OP .. .. 10 

7 T+uV/e 142° 178°” 1” 


with all other components zero. 


15.22 x According to the inverse velocity transformation, 
/ 


v,+V VU 0.9¢ 
age and = wy = ————+_— = 


yL+u,V/e?) 
Therefore the speed v satisfies 
v® = (0.9c)?(1 + 1/7”) = (0.9c)?[1 + (1 — 67)] = (0.9c)?[2 — 87] = 0.81c? x 1.19 = 0.96c?. 


Therefore v = 0.98c, and the direction makes an angle with the x axis of 


@ = arctan(v,/v,) = arctan(1/y) = arctan(V1 — 0.81) = 23.6°. 


15.23 x If we let S’ denote the rest frame of the left rocket, then the velocity of S’ relative 
to S is V = 0.9c. The velocity of the right rocket relative to S has vz = —0.9c and, relative 


to S’, 
Uz —V —().9c — 0.9c 1.8¢ 


/ = OO -  - 
1+ 0.9 x 0.9 1.81 


Son eee —0.994c. 
PSV Ge : 


VU 


15.24 x Let S be the frame fixed to the ground and S’ the one fixed to the cop’s car. ‘The 
velocity of S’ relative to S is V = 0.4c and the velocity of the bullet relative to S’ is v = 0.5c. 


By the inverse velocity transformation, the bullet’s velocity relative to the ground is 
vu +V 0.4+0.5 


= OS = 0.780. 
. 1+v'V/c? 14+04x05- : 


Since the robber’s velocity relative to the ground is 0.8c, the bullets do not catch the robber. 


15.25 x | ee 


According to the inverse velocity transformation, 
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u_+V i, 
Ur == een eee nace arene V, = ete wee. Aer er = a 
14+ uLV/c? wy y(1 + ul, V/c?) ie eS 
As you would expect, the signal angles to the right of the y axis, as seen in S. Its speed is 
given by 
usu?! + aL Se ee A a a “(1 —V?/c*) =e’. 

That is, v = c. This illustrates the general result that anything which has speed c in one 
frame has the same speed in any frame. 


15.26 x The two positions are 74 = vat and rg = d— vgt. The two objects meet when 
LA = Xp or vat = d — vpt; that is, t = d/(v4 + vp). 


15.27 xx Consider first the final x coordinate. This is 2” = yo(a' — Vat’), where 2 is the 
y factor corresponding to the second velocity V2. The coordinates x’ and t’ are given by the 
first Lorentz transformation (velocity V,), and substituting these values we find that 


GS W1Y2{(x = Vit) ie Vo(t Vi2/c*)| 
= ywela(1 + ViVo/c*) — (Vi + Va)e] 


ViVe Vi + Vo 
vot) b= (stints) 
= 1172(1 + 662) [2 — Ve] (viii) 


In the last line I have made two substitutions. In the interests of tidiness, I have replaced 
V,/c by @, and V2/c by G2. More important, I have recognized that the coefficient of t in the 
previous line is the relativistic “sum” 


Vi + Vo 
1+V,Vo/c? 
of the two separate velocities V; and V2. The form (viii) for x” is very close to the standard 
Lorentz transformation for the single velocity V. All that remains to be shown is that the 
product to the left of the square bracket is equal to the y factor for the velocity V. ‘To show 
this, let’s evaluate the latter: 


Ve 


: 1 _ ee + io) 
v= 7-# Ji-Gith/G+hh  Ja+bhe- at be 
(1 + 6122) 


JV(l- BZ). - Bf) 

Comparing with (viii) we see that indeed 2” = yy(x—Vt); that is, the two successive Lorentz 
transformations with velocities V; and V2 produce the same effect as a single Lorentz trans- 
formation with velocity V equal to the relativistic “sum” of V; and V2. The transformations 
of y and z are trivial (for example, y” = y’ = y) and that of the time works just the same as 
that of x. 
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15.28 xx Consider first the vector w = “u-+v”. Since the first boost (u) is along the z 
axis, our standard (inverse) velocity-addition formula applies, and we find (remember that 
U0) 
lig => Ux Uy Uy V 

2 Ue Oy HS ee eS Pes). 

14 Ugdy/c? 4 (1+ uUnts/C2) Ye Yu = 
If we consider instead w’ = “v + u’, the first boost (v) is in the y direction, so we must 
rewrite the velocity-addition formulas exchanging the roles of x and y. This gives 


Wy 


YF Ug Us U ais Uy + Vy 0 
Se OR ee eT eg SS Se — Uv, SS. 
Py (L + Uyty/e?) ww? (Lt yty/e?) 

The most obvious thing about w and w’ is that they are not equal. However, it is easy to 
see that they are equal in magnitude: 


y) y) 
Vv U UU 
we =u + — =u’? 4+ 0" 1-— = y* +y* — 
2 02 e2 


‘Yat 


and, as you can easily check, w * is the same. Since w and w’ have the same magnitude and 
both lie in the zy plane, they differ only by a rotation about the z axis. 


15.29 x (a) Bearing in mind that R;; = e’;-e,;, we 7 
can read off the elements of R(@) from the picture: e2 
cos@ sin@ 0 ea 
R(@) = | —siné cosé 0 9 
0 QO | 
e 


(b) Using the standard rules of matrix multiplication to multiply R(@) by itself, we find 


cos’@ —sin’@ 2cos@sind 0 cos20 sin20 0 
[R(6)]? = | —2cos@sin@ cos’@—sin’Od 0 | = | —sin26 cos20 0 | = R(26). 
0 Q 1 0 O 1 


This expresses the obvious result that two successive rotations of 0 about a given axis produce 
the same effect as a single rotation of 20 about the same axis. 


15.30 x If we define ¢ so that cosh ¢@ = 7, then 


| / [a Os 6B 
sinh ¢ = 4/cosh*¢ —1=./y?-1= fag. [-P fi-p 


and tanh ¢ = (sinh ¢)/(cosh ¢) = y8/6 = B. 
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15.31 x The speed v = Gc of C relative to A is given by the inverse velocity addition 


formula: 
— fit B. _ tanh@, + tanh dy 


= TA ~ 1+ (enh },)(tanh ds) 


(In the last step I used the “well known” addition formula for the hyperbolic tangent. One 
way to prove this is to start from the corresponding formula for the more familiar trigono- 
metric tangent.) That is, the velocity of C' relative to A is given by G = tanh¢@ where the 
rapidity @ is just d = ¢; + do. 


Ne) = tanh(¢; + ¢2) 


15.32 * Suppose that the 4 x 4 matrix A has the block form (15.44). Then we can divide 
its elements into three classes as follows: 


Ay; = Ri; and. 9 = 1 23/5 ye — we reat 2 al: era 


Now consider the transformation x’ = Az. In view of the above properties, the ith component 
of this equation simplifies to give 


3 
S 0 Rig; [2 = 123 
xu; = hae a 
Ie LA E = A]. 


That is, the spatial and time components of x transform independently. ‘The spatial part x 
(comprising 21,22, and x3) is transformed to x’ = Rx, a rotation of space, while the time 
component is unchanged, x, = x4. It is easy to see that the converse is also true. If only the 
spatial part x of x is changed, then A must have the block form (15.44). 


15.33 xx 
(a) 2% = XY 1 0 0 0 
iy. = Ftp Br) _ | O oy 0 —76 
a. 2 whence Apo = 0 0 1 0 
ty = (4 — Bz) O. sayy &) fi 
(b) 0 1 0 0 . =p Oo © 
=. 0: o © 1 0 0 0 
Argy = 0 0 1 0 and = Ar- = 0 0 1 0 
0 0 O 1 0 0 0 1 
(c) 0 -1 0 0 y 0 0 96 0 1 0 0 
1 0 0 0 0 10 0 af. @ “0 © 
Ap—ApiAr+ = 0 0 1 0 0 QO | 0 0 0 1 0 
0 0 0 1 —y3 0 0 0 0 Oo 1 
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OO =), @: 0 y 0 8 i © & 
{ik & © oO 1 0 0 90 0! a 6 ge rn 
i 0 3 i 0 0 1 O ~10O 0 41 9 ene 
0 O O 1 0 - 78 0 y 0 - 7G 0 y 


The rotation An, changes what was the y axis into the new x axis. Then the boost Ap 
boosts to velocity V along the new zx axis, and finally, the rotation Agp_ converts the new x 
axis back to being the y axis. The net: effect of all three is therefore a boost along the y axis. 


15.34 xx 

The effect of the three matrices in the product Ap(@) = Ar(—0)Ap(0)AR(0) is this: The 
first, An(@), moves the x axis into the direction with angle 6; the second, Ag(0), boosts the 
system along the new x axis; and the third, Ag(—@), restores the original orientation. The 


net effect is a boost in the direction @. 
The matrices Ag(@) and Ap(0) are 


cos@é sind QO 0 Yy 0 QO -yf 
—sin@ cos@ 0 0 0 1 0 0 
PROS GG 4. iG and RO oy: oF GG 
0 0 0 1 —-yB 0 0 y 


The product of interest is (as you can check) 


ycos?6+sin*@ (y—1)cos@sind 0 —yGcosé 


= 1 2 tac ' 
Ap(6) = An(—8)Ap(0)An() = | — cos”6 de a want 
— 3 cos 0 — yG sin 6 0 "y 


This transformation is supposed to boost to a frame traveling with velocity 
V = (V cos6, V sin 8@, 0). 


Thus a body at rest at the origin of the original frame should be observed to be moving with 
velocity —V. To check this claim, we act on the four-vector x = (0,0,0, ct) (actually a 4 x 1 
column) with Ag(@) and find: : 


: —(78 cos 8) ct —(V cos @)t' 
| 7 eae 
c= : , then 2 = Ag O)\2= (78 sin @)ct = (V sin @) 
0 0 0 
ct yet ct! 


where, in the last expression, I have used the fact that t/ = yt (an expression of time dilation) 
to replace yt by t’ in the other components. The final expression shows that a body resting 
at the origin of the original frame is seen in the new frame to move with velocity —V. 
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15.35 xx Suppose that q, = 0 in all inertial frames. Now consider any frame S and a second 
one S’ related to S by the standard boost, so that qi, = y(q4 — Gqi). Since qa = q, = 0, it 
follows that gq; = 0. But the frame S was arbitrary. Therefore g, = 0 in all frames. If we 
repeat the argument using boosts along the y and z axes, we can prove similarly that gq. and 
q3 are zero in all frames. 


15.36 x Let x and y be any two four-vectors and consider the four-vector w= x+y. The 
invariance of w-w implies that 


eotyytQeyauer ty -y! + 2a" -y’ 


Since the first two terms on the left are equal to the correponding terms on the right, it 
follows that x-y = z’-y’ and we’re home. 


15.37 Ifa and y are four-vectors, then under the standard boost x = y(%1—8%4), 25 = Zo, 
and so on. ‘Therefore 
Bey! = LY, + yyy + L3Y3 — LY 
= (21 — Bra) y(yi — Bys) + Daya + Bays — Y(Z4 — Bxi)y(ys — By). 
= (1 — B?)riy. + Z2y2 + U3y3 — V7 (1 — 8?) way 
since the cross terms involving x ;y4 and x4y; in the second line all cancelled. Finally, notice 
that y*(1 — 67) = 1, so the last line is just z-y, and we’ve proved that z’-y' = x-y. 


15.38 xx In the observer’s rest frame, dx = (0,0,0,cdt). On the other hand, since P and 
Q are simultaneous, tp = tg and rp — Lg = (Ax, 0). Therefore, (vp — rg)-dz = 0. 


15.39 x Ifz-x < 0 in frame S, then z’-z’ < 0 in any other frame S’, since z-z has the 
same value in all frames. The condition x-7 = x* — x7 < 0 implies that |x| < |z,|. Now 
suppose, in addition, that x, < 0 in frame S and let S’ be obtained from S by a standard 
boost. Then 

v= y(t4 — Br1) <0 
since |G| < 1 and |z,| < |x| < |a4|. That is, 2, < 0 in S’. Since z, is unchanged by any 
rotation, the same conclusion holds in all frames S’. 


15.40 x A point x in space-time lies on the forward light cone if and only if x-z = 0 and 
t4 > 0. We have to show that if these two conditions hold in a frame S, they automatically 
hold in any other frame S’. This is certainly true of the condition xz-z = 0 since xx Is Lorentz 
invariant. To check the second condition, note that because x-z = x” — x? = 0, it follows 
that |x| = |z4|. Now suppose x, > 0 (in frame S) and let’s consider a frame S’ related to S 
by the standard boost. In S’ 

L4 = (4 — Baxi) > 0 
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because |G] < 1 and |x| < |x| = |xz,|. That is, 2, > 0 in S’. Since x4 is unchanged by any 
rotation, the same conclusion holds in all frames S’. 


15.41 x« ‘To simplify our notation, I'll put the origin at point Q. Then statement (2) says 
that the point P has coordinates x satisfying x* > 0 and that there is a frame (call it S) in 
which x4 = 0. We have to prove that there are other frames where z/, < 0 and still others 
where x; > 0. By rotating our coordinates, if necessary, we can arrange that x lies on the 
positive x, axis and x = (2, 0,0,0), with x; > 0. Now consider a frame S’ obtained from S 
by a standard boost. In this frame 


D4 = ¥(L4 — 8x1) = —yBr1 < 0. 


Similarly, by boosting in the opposite direction we could obtain a frame S” in which x7 = 
+72, > 0. 


15.42 « That x is time-like means that |x| < |x,|. That xy = 0 means that x-y —z4y, = 0 
or equivalently 


\x| ly| cos 6 = LAY4. 


Since |x| < |a4|, this implies that |y||cos@| > |y4| which guarantees that |y| > |y4| and 
hence that y is space-like. (In the special case that |x| = 0, it is clear that y, must be zero, 
and again y is space-like. ) 


15.43 x (a) Suppose that the body moves from x to x + dx as the time advances from ¢ 
tot+dt. Let dx denote the four-vector displacement dx = (dx,cdt) = (v,c)dt and consider 
the following two equivalent statments: 


Vie ar <0. (ix) 

Since dz? is Lorentz invariant, the second condition, if true in one frame, must be true 

in all frames. The same must therefore apply to the first; that is, if |v| < c in one frame, 
then |v| < c in all frames. 


(b) The argument for a signal with speed c is the same except that the two conditions 
(ix) are replaced by |v| =c <=> dz* = 0. 


15.44 xx (a) Ifq is time-like, then g-q = |q|? — ¢/ < 0, which implies that |q| < |q.|. First 
rotate the coordinates so that q points along the x axis and q = (q1, 0,0, q4), with |qi| < |qal. 
Now apply the standard boost to give gi = y(qi — Gq). We can choose 0 = q/q4 (since 
lai] < |qa|, this makes |G] < 1, as it has to be) and then qj = 0 and q’ = (0,0, 0, 4). 

(b) A vector q is forward time-like if and only if g* < 0 and q, > 0. The first condition is 
Lorentz invariant and implies that |q| < q,. Now suppose, in addition, the second condition 
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holds in a frame S and imagine applying a standard boost so that, in the new frame S’, 
ds = ¥(4 — Bu). Now, |G] < 1 and |q| < |q| < q4. Therefore, g, > 0 and the second 
condition is valid in S’ also. This conclusion would certainly not be changed if we made 
any rotation of our coordinates, and since any Lorentz transformation can be built up from 
standard boosts and rotations, g, > 0 in any inertial frame. Therefore a vector that is 
forward time-like in one frame is forward time-like in all frames. 


15.45 x If k and x are both four-vectors, then for any two frames S and S’ k’ = Ak and 
z’ = Az. Now since k = Az, 
Ak = AAG 2 AKG = Ac’. 


On the other hand, Ak = k’ = ’z'. Comparing these two expressions for Ak, we conclude 
that A = X’ and we’ve proved that A is a four-scalar. (The only exception is if all four 
components of x’ are zero, but this case is of little interest since then z = k = 0.) 


15.46 * (a) With 6 =0, Eq.(15.64 becomes 


_— Wo _ Wo YS lag 
~ (I= Boos) 71-6) *° 18 


(b) With 6 = 180°, we get w =u, 4/(1 — 8)/(1 _ 


15.47 x Since he had to be approaching the light head-on (or nearly so), 0 = 0 and 
Eiq.(15.64) becomes w = wo/(1 4+ 8)/(1 — B) (as in Problem 1.46). Solving for @ we find 
that 
wwe rAZ-—r* 65° — 53? _ 9.20 
os wetw2 AZ+2A2 652 +532 


His speed had to be about 0.20c. 


15.48 xx (a) With @ = 90°, Eq.(15.64) reduces to w = w/y. If 6 = 0.2, then 1/y = 
,/1 — B2 = /1 — 0.04 = 1 — 0.02. Therefore the percent shift is —2%. 

(b) If the source approaches head-on, the observed frequency is w = w,/y(1 — f) 
W (1 — 0.02)/(1 — 0.2) & 1.22w,, and the percent shift is +227%. 


2 


i ap (8? —1)c? = —c’. 


15.49 x Since u=7(v,c), its square is u? = y7?(v" — c”) = 


15.50 x Because u,:uy is invariant, we can evaluate it in any convenient frame, and one 
good choice is the rest frame of particle a. In this frame, ug = (0,c) and uy = Y(Ure1)(Vrel, C); 
SO Ug: Up = Y(Ure1)(O, C)-(Vrel, C) = —Y(Urei)C*- 
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15.51 x (a) The two incoming particles have the same mass, m, = m, = m. Since their 
velocities are equal and opposite, vz = —vy = v, say, they have the same value of 7, that 
IS, Ya = Yo = 7, Say. It follows that pz = (ymv,ymc) and pp = (—ymv, ymc). Therefore the 
total initial four-momentum is }> pi, = (0, 2ymc). The same argument gives the same value 
for the final total four-momentum, and we’ve shown that Spin = S~> pan in frame S. 


(b) Since the two sides of the last equation are four-vectors, the truth of the equation in 
one inertial frame automatically assures its truth in all such frames. 


15.52 xx (a) Let Q be the change in the total four-momentum (between any two times of 
interest), Q = Pan — Pin. We are told that the space part Q iz zero in all frames, and we 
have to prove that the same is true of Q4. To do this, consider an arbitrary frame S and 
a second frame S’, obtained from S by a standard boost. Then Q) = 7(Q1 — GQ), and, 
since (i, = @, = 0, it follows that Q4 = 0. Since the frame S was arbitrary, this proves that 
OQ. = 0 in all frames. | 


(b) Using the same notation as in part (a), we are told that one component of Q is zero 
in all frames. By the zero-component theorem, this guarantees that all components are zero 
in all frames, and we’re home. 


15.53 xx The quantity p,-pp is invariant, so can be evaluated in any conveniently chosen 
frame. In the rest frame of a, pa = (0,mac) and py = (Pp, Fe/c), SO Papo = —MaLy. Still 
in the same frame, the speed of 0 is vye1, so its energy is Ey = Y(Ure1)mac’, and pa: pp = 
—Mamyc*¥(vye1). Finally, working in the same way, but in the rest frame of b, we find that 
Pa’ Pb = INE Pe. 


15.54 x** The velocity of frame S’ relative to S is V = € along the x axis. Thus, applying 
the relativistic velocity-addition formula to the initial velocity of ball a, we find 
/ Uz — V CG / Vy 1) 

= —___—__ = ———— = 0 and uv, = ————— OF or 
Ta aV/e 1 ¥ (= 0.V/2) =F) 
(where G = €/c) and similarly with the other three velocities. The initial and final values of 
5+ mv’ are shown in last column of the table below (where I have omitted the z components, 
all of which are zero). While the z components are equal, the y components have opposite 
signs and are not equal. Thus >) mv,, is not conserved. 


VU 


First particle (v,) | Second particle (v3) mv, + mv3 
~2§ el 


Ce nee acetone 
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15.55 xxx Because there are three different velocities in this problem, we must be careful 
to distinguish the different corresponding factors of 6 and +. Thus I’ll write u = 7(v)(v, 0), 
and the velocity transformation as 


Uy = 7(V) (ti — B(V us), uy = U2, Ug = Us, Uy = 7(V)(us — B(V)u4). (x) 
We must now rewrite these in terms of the three-velocity v. The first gives 
yv'jo, = AV iy(v)ur — BV yw) e] = y(v)y(V) [an — VI (xi) 
and the last gives | 
Yue = yV)ly(w)e — BV )y(w)ui] = ¥v)y(V ef — 1 V/c". (xil) 
Dividing Eq.(xi) by Eq.(xii), we find 
po (os oe V 
ae v1 V/c? 


which is the first component of the velocity-addition formula. Similarly, the second of Eqs.(x) 
gives y(u')us = y(v)v2 and, dividing this by Eq.(xii), we find 
/ U2 


2 WV\(1—1V/e) 


which is the second component. The third works in the same way, and we’re home. 


15.56 x (a) Since M,c? + T; = Mc? + T;, we see that AMc*? = —AT = —5 eV. Thus 
AM =—-5 eV/e? =-5.4x 107 u 
(b) Since the initial mass of two H, and one O, molecules is 36 u, the fractional change 
in mass is AM/M = —(5.4 x 107°) /36 = —1.5 x 107°, 


(c) Whatever the initial mass, the fractional change will be the same, so, with 10 grams 
initially, the change will be AM = —1.5 x 107° gram. Pretty small! 


15.57x With the initial atom at rest, conservation of energy implies that Mic? = Mrc?+T;, 
so T} = (M, — M;)c? = (ma, — mpi — Mye)c? = (0.0087 u)c? = 8.1 MeV = 1.3 x 107% J. 


15.58% (a) IfT = mc’, then FE = T+mc? = 2mc’ and y = 2. Therefore 6G = ,/1 —- 1/7? = 
1— 1/4 = 0.866. 
(b) If FE =nmc’, then y =n and 6 = \/1 — 1/n?. 


15.59 x The Cor peer KE is T = E — mc* = (y — 1)mc’. The question is: Could 
this be the Sains as 5 Myer V" = symv?? If these were the same, then it would have to be that 
y= De= ake or y = 1/(1— $v?/c*) which is certainly false. 
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15.60 * The reaction is a + b+}. Since particle a is at rest, conservation of momentum 
tells us that the two particles b have equal and opposite momenta. Therefore they have equal 
speeds and hence equal values of y. Thus conservation of energy tells us that m,c? = 2ymy,c? 
and hence that ~ = m,/2m,. Therefore each particle b has speed given by 8 = ,/1 — 1/7? = 


V1 ~ (2my/m,)?. 
15.61 * E = \/(pc)? + (mc?)? = \/(4 MeV)? + (3 MeV)? = 5 MeV. 


G = pce/E = (4 MeV)/(5 MeV) = 0.8. Therefore v = 0.8c. 


15.62% EH =T+mc* = 13 MeV. Therefore pc = VE? — mc? = 5 MeV or p= 5 MeV/c, 
and 6 = pce/E = 5/13 = 0.38, so v = 0.38c. 


MeV 1.60 x 107!° J 
15.63 1 —— = ——_—. = 1.78 x 10°” kg. 
i Sell B.00x 108 mse OX NB 
~13 
(b) 1 MeV _ 1.60 x 107°" J 
3.00 x 108 m/s 
rounding error and should really be a 4.) 


= 5.33 x 10°” kg-m/s. (The final 3 here contains a 


15.64 « The quantity u-p is invariant, so has the same value in all inertial frames. In the 
frame S’, u’ = (0,c) and p’ = (p’, E’/c). Therefore u-p = u'-p' = —E’ and EL’ = —u-p, as 
claimed. 


15.65 «xx T = mc(y— 1) = me*[(1 — 62)? — 1] 
= me [(1+ 16? + 864+ So 4---)— 1] 
Gite 0 Ge eae ke 


(a) The first term is }mc?G? = mv? = Tyr. The difference is Tye1—Tnr = me*[2G* ++ ++]. 


si a dee 2 6" - 
(b) The fractional difference is a gH = 36? and this is less than 1% as long 


Lal 12 . 
as § < 0.12c. 


15.66 xx That p is a four-vector requires, among other things, that p, = y(pi — GE/c). 
If we add an arbitrary constant to EF, this adds a constant to p,, which is certainly not 
permissible. (For instance, if the body is stationary in the frame S’, p; must certainly be 
ZeYO. ) : 
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15.67 x With v = 0.8c, y = 5/3. Since the initial velocities are equal and opposite, the 
same is true of the momenta. Therefore the total momentum is zero, and the final body is 
at rest. Thus M = Fg, /c* = Ei,/c* = 2ym = 3.33m. 


15.68 x Inthe CM frame p™ = —p”, so the two initial momenta are equal in magnitude, 
pi = p® = p™, say. (I’ll use the italic p to denote the magnitude of the three-momentum 
here.) By conservation of momentum, the final total momentum is also zero, so the same 
argument applies to the final momenta and p!" = pi = p™, say. Now the initial total energy 
is 


DFP + (mae? + VRP + (me 
with a similar expression for E*". Notice that E™ is a monotonically increasing function 
of p™ (and likewise E®™). Thus conservation of energy, E®™ = E™, requires that p™ = p™ 
and hence that p?= = +tp™. Here the plus sign corresponds to the initial state, before 


the collision. After the collision the minus sign must apply: In the CM frame the three- 
momentum of particle a (and likewise b) simply reverses itself. 


15.69 (a) A four-vector q is forward time-like if and only if |q| < q4. The four-momentum 
of a massive particle is defined as p = mu = ym(v,c), and, since m > 0, |v| < c and hence 
\p| < ps. Therefore p is forward time-like. 

(b) If p and q are forward time-like, |p| < p, and |q| < q. It follows that |p+q] < 
Ip] + lq] < pa + qa = (p+). Therefore, p + q is forward time-like. 


15.70 x (a) From Problem 15.69 it follows that the total four-momentum p** is forward 
time-like and so |p'*| < ptt. By rotating our axes if necessary we can put p*® along the 
positive x axis, so that ptt = (p'*, 0, 0, pi") with pi°* < pi’. Now consider a standard boost 
to a frame S’ in which 
py = (pet — pe"). 

If we choose 3 = p*'/pte' (which is less than 1 because pi’ < 4°"), then in the frame S' the 
total three-momentum is zero. 

(b) It is already clear from the above that in the original frame S the velocity of the CM 


frame has to be given by GB = p*™/pi' = So pc/ >) E. 


15.71 (a) The total energy needed to produce any given final set of particles must satisfy 
E > >> menc?. The unique feature of the CM frame is that with pio, = 0, the final particles 
can all be at rest and the inequality can actually be an equality. Thus the threshold energy 
in the CM frame is }* mgyc’. If the particle d is much heavier than all the others, this gives 
Eun & MgC’ for the threshold. 
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(b) In the lab frame, with particle 6 at rest initially, the threshold energy is given by 
(15.98) as 


2 2 2 22 

n _ LMin@ = m2 =m? 4, mée 
ee ieee oe 

TIbp 2Mp 


where the final expression holds if particle d is much heavier than all the others. (Strictly 
speaking this is the minimum energy for the incident particle a — as opposed to the minimum 
total energy — but if mg is much bigger than all other masses, this difference is unimportant. ) 

(c) Putting in m, = m. = 0.5 MeV/c? and mg = my = 3100 MeV/c’, we find for the 


two threshold energies 


m,2¢? 


| Deg: MayC = 3100 MeV whereas) Pia, & - 


Te 


= 9,600, 000 MeV. 


15.72 x However much energy the mad physicist gives the mass M in his frame, there is 
nothing to stop us watching the process from M’s rest frame, where the initial energy is just 
Fi, = Mc’. Since the final energy satisfies Eg, > 2mc? > Mc’, the process cannot satisfy 
conservation of energy. 


15.73 xx (a) According to (15.95), the final velocity of b is vy = 28c/(1 + 6”) where G is 
the (dimensionless) velocity of the CM frame relative to the lab, 8 = pac/(Ea + mc’) and 
m= Mq =m. Putting these together, we find, after a little algebra, vp = pac?/Ea = Va. 

(b) In the limit that 6 — 0, 
_ 26e 
1+ 
As you can easily check, this is the answer you would get using conservation of nonrelativistic 
energy and momentum. 


2p.C’ — WMaVa 


— 238c = 


Vi — 
Ba + Myc? Ma + Mp 


15.74 xx (a) In the CM frame (the rest frame of the original particle a), the two final 
particles move with equal and opposite three-momenta and equal energies, Fy; = Ly. = 
tm,C? = 2myc’. Thus either b particle has three-momentum of magnitude given by 


2 
IPolc = Ey" — (mc?) = y (3)’ — 1 myc* = myc’ 


and speed vw = |pz|c?/E, = 0.6c. 

(b) The two b particles travel in opposite directions with velocities +0.6c along the x 
axis of the CM frame, and the CM frame travels at speed 0.5c relative to the frame S. ‘Thus 
the velocities relative to S are given by the inverse velocity transformation as 


0.6c + 0.5c l.lc —0.6c + 0.5¢ —OQ.1c 
ee ee, d ne hl Se een ee ta) 
EEO) 1a oS ETO ROD) ON 
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15.75 xx Using the useful relation (15.85) we can find the energies of the two final particles 
Fy = V/ (pic)? + (mic?)? = »/2? + (0.5)? = 2.06 GeV 
En = v/ (pec)? + (mgc?)? = 4/(1.5)? + 1? = 1.80 GeV 


pi =2 
1.5 
mM, po = 1.5 


o—_> 


Z ; 
M 


By conservation of energy and momentum, the original particle had 


E= fy + Ey = 3.86 GeV 


and 


and 
P= pi + pe = 2.5 GeV/c, in the direction shown. 


Finally, M = ,/E? — (pc)? = 3.862 — 2.52 = 2.95 GeV/c?, and @ = pc/E = 2.5/3.86 = 
0.65. 


15.76 xx The two initial four-momenta are 


Pa = ey ia Va c) and Po = Yo™Ma (Vo, Cc) 


where I am using the abbreviation y, = y(v_) and so on, and the two vectors v, and v, both 
point along the positive x axis. By conservation of four-momentum, the momentum of the 
final mass m is p = p, + pp. Therefore 


mc? = —p* = —(p, +m)? = mec? + mpc? — 2pa-py = Mec? + mec? + WayeMams(C? — Vad). 


Dividing by c* we get the advertised result. The final velocity is 
_ pee — YaMaVa + YoMoVo 
i) Yalta =F YoTrp | 


15.77 xxx (a) In the CM frame we know that the two incoming momenta are equal and 
opposite and that, in a head-on collision, they simply exchange roles. Therefore p*" = p™, 
and pit — pm = (0, E™ — E®"), which is pure time-like. Therefore (p!" — p)? < 0. (The one 
exception is if mz = Mm», in which case E™ = EP, so pi" — p@ = 0.) Now, in the lab frame 
(particle 6 initially at rest) p@ = (0, msc), so the condition (p2" — pj)? < 0 can be written 
as 

2 


2 22 PV SITS ww 22 252 fin 
—N, Cc — mC — 2p," p, = —M [c — mec + 2b ms < 0. 


CHAPTER 15. SPECIAL RELATIVITY 253 


If we write E72" = mac? +72", this gives the desired result, T" < (ma—m»)?c2/2my. (Notice 
that if ma = mp, the corresponding result is that T®" = 0, giving a nice proof that, in this 
case, particle a comes to a dead stop.) 

(b) Using nonrelativistic mechanics, it’s easy to show that vi" = vi"(ma—ms)/(Ma+ms), 
whence T®" = T™(m, — ms)?/(™ma +m)?. 


15.78 xxx (a) In the lab frame S, the total four-momentum is p = (Da, [Eg + mac’ / eC). 
Lhe velocity of the CM frame S’ relative to S is the velocity of a boost that makes p’ = 0, 
and this is easily seen to be V = pac?/[E, + myc’). 

(b) Let us denote the two final four-momenta by gq, and q in the lab frame (and, of 
course, g, and qg; in the CM frame). Then by the inverse Lorentz transformation, 


dax = Y(Gae + V Eg, /c*) and = ay = dee 
Dividing the second of these by the first, we get 
/ / : / : / 
CT a Ng, 
ac V(Yae +VEqy/c*) (lag cos 6’ + Viag|/v) — (cos 8’ + V/v,) 
where for the third equality I used the fact that v/, = qi.c?/Eq., so that Ey /c? = |qi,|/v}. 
(c) In the nonrelativistic limit, y > 1. Also, since V = u,, V/vi, = v;/v), which, in 
the nonrelativistic limit, is just the mass ratio m,/my = A. Therefore, Eq.(xiii) becomes 
tan @ = (sin 6’) /(1 + cos 6’) as in Eq.(14.53). 
(d) As we’ve already seen, V = vu, which, in the case of equal masses, equals v!,. Therefore 
V/vi, =1. An argument parallel to that of part (b) gives tan = (sin 6’)/y(1 — cos 6"). 
(e) With mz = mp, Eq.(xiii) reduces to tan@ = (sin @’)/y(1 + cos 6’). Combining these 
two results in the formula for tan(@ + w) and perfoming a little algebra, we find that 
tan? + tan w 2 
tan(6 = = 
oy, 1—tan@étanyw yG?sin 6’ 


In the nonrelativistic limit, y — 1 and G — 0; therefore, tan(@+ 7) — oo and (0+) — 90°. 


15.79 x First, F = dp/dt = d(ymv)/dt = yma+ (dy/dt)mv. To evaluate dy/dt, note that 
y = E/mc? and, by the work-KE theorem (15.101), dE /dt = F-v. Combining all of these, 
we get F = yma+ (F-v)v/c’. 


15.80 x Since F = qv x B is perpendicular to v, the work-KE theorem implies that & and 
y are constant and the equation of motion (as in Problem 15.79) becomes ymv = qv x B. 
This is exactly the same as the non-relativistic equation (2.63) except that the constant 
m has been replaced by the constant ym. Thus all the same conclusions apply (with the 
appropriate replacements). In particular, if v starts out perpendicular to B, it remains so, 
and the particle moves in a circle of radius r = |ymv/qB| = |p/qB|. 
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15.81 « The electron mass is m 0.5 MeV/c’ = 9 x 107°! kg, and with v = 0.7c, y = 1.4. 


Thus 
_ 14x (9x 107% kg) x (0.7 x 3 x 108 m/s) 


Mv 
=|? ee ee Cll 


qB (1.6 x 10-19 C) x (0.02 T) 


The nonrelativistic answer is less by a factor of 7, r(nonrel) = 5.9 cm. 


15.82 * (a) Starting from (15.105), we find 


t t / / 
= / ee 
0 mM Jo 4/1 + (Ft'/mc) 


_ F 3) du == (me jie Ft\? 1 
— On \ F JI+u m\F McC 


(b) When ¢ + 0, we can use the binomial approximation for the square root to give 


F ¢mc\? 1 ( Ft\?’ id 
xx — (—) (45 (2) -1) = Ja? 


(c) When t — oo, the square root approaches F'T’/mc and 


Aw 


x — (F/F)(ct + const) = F(ct + const). 


As t + oo, v > c and the particle moves with essentially constant velocity in the direction 
of F. 


15.83 x The force in frame S is F = dp/dt and that in S’ is F’ = dp’/dt’. To relate these 
we have only to use the Lorentz transformation: 


dp, = y(dp, — BdE/c), dpy=dp2, dp; =dp3, and dt’ = (dt — Gdx,/c). 


Thus 
Fle dp _ y(dp.i— GdE/c)  Fi—B(dE/dt)/e _ Fy — GF -v/c 
‘dt! ~~ -y(dt — Bdz,/c) 1 — Bu, /c 1 — Bu,/c 
where in the last equality I used the work-KE theorem to replace dE’/dt by F-v. Similarly 
Fi = dp _ dp» _ ft 


dt!’  y(dt— Gdzr,/c) yA -Pui/c) 


with a similar result for F3. 


15.84 xx The constant force is F = FX and the initial momentum is p, = poy. Because 
F = dp/dt, we can find p immediately by integrating F to give p = [ Fdt = Ft+p,. We 
can next find y as 
242 2 2? 
Rc A lac OS RR 
MC MC MC 


TNC 


2 oe 
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where k? = (p?2 + m2c?)/F?. Therefore 


, _ P_ (Fi+po)c 


ym Fit? + 2 
Therefore 
t t 1 yl t 
: t! dt Doc dt! 
x= | v(t')dt’=Fc | ———+ = | a; 
i ) o VIF + Ke OF Jo Vt? +k? 
RB PoC Ft 
= FC (v t? + k* — k | + ——arcsinh | —————— 
F Joe t+ mc 
In the nonrelativistic limit, mc is much greater than the other relevant parameters (mc > py 
and mc >> Ft) and hence k © mc/F' > t. Hence 


ss i Doc Ft 
= Fck {| |1+—~| -1 S- = Jat? t: 
sella (| + 3a )+ aur ae an 


15.85 xx (a) Differentiating the relation E* = (pc)? + (mc’)* we find that 


re a ee, 
whence 
dm p dp EE dk& dp adi d 
—¢? sas eye Sa ee -—(p. E/ce) =u K. 
: dt, m dt. mc? dt, = at ais Uv ¢) dt. eae 


(b) Because u-K is invariant, we can evaluate it in any frame. In particular, in the 
particle’s instantaneous rest frame u = (0,c) and K = (d/dt)(p, E/c), sou-K = dE/dt, 
which we have been told is zero. Therefore the mass of a charged particle exposed only to 
electromagnetic fields is constant. 


15.86 x (a) Let us call the frame where the initial pion is at rest S’. Since the pion is 


at rest, the two final photons must have equal and opposite three-momenta, pj; = —P49, 
and hence hence equal energies, E!, = E‘,. By conservation of energy, E/, + El, = myc’. 


Therefore, E!, = E), = myc?/2 = 67.5 MeV/c’. 
(b) Let S be the frame where the pion has velocity V. Since a photon’s energy is £ = pc, 
the transformations that gives the photon energies in S are 


Ey = YE), + 6piyc) = yE,(1+ 6) and similarly Ey, = 7E},(1 — 8). 


_ Dividing the first of these by the second, we find 3 = (1+ )/(1—), whence 6 = 0.5. That 
is, the pion’s speed in S’ is 0.5c. 
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15.87 x Let’s take take the direction of the initial pion to be our z axis and the plane 
of the two emerging photons to be the zy plane. Conservation of four-momentum implies 
that pr = py + py, the y component of which says that |p,i|sin@ = |p,2|sin9. Therefore 
[Pyi| = [Py2| and £4, = Ey. = |p,ilc (the last because the photon is massless). The x and t 
components of momentum conservation now tell us that 


lPr| =2|pyijcos@ and FE, =2E,, = 2\p,ilc, 
Dividing the first of these by the second we find that vu, = |p,|c?/E, = ccos 0. 


15.88 « The total four-momentum of the two particles is p = p, + pp. We have to show 
that there is a frame, S’, where the spatial part p’ = 0; that is, that p is time-like. Since 
Da is forward light-like and p, forward time-like, we know that pg4 > 0 and py4 > 0 and that 
Pas = |Pal| and po4 > |p|. Combining these, we find 


Pa = Daa + Poa > |Pal + |Ps| > |Pa + Po] = |p]; 


that is, p is forward time-like. 


15.89 x Two particles have a CM frame if and only if there exists a frame where their 
total three-momentum is zero, and this is the case if and only if their total four-momentum 
is time-like. Now, a four-vector p is forward time-like if and only if py > |p| (and forward 
light-like if and only if p, = |p| > 0). Since our two particles are massless their four-momenta 
are forward light-like, so pa, = |pa| > 0 and py, = |py| > 0. Therefore their total momentum 
satisfies 


Pa = Pa + Poa = Pa 7 |Po| = IPa ia Po| a Ip]. 


This proves that p = p, + pp is forward time-like, provided the “>” sign is actually “>”. 
Now, we know for any two three-vectors A and B, that |A|+|B| > |A +B) unless A and 
B are parallel. Therefore p is time-like unless p, and py are parallel. 


15.90 x* (a) The four-momentum of a single photon satisfies p* = 0. The total four- 
momentum of an electron and positron is the sum of two forward time-like vectors and so is 
forward time-like (Problem 15.69b), satisfying p? < 0. Therefore, the process y — e* + e7 
cannot conserve four-momentum. 

(b) The derivation of (15.98) assumed that the incident particle had m > 0, but all that 
mattered was that the two initial particles have a CM frame, which is certainly true as long 
as one of them had m > 0. According to (15.98) the minimum energy for the photon is 

min — Qo Mn)” — MN 2 _ (MN + 2mMe)" = MN 2 
- 2Mn 2Mn 2Mn 


2 


477.Mn 
OS Ome’. 
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15.91 xx In the process X* + X +7, the initial X* is at rest so has four-momentum p* = 
(0, M*c). The four-momentum of the outgoing photon is p, = (p,, E,/c). By conservation 
of four-momentum p* = p+ p, or p = p* — p,, which, if we square both sides, implies that 


=M?o? = —M"* CH 2p*-p, +0 = —M**c? + 2M" EF, 


or, solving for Ey, 


M*? — M2 ** 
B, = So eam ~ melt 1) f= ABI a 


2M* 2M* 2M *e? 
where in the last equality I used the fact that M = M* — AE/c*. The fractional difference 


between AF and E., is AE /(2M*c?) = (a few eV)/(at least 2 GeV), of order one part in a 
billion or less. 


15.92 xx By conservation of four-momentum, p,, = Pz — py, where, since the pion is at rest, 
Dx =(0,m,/c) and p, = (p,, E,/c), where E, = |p,|c because we are treating the neutrino 
as massless. Squaring the first equation, we find 


y 2 
m2—m 
T 
—m?c? = —m?%c* +2m,E, whence E, = ——— c’. 
a . ‘ 2m 
Tv 


From this we find, 
Pel = [pp] = EL/e=(mP-—mZ)e/2m, and E, = myc’ — EB, = (mi+mz{)c*/2m, 


so that 6, = |pyulc/E, = (m? —m7)/(mf +m), as claimed. Putting in the numbers for 
the muon, we get 6, = 0.27. For an electron, G, = 0.99997. 


15.93 «xx The four-momenta of the initial and final electron and photon can be written 


as follows: 
initial final 


8,0, 0, 1)Fo/c p 
—1,0,0,1)F,./e py =(1,0,0,1)E,/c 


=| 
( 
According to (15.123), po:(pyo — Py) = Pyo'Py, Which becomes 
Ey Eyo(—Bo — 1) — Eo By(Bo — 1) = ByoBy(—1 — 1). 


Solving for £., we get the advertised answer 


electron: Do 
photon: Py = 


1+ fo 
24+ (1 — Bo) Bo/ Ey. 


The numerator of the fraction on the right of Eq.(xiv) is clearly less than 2, while the 
denominator is greater than 2. Therefore F., < E,; the energy of the outgoing photon is 
less than the energy of the incident electron. But as E, — oo the proportion given to the 
photon approaches 100%. To see this, note that as h, — oo, G — 1 and the numerator in 
(xiv) approaches 2. The denominator is a bit harder, because the factor (1 — 6.) approaches 
zero while the factor EK, approaches infinity. However, 


B=, (xiv) 
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2 _ 
(1 — 6.) By = (1 - Ba) Ts = me] > aa +0. (xv) 


Thus the denominator approaches 2 and the ratio E/E, + 1. In the limit E, — oo the 
proportion of the electron’s energy transferred to the photon approaches 100%. 
Before we put in numbers, let’s rewrite Eq.(xiv) as FE, = E,(1 + 8)/(2 + €), where 


according to Eq.(xv) 
_ mc? /1— fo 
Eye 1+ Bo 


With the given numbers, 6) = 1 — 1.25 x 107 and € = 0.004167. Thus 
lies Bo ae E 
2+6€ 


Because both (1 — @,) and E,,./E, are much much less than €, this gives (almost exactly) 
E/E, = €/(2 + €) = 0.002 = 0.2%. 


E = Ey + Ey — Ey = Ep ie ae 


15.94 ‘The elements of the matrix C' = AB are defined by Ci, = >|, AijBjx and those of 
the transpose C by Ca « Therefore, 


CeO = S Aiz By a S| Ay Bry = iS Bug Aji = (BA) ge. 
That is, C = BA. ’ ; ; 


15.95 x ‘The condition aCb = aDb is equivalent to the 0 0 
condition a(C — D)b = 0. Thus what we have to prove is , : 
that if aEb = 0 for all vectors a and b, then E = 0. To 0 0 
prove this, choose a and b with the form on the right with ee ee ee 
the single nonzero entry of a in the kth row and that of b 0 0 
in the /th row. Then it is easy to see that aEb = Eyx,. 

Since this has to be zero for any choice of k and 1, we 

conclude that E = 0. 0 0 
15.96 x Since a and T are respectively a four-vector and a four-tensor, a’ = Aa and 


T’ = ATA. Thu b! = T’-a' = T’'Ga! = (ATA)G(Aa) = AT(AGA)a = ATGa = AT-a = Ab, 
where, in writing the fifth equality, I have used the condition (15.136) that AGA = G. 


15.97 * (a) Suppose that 7 is symmetric, that is, T =T. Then (T’) = (ATA) = ATA = 


T’, where I have used the rules that (AB)~= BA and that (A)’= A. This shows that 7” is 
also symmetric. - 
(b) By the same argument, if T = —T’, then also (T’)"= —T". 
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15.98 «x (a) The invariance of a-b requires that a-b = a’-b! or, in matrix notation, 
aGb = (a')’GU' = (Aa)’G (Ab) = G(AGA)b 
Since this must be true for any choice of a and }, it follows (Problem 15.95) that G = AGA. 


(b) The matrices A and G are given by (15.43) and (15.135). Therefore, as you can 
check, 


y 0 0 —96 y 0 0 —78 +10 0 0 

vA, FR | 0 1 £0 «0 0 1 0 07 +|0 410 0] ~ 

a ae 0 0 1 0 00 1 =O 0 0 +1 0 =G 
—y¥B 0 0 ¥ v8 0 0 -y¥ 0 0 0-1 


15.99 xx (a) That a and b are vectors means that, given any two frames S and 9’, related 
by a rotation R, a’ = Ra and b’ = Rb (or, in reverse, a = Ra’, etc.). Thus b’ = T’a’, but 
also b' = Rb = RTa = RTRa’. Since these two expressions for b’ must be equal for any 
choice of a’, it follows that T’ = RTR; that is, T is a tensor. 

(b) Suppose that p and q are known to be four-vectors and suppose that for every inertial 
frame there is a 4 x 4 matrix T’ with the property that ¢ = T'-p for every choice of p, then JT’ 
is a four-tensor. The proof parallels the three-dimensional case, except that where p’ = Ap, 
p = GAGp’. Then q! = T'-p! = T'Gp’, but also q! = Aq = AT-p = ATGp = ATG(GAGp') = 
ATAGp’. Since these are equal for any choice of p’ we see that T’ = ATA; that is, T is a 
tensor. 


15.100 xxx (a) By the chain rule, 

Od Ox’ Oo 

2 Ox oe 5 bev) 
G4 


where in the last equality I used the sccatenaiie equation x, = >), Rjxr, to make the 
replacement Ox,/Ox; = Rj. If agree to regard V@ as the column vector comprising the 
three derivatives 0¢/0x;, then Eq.(xvi) takes the matrix form 


Vd=RV'?. (xvii) 


Finally, the property (15.129), RR = 1, shows that R= ao. Therefore, multiplying 
Eq.(xvii) by R, we get the desired result 


V'¢=RV¢. 


(b) The corresponding four dimensional problem is closely similar, though, as you might 
expect, it is complicated by the presence of the metric matrix G in the scalar product. First, 
corresponding to Eq.(xvi), we have 


4 
Ox’, 
j=l J j J 
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since x’ = Az. Next, if we regard 0¢ as the column vector comprising the four derivatives 
Op/Ox;, then the definition (15.156) of Od becomes O¢ = GOd. Thus we can rewrite 
Eq.(xviii) in matrix form as 

O¢ = Gd¢ = GAd'd = GAGU'?S (xix) 
where in the last equality I used the facts that co = 1 and hence that 0’¢ = GO’®¢. Finally, 
the property (15.136), AGA = G, implies that GAG = A~*. Therefore, multiplying (xix) by 
A, we get the desired result 

O's = ADE. 


15.101 x (a) If S is obtained from S’ by the standard boost, then, according to (15.146) 
E'.B' = £,B,+ £43, 4+ BAB, | 

= by, By + 1? (Ey GcB3)(Bo as GE3/c) + 77 ( Es + BcBy)(B3 agi: GE2/c) 

roe EB, -- Ey Bo 3 Bs = E-B 
[Remember that 77(1 — 6?) = 1.] Similarly 

EB? = BE? + BY + Ey = Ei +7? (Ep — 6cB3)* + 7° (£3 + BcBo)? 
= BE? + 9*( BH? + EB) + 7°6?c*( Bs + B) — 27? Gc(E2B3 — E3B2) 
and, as you can check, 
cB? = 776? (ES + e3) +c’ [Bi + 7°( Bs + B3)| — 27° Bc( E,B; — E3B2). 
Taking the difference of these two and remembering that y*(1 — 6") = 1, we find that 
EF” _ cB’ — E? = 0? B?. 

We have proved that neither of the named quantities is changed by a standard boost. They 
are clearly unchanged by any rotation, so, since any Lorentz transformation can be made 


up from rotations and a standard boost, they are actually invariant under any Lorentz 
transformation. 


(b) If E and B are perpendicular in S, then E-B = 0, and by the invariance of E-B the 
same is true in any other frame. 


(c) If E> cB in S, then E? — c?B? > 0, and by the invariance of E* — c’ B’* the same is 
true in any other frame. 


15.102 x (a) To find the requested boost, we have only to make the replacements 1 — 
3» 2 1 in Eq.(15.146) to give 


Fy=E3, E,= y(Fi- cB), By = (Ee + BcB) 
B,= Bz, By = 7(Bi+8Es/c), By = (Ba — BE; /c) 


(b) The inverse transformation is given in (15.150) and the derivations are given in 
almost complete detail between (15.150) and (15.152). 
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15.103 * (a) If E=0, then, according to (15.146) 
B, = By, By = Bo, By = 7 B3 
and 
E,=0, £,=-76cB3=—-vBj, Es = yGcB. = —vBi. 
Combining these last three (and recalling that v is along the x axis), we see that E’ = v’ x B’. 
(b) In exactly the same way, if B = 0, then B’ = —v x E’/c?. 


15.104 xx (a) From its definition (15.107), the four-force K is K = 7(F,v-F/c). In the 
case of the Lorentz force F = q(E + v x B) this becomes 
K = yq(E+v x B,v-E/c) = yq(E, + v2 Bs — v3Ba, 
Py + 03By, — v1 Bs, 
Bz + U1 Bo — u2By, 
lu By + VoL + v3.3] /c) 
Since u = 7(v,c), we can replace yv with u and y with u,/c to give 
K = q( Bgug — Boug + (Ei /c)ua, 
—Bgu, + Byug + (Eo/c)ua, 
Bou, — Byu2 + (E3/c)ua, 
(Ey /c)u, + (E2/c)us + (E3/c)us) 
(b) Comparing this with the equation K = qgFGu, we can read off the elements of the 


matrix FG to give exactly the results shown in Eq.(15.142), and, multiplying on the right 
by G, we find F itself in agreement with (15.143). 


15.105 xx The matrices A and F¥ are given in Eqs.(15.43) and (15.143). Using them you 
can easily check that 


0 (Bs — BE2/c) —y( Bo + BEs/c) ) —F;/¢ y 
em ; (0) By, ry, Ey =F BcB3 C 
a 0 — (3 + BcBo)/c 
0 


(I didn’t bother to write the elements below the diagonal because we know that the matrix 
is antisymmetric.) But this must be equal to 7’, 
0 Bl, -B, —-E}/c 
- 0 B, -E/c 
0 —;/c 
0 
Comparing these two you can read off the transformed fields as in Eqs.(15.146). 


Fi = 
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15.106 xx (a) We can orient our axes in frame S so that the velocity v of the charge is 
along the positive x axis. Then the charge’s rest frame S’ is in standard configuration with 
respect to S, with relative velocity v. Since the charge is at rest in S’ the force on it is 
E" = gE". We now use the inverse force transformation [the inverse of Eqs.(15.155)] to write 


down F: 
Fl + BF-v'/c 
Fy = 4 = = E: 
eA Buife= 
(remember v’ = 0) and 
Fy _# 
Lo : ad = gE, /7 


(+ Bui/e) ~ 
and, similarly, Ff = qE3/+7. 


(b) We can now use the field transformations (15.146) to rewrite E’ in terms of E and 
B to give © 
Fi =qki, Fy = q(E, —vB3). F3 = q( £3 + vBy). 


Bearing in mind that v is along the x axis, you should recognize this as F = q(E + v x B). 


15.107 xx We are given that E = —V¢— 0A/dt, B= V x A and A = (A,¢/c). I'll 
examine the components of F in turn. First, if 7 = 1, 2, or 3, 


E, 0O¢ 104; 0 OA; 
Fis cc }06©0a,C ae c Ot par at Ox4 Ag Ai 
and | 
O 6) 
Fi aa Bs = Ax, — A» = oer = OA, —- OA. 
L 


All other elements follow similarly, a we’ve proved that F,,, = 0,A, —0,A,, for any pu 
and v equal to 1,2,3, or 4. 


15.108 xx (a) Let S and the rest frame S, be related by the standard boost and consider 
a small rectangular volume with sides Ax = Az,/y, Ay = Ayo, and Az = Az, containing 
charge AQ = AQ,. (Remember that charge is invariant.) Then 
AQ AQo 
° RakyAz  (Aa,/y)AyoAz 


(b) The three-current density is J = ov, and the corresponding four-current is 


= YQo- 


J = (J,ce) = ov, c) = YOo(V, ¢) = dou, 
which is the product of a four-scalar and a four-vector. Therefore J is a four-vector. 
Oo | OS, OJ2 OJs eee OJ, 


= O17, + Dodo + 03. Egy = beg, 
Ot ~ Ory AL 0x3 Ox LA ade ae i 


(c) Ve J+— 
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15.109 xxx (a) In S’ the two charges are at rest on the y axis a distance r apart (this 
transverse distance is the same in either frame), so F’ = (0, kq*/r?,0). The inverse of the 
force transformation (15.155) gives the force F measured in S as 


sgn Fy ik? 
aa 


I+Buje' *~ 7+ Bue 


(b) The fields of the lower charge at the location of the upper one, as measured in S’, 
are E! = (0,kq/r*,0) and B’ = 0. Using the inverse field transformations, we find the fields 
in S to be E = (0, ykq/r?,0) and B = (0,0, y8kq/cr?). (Note well how each charge feels a 
magnetic field due to the other moving charge.) Given that the velocity of either particle in 
S is v = (v,0,0), we can now evaluate the foce on the upper charge as 

2) ba? 2 
@A ia cb ae ni 5 
yr 


Py Po |). 


_ kd? vy bk? . 
F=q(E+vxB)= ~ Vv 72 y= 2 


since 7(1 — 6") = 1/y. This is the same as we found in part (a). 


k; 
15.110 xxx (a) In the charge’s rest frame S’, E’ = ae i, z') and B’ = 0. 


(b) The field transformation (15.146) gives the EF field in S as E = (kq/r’)(z’, yy’, yz’). 
Since 2’ = y(x — vt) = 7Rz, while y’ = y = R, and z’ = z= R,, this gives 


ykq (1 — B°)kq R kq(1 — 6") 


R 
= GRE + R? + Rape = feos + — BY sO? A fl — PaO? RP 


(c) 


N\ 
Y 


Two noteworthy features: The electric field is peaked in the transverse direction, 0 = 1/2, 
and its direction is everywhere radially outward from the charge’s present position, that 1s, 
in the direction of the vector R = r — vt pointing from the charge’s position vt to the point 


of observation r. 
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15.111 «xx The proposed equation O-F = p,J is 
0 Bz — Bo —F/c 
— Bz 0 B, —E/c 
By —B, 0 —E3/c 
FE, /c E2/c FE3/c 0 
= [-0,B,+0,By+OF,/c’, 0,B, —0,By, +0,E,/c?, 
—0,; By + OyBr + OF./c’, —(OcE2 + 0,E, + 0,E,)/c?] 


rag —[Mods, fade Mods, 0/ Ceo]. 


O-F =OGF = [8,, dy, 0,,%/c 


Here I have used the abbreviations 0, = 0/Ox and so on. In writing the second equality, I 
noted that UG = [0,, 0,,0., 0;/c] and in the last line I used the fact that oc = 1/ceo. If you 
look carefully at the last equality, you will recognize its first three components as the first 
of the Maxwell equations (15.159) and the time component as the second. | 


Chapter 16 


Continuum Mechanics 


Like the other chapters of Part II, Chapter 16 is optional and is independent of the other 
four chapters. The first four sections are about the wave equation, a theme to which I 
return in Section 16.11 and again in 16.13. Sections 16.5 through 16.11 are mostly about 
the mechanics of continuous solids and the main targets are the stress and strain tensors. 
Sections 16.12 and 16.13 are about the mechanics of inviscid fluids and introduce several 
important concepts — the material derivative, the equation of continuity, and Bernouilli’s 
theorem. All of the topics treated here are obviously important, but you may well not have 
time to cover them. I never got to this chapter in lecture, though several students studied 
it for their term project and seemed to enjoy it. By including just the first four sections, 
you would at least introduce the wave equation — so important in electromagnetism and 
elsewhere. If you covered through Section 16.11, you would also give your students a fairly 
thorough introduction to three-dimensional tensors. 

Concerning my treatment of the wave equation, I decided that it is more important that 
our students see its derivation for a genuinely continuous system (specifically a taut string) 
than that they be dragged through the awkward derivation as the limit of a discrete set 
of masses connected by springs. If you want them to go through that limiting process, 
it’s covered in Problem 16.2. My treatments of solid and fluid mechanics are necessarily 
brief and rather theoretical. Nevertheless, they go far enough to establish the properties 
of longitudinal and transverse waves in solids and of longitudinal waves in fluids. My one 
possible regret was that I couldn’t find space for any treatment of viscous fluids, so there is 
no mention of the Navier-Stokes equation (which probably doesn’t belong in a course at this 


level anyway). 


Solutions to Problems for Chapter 16 


16.1 The SI units of the tension 7’ and linear density pz are [T] = [force] = kg-m/s* and 
[u| = [mass/length] = kg/m. Therefore, those of c = ,/T’/,u are 


2609 
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ke-m m m 
Ca fee male es 
g os 


16.2 xx The equation of motion of the ith mass is 


Mu; = T (sin Q, — sin 0:1) = (Sens aa aa (i) 


as required. 


b b 


where m is the mass of any one of the masses, dots denote differentiation with respect to 
t, and 6; is the angle between the horizontal and the string to the right of the ith mass. 
[f now we let 6 + 0 holding p constant, then we can replace m by m = yb, and u; by 
u; = u(x) factually u(x,t) but Pl omit the t], and (u; — u_1)/b > u'(x), where a prime 
denotes differentiation with respect to z. With these replacements, Eq.(i) becomes (after 
dividing by 6) ; , 

ula) = had > Tu"(x), asb-0 


which is the wave equation. 


16.3 x Let f’(€) = df(€)/dé and likewise f”’(€) = d*f(€)/dé*. By the chain rule 


2 


O 
< F(a —ct)=-—cf'(e—ct) and Bad (@ — ct) = of" (a — ct) 
and | 
= O ; om N 
a, i (e — ct) = Fe — et) and Ale (x ~ ct}. 
Comparing these two, we see that 
Oo 2 O 
AR G: _— ct) =: Da? Gs = ct) 


which is the wave equation. 


16.4 x If we make the suggested substitutions, then z = (€ + 7)/2 and t = (n — €)/2c.. 


Therefore, P 7 ad oa 1a 18 
dé «Of dx ~O€ Ot 2dr = 2cdt 
™ Q_d09 #9 19,10 
dn OnOx  Ondt 2dr 2cOt 
Therefore 


EES 2 ee ee Cee 
dédn 42 \“de at) ac at)” 42 G2? ae 
which is the claimed identity. 


TERS PP SU PPE SSCA 
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16.5 * (a) Let g'(€) = dg(€)/d€ and likewise g’(€) = d’g(€)/dé?. By the chain rule 


O P 0? H 
Rg(t + ct) = eg'(e@t+ct) and = =aso(a + ct) = c'g"(a + ct) 


and 
9 


0 / 0 i 
5, Ihe + et) =g(x+ct) and abe + ct) = g(x + ct). 
Comparing these two, we see that 
A? 2 


0 
z+ ct) = ca 92 + ct) 


which is the wave equation. 

(b) If u(x,t) = g(x + ct), then at time zero, u(xz,0) = g(x). Now suppose, for example, 
that the function g(x) has a crest (or trough, or any other feature) at the point x = Zo. 
Then at a later time t, u(x,t) = g(x + ct) has the same crest at the point x + ct = Zp or 
L = 2% —ct. That is, as time goes by, the crest moves to the left with speed c. Because 
the same applies to all other features, we conclude that the whole initial disturbance moves 
bodily to the left with speed c. 


16.6 x The initial condition f’(x) — g/(x) = 0 implies that f(x) — g(x) = k, a constant, 
and, from (16.13), we know that f(z) + g(x) = u(x). Solving these two for f(x) and g(z), 
we find 


f(x) = Slu(x) +k] and g(x) = 5[uo(z) — kl 
whence 


u(z,t) = f(x —ct) + g(x + ct) = $[uo(x — ct) +k] + $[uo(x+ ct) — kl 
= $Uo(z — ct) + $uo(z + ct). 


Because the terms involving k cancel, we get the same answer as before. 


16.7 xx On the next page is a subset of the requested graphs. Initially (t < —1), the two 
separate triangles move inward from the left and right. At t = —1 they start to overlap and 
reinforce one another, producing a truncated triangle. At t = 0 they overlap completely, 
producing a triangle of twice their separate heights, and then they start to move apart again. 
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t= -20 a as t=0 


-4 0 4 a 0 4 
t=-15 ; ; t=05 + 

-4 0 4 -4 0 4 
t=-10 ‘ : t=10 : ; 

-4 0 4 -4 0 4 


! 
a 
(op) 
a 

| 
a 
(=) 
aN 


16.8 xx The picture shows the standing 
wave (16.18) at times t = 0,0.1,--- , 1. 
(The last five curves coincide with 


the first five — in reverse order — so WAN iN IN iN 
you see only six distinct curves.) The iN aia NS A a 
string is stationary at the nodes at WDWPDhTIV: 


x = 0.5,1,1.5, and 2. At any other 
point, it oscillates in the y direction only. 
16.9 xx (a) We are certainly free to try for a solution of the form u(z,t) = X(z)T(¢). If 
we substitute this into Eq.(16.19), 0?u/Ot? = c?0*u/Oz?, we find X(x)T"(t) = PT (t)X" (a), 
from which it follows that 
I i 

L (t) — at (x) (ii) 

T(t) X(z) 
where, as usual, primes indicate differentiation with respect to the argument. This equation 
must hold for all ¢ and all z in the ranges of interest. If we temporarily fix x, then Eq.(ii) 
says that the left side is independent of t. Similarly, if we fix t, we see that the right side 
is independent of z. Since the two sides are equal, this implies that.-both sides are equal 
to a constant A, independent of t and x. As discussed in the footnote, this constant has 
to be negative, so we can call it —w*. Therefore, 7” (t) = —w?T(t), which implies that 
T(t) = Acos(wt — 6) and hence that u(z,t) has the form (16.21). 
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16.10 xx The function u.(x) is symmetric under reflection about the point z = 4. For n 
even, sin(n7az/8) changes sign under the same reflection, so the same is true of the whole 
integrand; thus the integral is zero, since each contribution from the left of x = 4 is cancelled 
by the corresponding contribution from the right. 

If n is odd, the integrand is symmetric (under the same reflection) and we can replace 
the integral by twice the integral from 4 to 8. If we change variables to u = x — 4 and write 
n=2m-+1, this gives 


Boe on [a =) cos du = (-1)"5 1 — cos(nm/8)] 


in agreement with (16.34). (You can do the integral by integration by parts.) 


16.11 xx Here is the story from t = 7/2 to 7, at the same intervals as in Fig. 16.8. At 
t = 7/2 the two traveling waves have formed a single inverted triangle. They then separate 
and move out toward the walls, where they reflect, invert, and travel inward again. By the 
time t = T they have coalesced and the string is back to its original position. 


t= 7/2 a > ae 
t= 51/8 >So 


t = 37/4 —_—_ | 
t= 77/8 >——~__ > 
— eee 2 onan 


16.12 xx (a) Since f(€) is localized around € = 0, the function f(x+ ct) is localized around 
xz = —ct. When t = to, with t, large and negative, this means that f(z + ct) is localized far 
to the right and traveling in toward the origin. 

(b) Consider the wave u(z,t) = f(x + ct) — f(—x+ ct). The second term is called the 
“image” because it is the result of reflecting the first term in the plane x = 0 (and inverting 
it). Because both terms satisfy the wave equation, so does u(x,t). When ¢ is large and 
negative, the second term in u(z,t) is zero everywhere that x > 0 (that is, where the string 
is actually located). Therefore, u(x,t) is exactly equal to the wave of part (a) everywhere 
on the string. If we put z = 0, we find u(0,t) = 0. 

(c) Because u(z,t) satisfies the wave equation, the initial conditions, and the boundary 
conditions, it is the solution. As long as t remains large and negative, the second term is 
zero (where the string is), so the wave continues to move in from the right toward z = 0. As 
t nears 0, the “image” wave begins to emerge onto the string, and the two terms interfere. 
Once t is large and positive, the original wave has disappeared into the region xz < 0, and 
we are left with just the reflected “image” wave traveling to the right. 
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16.13 xx The first condition in (16.143) defines f(x) in the interval -—L < x < 0, and 
the second condition then defines it for all x. The second condition guarantees that it is 
2L-periodic and the first condition that it is odd. Clearly the new f(x) coincides with the 
old in the original interval 0 < x < LD. Since the new function is periodic with period \ = 2L, 
it can be expanded in a standard Fourier series as 


io) S (An cosk,z + B, sin k,2z). 
n=0 
However, since we cunningly defined f(x) to be an odd function, the coefficients A, of 
the cosine terms are all zero, and since the period is A = 2L the wave numbers k,, are 
2nt/ = nnt/L as in (16.27). This establishes the claimed expansion (16.31). Finally the 
usual integral for the coefficients is B, = (2/,) ie f sin(k,x)dz. If we make the replacement 
A = 2L, the factors of 2 cancel, but we can then replace the integral from —L to L by twice 
the inegral from 0 to L, and we wind up with B, = (2/L) i sin(k,x)dz as in (16.33). 


16.14 xxx 

(a) The disturbance u(z,0) has the triangular shape 
sketched on the right. Because the string is initially at 
rest the coefficients C’, in the Fourier series (16.30) for 
u(x,t) are all zero and, as in (16.33) the coefficients 
By, are given by 


1 
Ba= | u(x, 0) sin(nrax)dz. 
0 


The function u(z, 0) is unchanged under reflection in the line = 0.5, whereas the function 
sinnax with n even changes sign under the same reflection. Therefore the coefficients B, 
with n even are all zero. If n is odd, the integrand is unchanged under reflection and (the 
integral is easily done by integration by parts) 


0.5 
ee / basta de (AS) any? 
0 

where I have set n = 2m + 1. 

(b) With the given numbers, the period of the oscillations is T = 27/w; = 2, and the 
nine pictures on the next page show the sums of the first 19 terms of the Fourier series, 

19 
it) = 3 B, sin(nrax) cos(n7t), 


m=0 


for t = 0,0.25,--- ,2. 

The original disturbance moves downward, starting at the top, so as to form a truncated 
triangle (t = 0.25). It continues down until it is completely inverted (¢ = 1), and then moves 
upward until it is back at its initial configuration (¢ = 2). 
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4 u = 0.75 ’ u 
1 Xx ky 1X 
= - ~ 1 
| t=1 
= u _ 
yu t= 0.25 1 ju «t= 1.75 
7 1x 1x ; ae 
— 
44U yu «t= 1.25 ig 
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a i 


16.15 xx (a) By the chain rule, 


< fm — ct) = fi'(a-r— ct) (mr) =n, f'(n-r — ct). (iii) 


Combining this with the two corresponding results for Of /Oy and Of /0z, we conclude that 
V f(a-r — ct) =nf'(n-r — ct). 
(b) Differentiating Eq.(iii) again we see that 
2 


Ax? 
and adding this to the two corresponding results for the y and z derivatives, we find that 
V’ f(a-r—ct) = f"(n-r—ct), because n? +n? +n? = 1. On the other hand, differentiating 
twice with respect to t, we find 


Spar —~d)=Cf"(nr— ct) = CV" f(m-r — ct) 


by the previous result. This is the wave equation. 


f(a-r— ct) =n2f" (nr — ct) 


(c) At any fixed time t, f(n-r—ct) is constant provided n-r = const; that is, f(m-r— ct) 
is constant in any plane perpendicular to n. Suppose now that f(€) has a maximum (or any 
other feature) at € = €. Then f(n-r — ct) will share this feature at any point satisfying 
n-r = €,+ct, and this defines a plane perpendicular to n that travels at speed c in the 
direction of n. 


16.16 xx (a) We wish to prove that, if f is spherically symmetric, f = f(r), then 


We'll look at the two sides of this equation in turn. First, 
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OF O° FOF)... Of an OP\. af Or\* Pr 
or _ 8 (3*) =£(7 ne) =rO(F) +rOs 
= Fe + OS (1-5) (v) 


where in pasing to the second line I used that Or /Ox = x/r [first derived in (4.42)] and hence 
O’r/Ox? = (1 — x*/r?)/r. Adding (v) to the two corresponding results in y and z, we find 


that ie 
Vo ay sm (vi) 
Meanwhile the right side of Eq(iv) is 


10 ae 
Ti) = a a seh 202) 
This is the same as (vi), and we’ve proved (iv). 


(b) The formula inside the back cover for V’ in spherical polars contains three terms, 
but two of them involve derivatives with respect to 6 or ¢. Acting on f(r) these two give 
zero, so we’re left with a single term that is precisely the right side of Eq.(iv). 


16.17 xx (a) The increase in length of a segment of length | near position x is dl = 
u(x +1) — u(r) + ldu/Ox. Thus, according to (16.55) the (additional) tension in the string 
is F = AYMdl/l = AYMOu/0Oz. 
(b) The net force on a segment dz is 

Ou O*u 
- rent) = AYM he 
But by Newton’s second law, Fret = ma = (oAdxr)0"u/Ot?, and comparing these two expres- 
sions, we find 


Fie = F(x + dz) — F(x) = AYM Fete + dz,t) 


O*u _ YM 0*u 


a2 9 Ax? 
which is the wave equation with wave speed c = ,/YM/g. 


16.18 x Let the height of the prism be h (measured into the 
page) and let’s label the three visible corners as P, Q, dAg 
and Ras shown. The vector dA, is normal to the line 
QR and has magnitude (QR)h, where I use (QR) to dA; 
denote the length of side QA. ‘Thus 
That PQR is a closed triangle implies that 

——> —> 

QR + RP + PO =0. 
If we now multiply this equation by h and rotate all three vectors counterclockwise through 
90°, we get dA; + dA» + dA3 = 0 as claimed. 


dA2 
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16.19 x ‘lhe surface force on a small surface element n,dA is F(njdA) = Sn,dA and 
the component of this force in the direction of ng is np-(1n,)dA. To emphasize the matrix 
products concerned, I’ll temporarily use an underline to indicate a matrix. (For example, the 
dot product a-b of two vectors becomes a-b = ab, where b is the 3 x 1 column representing 
the vector b and a is the 1 x 3 row representing a.) With this notation 


ny:( n;) = nh, Un, == n, En, = n, UD, — ny, ( nN») 


where for the second equality I used the fact that any number is equal to its transpose and 
that (uv w) = WwvuU, and for the third equality I use the symmetry of ¥.. 


16.20 xx The given surface has the form f = x? + y?+2z? = 4. The normal to this surface 
is in the direction of Vf = (22, 2y, 4z) = 2(1,1,2) at the point P with coordinates (1, 1,1). 
Thus the unit normal at P is n = (1,1,2)//6. Written as matrices, © (evaluated at P), n, 
and F = SindA are as follows: 


1 
1}, F=XndA= 
2 


16.21 xx The theorem quoted guarantees that there is a set of Cartesian axes with respect 
to which © has the diagonal form shown below on the left. Now consider the surface force on 
a small element of area dA normal to the x axis of that set. The vector dA for this surface is 
dA = dAxX, whose matrix form is given in the middle expression below. ‘Therefore the force 
on this small surface is as given on the right. 


O11 0 0 ] O11 
>a 0 092 0 ; dA =dA} 0 , F=SdA=dA 0 
0 0 033 0 0 


We see that the force on a surface normal to X is in the direction of X (that is, normal to the 
surface). Since the same happens with surfaces normal to y or Z, we’ve proved the requested 
result. 


16.22 xxx We are promised that, with respect to any set of orthogonal axes, the stress 
tensor &: has the diagonal form shown on the left below. Let us suppose that, with respect 
to a certain set of axes S, two of the diagonal elements are not equal, 01; # 033, say. Now 
consider a new set of axes S’ obtained from S by a rotation about the y axis of S. The 
matrix (15.36) for this rotation is shown on the right: 


01, O O . cosé 0 sind 
== | 0 oa 0 and R= 0 1 0 
0 0 a3 — sin @ 0 cos@ 
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With respect to the new axes, the stress tensor is ’ = R&R, and, as you can check, its 1,3 
element is a}; = (033 — 01,)cos@sin@, which is not zero if 01; 4 033. But we are promised 
that all off-diagonal elements are zero in all frames. ‘Therefore 01; and 033 must be equal. By 
a similar argument 01, and oo) must be equal, and we conclude that, with all three elements 
equal, the matrix © on the left above is a multiple of the unit matrix. 


16.23 x Suppose that M = M,+ Ms, where My and Ms are respectively antisymmetric 
and symmetric. Now consider the following: 

M+M =(M,+ Ms) + (Ma+ Ms) = (M4+ Ms) +(—My+ Ms) = 2Ms 
Therefore, for any decomposition of M into symmetric and antisymmetric matrices, the 
symmetric part Ms must satisfy Ms = >(M + M). By considering M — M, we can prove 
similarly that M4 = 3(M — M). Therefore, both Ms and My, are unique. 


16.24 x The components of u = @ x r are 
U4 = Mor; — A3Pro, U2 = O37, — 4173, and U3 = 017%. — Oo}. 


The derivatives matrix defined in (16.76) is found by differentiating the components of u 
with respect to r1,72, and r3 with the exact result claimed in Eq.(16.78) 


16.25 xxx (a) Because there is no rotation about P, the strain tensor E = D, the matrix 
made up of derivatives D;; = Ou;/Or;. Now consider a point Q originally located a small 
displacement (dz,0,0) from P. The deformation represented by E moves Q away from P 
by an amount du, = (Ou,/Or,)dz = €,,dx. (It may also cause Q to shear in the y and z 
directions, but that won’t affect volumes.) Thus the length that was dz in the x direction 
has stretched to dz(1 + €11), increasing by a factor (1 + €1;). 

(b) Similarly, lengths in the y and z directions are stretched by factors (1 + €92) and 
(1 + €33) respectively. Therefore any small volume around P will increase by a factor 


(1 + €11)(1 + €92)(1 + €33) & 1+ €11 + 22 + 633 = 14+ trE, 
where I have used the smallness of the elements of E to drop second order terms and higher. 
Thus a volume that was originally V will increase by dV = VtrE, as claimed. 
An alternative and very slick proof uses the divergence theorem: 
Ou, Ou. Ous 
Or, Org " Ors 


where the approximation depends on the smallness of V. 


= [uda= | vn xvv-u=V( )=VurE 
S V 


16.26 According to (16.100), YM = 9BM-SM/(3BM+ SM). Using the given values of BM 
and SM we find (in GPa) 
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YM (predicted) YM (observed) percent discrepancy 


iron 104.5 100 5.0% 
steel 201.6 200 0.8% 
sandstone 16.1 16 0.7% 
perovskite 379.7 390 2.6% 
water 0 0 NA 


16.27 xxx (a) The stress tensor & is as shown on the left below. From this we can calculate 
tr 4 = oj, and the strain tensor E (16.95) as shown on the right: 


“01, 00 , s, |2at8 0 0 
Ds A: 00 and E = 7, |8e8+(6-a)(rd) 1] = 0 B-a 0 
0 00 ap al 9 9 Bae 


(b) In the definition (16.55) of YM, the left side is dF/A = 011, and the factor dl/I on 
the right is C11: Therefore, YM = O11 /€11. 


(c) Reading off €,, from part (a), we find 
vy. ZH. 308 _ 9BM-SM 
61 2a+8 3BM+SM 


because, according to (16.97) and (16.99), a = 3BM and @ = 25M. 


16.28 xxx (a) By its definition, v = (—6l,/l,)/(6la/la) = —€22/€11- 


(b) The strain tensor E is given in the solution to Problem 16.27, and from that we can 


read off 
€99 a— 6 __ 3BM — 25M 


E11 ~ a= fb 6BM + 2SM 


Notice that v is always less than 0.5 (or equal if SM = 0). 
(c) Using the data from Problem 16.26, we find 


material Poisson’s ratio 
iron 0.31 


steel 0.26 
sandstone 0.34 
perovskite 0.27 
water 0.50 


If SM < BM (or, as with water, SM = 0), we see from part (b) that v should be close to 0.5. 
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1,9,K 1,7,k 
= S((RRE);. = ) > Exe = tr(E). (vii) 
k k 


Suppose that we start in the reference frame S, and decompose E as E = e1 + E’, where, 
by definition e = =tr(E). If, now, we make a rotation R to a new frame, Sp say, then we 
find for the new (rotated) strain tensor 


Er = RER = R(e1+F)R=e1+RER. (viii) 


because RR = 1. On the other hand, if we start in the frame Sp and decompose the rotated 
matrix Ep, we will get 
Er = €rl oF (Ep)’ (ix) 


where by definition er = tr(ERr). Now by the result (vii), eg = e. Therefore the first terms 
on the right sides of Eqs.(viii) and (ix) are the same. It follows that the second terms are also 
equal, and we’ve proved that (1) the spherical parts of Erp and E are the same and (2) the 
deviatoric part of Ep is the result of rotating the deviatoric part of E; that is (ER)’ = RE’ R. 


3 
16.30 x Let us fix the value of 7 (¢ = 1 or 2 or 3) and consider the sum Ss 0,,a;. This sum 


i=l 
contains three terms, of which the two with 7 #72 are zero. This leaves just the term with 
3 


7 =1, 80 se 0,;0; = 040; = a;, which is the requested result. 


t=1 


16.31 * ‘The times of travel of the two waves are tiong = d/Ciong aNd tiran = A/Ctran, Where 
d is the distance from the quake to the observer. Therefore the time between the arrivals of 
the two signals is At = ttran — tong = G(1/Ctran — 1/Clong), and 

At 720 s 


= oe = 5040 km. 


a 
L/Ctan —1/Ciong  (1/3.0 — 1/5.25) s/km 


16.32 * Using Eqs. (16.119) and (16.120) one finds the following speeds in km/s: 


Clong Ctran 
iron 4.3 2.3 
steel 5.6 OZ 
sandstone 3.6 1.8 
perovskite 10.7 6.0 
water 1.5 0.0 


RE Seiler 
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16.33 x With v = 0, Eq.(16.124), odv/dt = og — Vp reduces to og = Vp. Integrating 
both sides gives f og-dr = { Vp-dr or og [dz = J dp if we measure z vertically down. 
Therefore ogh = Ap. 


16.34 xx If we substitute d/dt = 0/0t +v-V into Eq.(16.129), we find 
ae 


Oo 
= — v= -V V -v. 
0 eee ap o+toViv 


Next note the identity V-(ov) = v-Vo+ eV-v, which can be substituted into the right side 
of the above to give 


which is (16.130). 


16.35 * If we make the substitution € = n-r—ct, with n,r, and c all fixed, then d€ = —cdt 


and 
[ sar -ctyt=— ff @dg =I = Sflar- et.) 


16.36 xx (a) The bulk modulus is defined by (16.56) so that dp = —BM-dV/V. In an 
adiabatic change, pV” = k (a constant), so dp = —ykV-OtD dV. Comparing these two 
results, we see that BM = ykV 7 = yp. 


(b) The ideal gas law states that pV = nRT, where n is the number of moles of gas, 
n = m/M where m is the mass of gas and M is the “molecular mass”, the mass per mole. 
Thus pV = mRT/M and the mean density of the gas is 9, = m/V = pM/RT. 


(c) From Eq.(16.140), 


BM RT 1.4 x (8.31 J/mole-K 273 K 
c= a4 = eae ) _ 330.9 m/s. 
V. Os M 29 x 10-3 kg/mole 


This compares very favorably with the accepted value of 331 m/s. 


16.37 xx The force exerted by a sliver of air of area dA on the air just ahead of it is 
F = pndA = (p,.+p')ndA where n is the normal to the sliver, in the direction of propagation. 
The rate at which this force does work is F-v and the intensity I is found by dividing this 
by the area, J = F.v/dA = (p, + p')n-v. According to (16.142), v = p'n/cOQ,. Therefore 
I = (po + p')p'/coo. This gives I as the sum of two terms. When p’ varies sinusoidally, the 
first term averages to zero, and we’re left with (I) = (p’)/co,, as claimed. 


eee 
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16.38 xxx (a) We need to show that the term o’g on the right of the equation of motion 
(16.134) 
Ov 
lon = 08- VP 
is negligible compared to the second term Vp’. If 4 is the distance over which p’ changes 
appreciably, then |W p'| ~ p’/A ~ BM o'/0,A, where the symbol ~ is to be read as “is of order” 
and in passing from the second to the third expression I used Eq.(16.139). Accordingly, 


/ 


first term o'g J Oor _ (10 m/s”) x (10° kg/m*) x (1 m) 1 x 1975 
BM o'/0.\. BM ~ 2 x 109 Pa i, 


second term 


if we take \ ~ 1 m, as suggested. Evidently the first term can safely be neglected. If the 
medium were air instead of water, the density 9, in the numerator would be about 10° times 
smaller, and the bulk modulus BM in the denominator would be about 10* times smaller, so 
the ratio would still be very small — of order 107%. 
(b) In the equation of continuity (16.136), 
Oo! 
Ot 
we wish to show that the second term is negligible compared to the first. Using (16.138) and 
then (16.133) we can rewrite the second term as 


— —0.V-v _ v' Vo, 


Qo Po 2 
° V O = -V —_—_— = . ——e ON BM 
VV 80 = VV Pony Vv Gob EM U9Q | 


while the first term is 9.V-v ~ @ou/A. Thus their ratio is 


second — vgoc/BM — g@oA 1 10-5 


first term 0ou/A BM 2 


as before. 


